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PREFACE 
TO THE ENGLISH EDITION 


The English edition of the present problem book in crystal physics 
is a revised, enlarged, and supplemented version. The book com- 
prises two new sections: $ 13 “Optical Activity” and $ 14 “Elastic 
Waves in Crystals”; $ 4 “Physical Properties of Crystals Described 
by Tensors of Rank Two” and $ 6 “Piezoelectric Properties of Crystals. 
Electrostriction”, as well a number of tables in Appendix were revised 
and enlarged. This work was done by N. V. Perelomova. The authors 
hope that this problem book will prove useful to students in anglo- 
phone countries, who have a happy opportunity of excellent instruc- 
tion with such classical textbooks as those written by J. Nye and 
W. Wooster. The impeccable style and lucid presentation of these 
textbooks are the features we always admired; they provided a 
strong stimulus for preparing the present problem book. 


N.V. Perelomova 
M.M. Tagieva 


EDITOR'S FOREWORD 


First published in 1972, this collection of problems in physical 
properties of crystals was the first such collection to appear on the 
book market. The momentous progress in crystal physics and in 
its applications during the last decade stimulated the writing and 
publication of a number of problem books; nevertheless, the present 
problem book meant for a profound study of the physics of crystals 
and physical crystallography courses by the students and for elabo- 
ration of solution techniques, remains unique as a practice-oriented 
manual. The book has survived a rigorous test of time and proved 
its merits for the lecturers and students at the Moscow Institute of 
Steel and Alloys. It has been revised with the view to take into 
account critical remarks of students, offered over a number of years, 
as well as the experience both of the editor and the authors and 
other lecturers at the Chair of Crystallography of the Institute. The 
authors and the editor will be grateful for any critical comments 
and advice. 

M.P. Shaskol'skaya 


FROM THE PREFACE 
TO THE FIRST RUSSIAN EDITION 


The application of single crystals in various fields of industry 
is rapidly expanding. 

At present the anisotropic properties of crystals, such as pyro- 
e ectric, piezoelectric, and electrooptic properties, which in the 
past were of a very limited importance, are nowadays widely used 
in the most modern fields of electronics, optics, and acoustics. 
Hence a necessity to develop a methodology of teaching crystallo- 
graphy and physics of crystals to future engineers. 

In the USSR the first extensive course of applications-oriented 
crystallography and physics of crystals for students majoring in 
technical fields was developed in 1963 at the Chair of Crystallo- 
graphy of the Department of Semiconductor Materials and Instru- 
ments at the Moscow Institute of Steel and Alloys. The present prob- 
lem, book represents a part of the effort of the Chair of Crystallo- 
graphy of creating such a course. The book comprises problems which 
were tested for a number of years with groups of students and which 
were also given to students as homework problems. 

The authors are deeply grateful to Professor M. P. Shaskol'skaya 
whose profound knowledge and pedagogical experience were the 
foundation for writing this problem book, and who generated ideas 
of many problems included into the text. 

The authors are deeply indebted to the associate professor of the 
Moscow University Yu. I. Sirotin whose seminars at the Chair of 
Crystallography of our Institute provided the decisive stimulus for 
writing this problem book. Many thanks are due to I. S. Rez for 
helpful criticism and advice. 

The problems were compiled by the authors on the basis of uni- 
versity textbooks, special monographs, and journal articles. For 
the most part, the authors of the book are the authors of the pro- 
blems: three-fourths of the problems were compiled by N. V. Pe- 
relomova, and one-fourth by M. M. Tagiyeva; these problems were 
never published before. 

N. V. Perelomova 
M. M. Tagieva 


PREFACE 
TO THE SECOND RUSSIAN EDITION 


The field of application of crystals in science and industry has 
considerably widened over the period elapsed after the first edition 
has been published. 1t was therefore necessary to add to the problem 
book on physics of crystals the following new sections: “Piezoresistiv- 
ity in Semiconductor Crystals”, “Piezooptical Properties of Crystals”, 
“Electrooptical Properties of Crystals” (written by N. V. Perelo- 
mova), “Generation of Optical Harmonics”, and “Thermodynamics 
of Crystals” (written by M. M. Tagiyeva). Many of the surviving 
sections of the first edition and its Appendix were substantially 
revised; a considerable number of new problems on the calculation 
of physical properties of crystals used in optics, acoustics, acoustic 
electronics, measuring of stress, and nonlinear optics have been 
added. 

Journal publications which served as sources for many problems 
in the book mostly use the CGSE system of units; consequently, the 
same system has been retained in the corresponding problems. If 
necessary, the reader may convert to the SI by resorting to Table 15. 

The book is aimed at graduate and post-graduate students of uni- 
versities and technical institutes, as well as at engineers dealing 
with practical applications of crystals. 

The authors would like to convey their gratitude to N. P. Syzdy- 
kov, V. A. Kopzyk, and V. M. Rudyak for their thorough analysis 
of the manuscript and perceptive commets. 


LIST OF SYMBOLS 


The notation for point symmetry groups is given in Table 1. 
The notation for symmetry elements is given in Table 2. 
X, Y, Z—axes of the crystallographic coordinate system 
X,, Xə, X3—axes of the crystallophysical coordinate system 
(Cij)—the matrix of transformation of the crystallophysical coordi- 
nate system (cosine matrix) 
o—density; specific rotation in optical activity 
c—heat capacity 
Tmeit—melting point 
Tc—temperature of ferroelectric phase transition (Curie point) 
v—phase velocity; vı, v,—phase velocity of longitudinal and quasi- 
longitudinal waves, respectively; Uş, v4, v,—phase velocities of 
shear and quasishear waves, respectively 
S—group velocity 
n—unit vector of wavefront normal 
u—unit vector of displacement in the wave 
I—energy flux vector 
E—vector of electric field strength 
H—vector of magnetic field strength 
D—vector of electric induction 
j—vector of electric current density 
P —vector of electric polarization 
Yı—pyroelectric coefficients 
[s;]—dielectric permittivity tensor 
[ni;]—tensor of dielectric impermeability, or tensor of polarization 
constants 
[*xi;j]—tensor of polarizability coefficients 
[pi;]—electric resistivity tensor 
[c;;]—electric conductivity tensor 
[rij]—tensor of infinitesimal strains 
[w;;]—tensor of infinitesimal rotations 
[ti:;]—tensor of mechanical stress 
(&;;/)—tensor of thermal expansion coefficients 
[A;,] —tensor of heat conduction coefficients 
I£;l—gyration tensor 
[Aim] —Green-Christoffel tensor 
6;m—Kronecker delta 


10. List of Symbols 
N,, N,—refractive indices of ordinary and extraordinary waves 
in uniaxial crystals 

Ng, Nm, Np, or ni, nz, ng—refractive indices of biaxial crystals 
along principal axes 

nj, n,—refractive indices for an arbitrary direction of light pro- 
pagation 

n,—refractive index for a circularly polarized wave with right- 
hand rotation 

n,—refractive index for a circularly polarized wave with left-hand 
rotation 

[s;j4;]—tensor of elastic compliances 

İcijkıl—tensor of stiffnesses 

[dij,] —tensor of piezoelectric moduli 

[II;;4;]—tensor of piezoresistivity coefficients 

[1;;4!]—tensor of piezooptic coefficients 

[P;;j,)]]—tensor of elastooptic coefficients 

[rij,]—tensor of coefficients of the linear electrooptic effect 
Xijd—tensor of nonlinear polarizability or quadratic suscepti- 
bility 

İQ:/nil—tensor of electrostriction coefficients 

Rijkıl—tensor of coefficients of the quadratic electrooptic effect 
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1. MATRIX REPRESENTATION 
OF SYMMETRY OPERATIONS 
AND SYMMETRY CLASSES 


The specific features of crystals are caused by the symmetry and 
anisotropy of the crystalline medium. 

The symmetry of a crystal is defined as the property of the space 
the crystal occupies to coincide with itself as a result of certain 
transformations called symmetry operations. 

Two types of such transformations can be distinguished: sym- 
metry operations of the first kind (rotations) and symmetry opera- 
tions of the second kind (reflections). The operations of the first 
kind transform the right-handed reference frame fixed to the crystal 
into the right-handed one, and the left-handed reference frame into 
the left-handed one, while the operations of the second kind trans- 
form a right-handed reference frame into the left-handed one (and 
vice versa). 

The possible combinations of symmetry operations over crystal 
polyhedra form 32 point groups or 32 symmetry classes. These groups 
are called point groups because the symmetry transformations they 
comprise leave at least one point of the crystal-structured space 
fixed (the origin of the reference frame). 

The notations of the 32 symmetry classes are listed in Table 1 
(see Appendix); Table 2 lists the notations for symmetry elements 
on stereographic projections. 

Standard erystallographie and erystallophysical reference frames 
(coordinate systems). Crystallographic coordinate axes used for unam- 
biguous description of directions and planes in crystals are designat- 
ed X, Y, Z; the standard rules for their selection are given in 
Table 3. The description of the physical properties of crystals, as 
well as the analytical representation of their point symmetry groups 
are based on the orthogonal crystallophysical axes X,, Xs, Xə: 
the standard rules for orienting these axes with respect to the cry- 
stallographic axes are given in Tables 4 and 5. The crystallographic 
and crystallophysical coordinate systems are always chosen right- 
handed, with the angles between the positive directions of the corre- 
sponding crystallographic and crystallophysical axes being less 
than 90?. The positive direction of a crystallographic axis corre- 
sponds to the positive direction of the appropriate crystallophysical 
axis. The directions of axis in the crystallophysical and crystallo- 
graphic coordinate systems coincide in the cubic, tetragonal, and 
rhombic crystal systems. 
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Matrix representation of symmetry operations. Symmetry opera- 
tions can be described analytically as coordinate transformations. 
We take for the origin of the orthogonal crystallophysical coordinate 
system X,, X,, X, the point of space which remains fixed under 
all symmetry operations of a point group. Any symmetry operation 
of the crystallographic class transforms the axes X,, X,, X, into 
new axes Xj, Xj, X; (see Figs. 1.1-1.3). 

The angles between the new (X,, X,, Xə) and original (X,, Xy, Xy) 
axes are given by the table of direction cosines: 


Table 1.1 
Axes | X1 | X, | Xs 
Xi Cu Cio Cis 
X: Cn Cas Css 
Xs Ci C32 C33 


The first subscript with the symbol Ci; (i, ј = 1, 2, 3) refers 
to the new axes, and the second to the original ones. Thus, for exam- 
ple, C55 is the cosine of the angle between axes X, and X3. 

Therefore, any symmetry transformation can be put in corre- 
spondence with the appropriate matrix of direction cosines Ci;, 
that is, can be written in the matrix representation. The angle of 
rotation is assumed positive if the rotation from the original axis 
to the new axis, observed from the positive end of the axis toward 
the origin, occurs in the counterclockwise direction. 

The nine coefficients C;; are not independent. As each row of the 
matrix (Суј) is composed of the direction cosines of a primed coordi- 
nate axis with respect to unprimed axes X,, X,, Xə, we have 


C ixC jr =1 for i — j (1.1) 


As each pair of rows of the matrix (C ij) consists of direction cosines 
of two mutually perpendicular directions, we find 


Caw = О foris ј (1.2) 


Equations (1.1) and (1.2) are called the orthogonality relations 
and can be written in a compact form 


C Cin = бу, 

where 6;; is the Kronecker delta defined in the following manner: 
5 | 1 for i=j 

11710 fo izj 
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The determinant of the direction cosines matrix, | Ci; |, is equal 
to +1 for the transformations of the first kind, conserving the left- 
handedness and right-handedness of coordinate systems, and to —1 
for the transformations of the second kind. 

Crystallographie groups (symmetry classes). The set of symmetry 
operations of an ideal crystal polyhearon, that is, the set of trans- 
formations under which this polyhedron coincides with itself, forms 
its point group of symmetry or a symmetry class constituting a 
mathematical group, that is, conforming to the following postulates: 

1. A product of two symmetry operations A and B in a symmetry 
group is equivalent to a symmetry operation C in the same group: 
AB =C. 

A product of symmetry transformations with respect to a coordinate 
system fixed to a crystal corresponds to the product of the corre- 
sponding matrices (in the sense of standard matrix multiplication). 

The result of two consecutive symmetry transformations may 
depend on the order in which the operations are applied, so that one 
has to watch the order in which the corresponding matrices are writ- 
ten in the product. 

2. Multiplication of operations is associative: 


(AB) C — A (BC) 


3. Among the symmetry operations there is one such identity 
operation E that AE — EA — A for any operation of the group. 
In this case operation E is called the identity operation. 

The identity operation for symmetry transformations is the rota- 
tion by 360? around an arbitrary direction in a crystal, or the single- 
fold symmetry axis. 

4. For each operation A there is an inverse operation A^! belong- 
ing to the symmetry group and satisfying the relation 


AAC = ANA = E 


For example, if A is a clockwise rotation by an angle q, then A -! 
is the counterclockwise rotation by the same angle. 

The set of matrices (C;;) constructed for all nonequivalent* sym- 
metry operations belonging to a specific point symmetry group, is 
called the matrix representation of this group, and the number of 
nonequivalent operations forming a symmetry group is called the 
order of the group. 

If an operation transforms a crystal polyhedron into itself, then 
a repetition of this operation will again transform it into itself. 
The result of a sequence of symmetry operations is denoted as the 


* Symmetry operations are regarded as equivalent if they result in identical 
regrouping of parts of the figure. (For example, the operation of clockwise 
rotation by 60” and the operation of counterclockwise rotation by 300” are 
equivalent.) 
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power of this operation. For instance, 6!, 6?, 6? denote the rota- 
tions around the symmetry axis by 60°, 120” and 180? respectively. 
Therefore, if an operation belongs to a group, all possible powers 
of this operation belong to the group. 

The groups generated by a symmetry element, that is, consisting 
of powers of a single operation, are called cyclic and denoted by the 
symbols of symmetry elements generating them: 1, 2, 3, 4, 6, 1, 
2 — m, 3, A, 6. A system of symmetry operations belonging to 
a given group is called the system of generators if these operations, 
multiplied in all possible combinations, generate all operations 
belonging to this group. 


Examples of Problems 
with Solutions 


1.1. Write the matrix representation of all symmetry operations 
belonging to the point group mmm. 

Solution. The point symmetry group mmm comprises eight sym- 
metry operations: three mirror reflections in coordinate symmetry 
planes, three rotations by 180? around the coordinate axes, as well 
as the rotation by 360? and the inversion with respect to the origin O. 
The system of coordinate axes obtained from the original one by 
applying a symmetry operation will be denoted by Xi, Х,, X; 

The matrix representation of the reflection operation in plane X,X, 
(or, in compact form, m | Xy) (Fig. 1.1) is written in the form 


1 0 0 
Ci;(m 1 X)—|0 1 0 
00 —1 

Fig. 1.1. Transformation of the Fig. 1.2. Transformation of the 


erystallophysical coordinate axes by erystallophysical coordinate axes 
a symmetry plane perpendicular to by a two-fold symmetry axis 
the axis Х.. parallel to X;. 


As Xd 


т X2,X2 





P4 
Ay, X, 
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Similarly for (m | Xə) and (m | Xj) we find 


1 00 —100 
cum x3= —1 o), cuma xa- 01 | 


0 04 001 


The determinant |C;,(m | Xi) | = —1; hence, the reflection 
with respect to a symmetry plane is an operation of the second kind. 

The matrix representation of rotation by 180” around axis X, 
(Xə, 180°; Fig. 1.2) is written in the form 


—1 00 


0 01 
Similarly, for (X,, 180”) and (X,, 180?) we find 


—10 0 1 0 0 


00 —1 0 0 —1 


The matrix of rotation by 360” around any direction in a crystal, 
for instance, around axis Xə (Xy, 360°) has the form 


100 
Cu (Xə va) = 1 | 
001 


The determinant |C;,(X,, 180°) |, as well as the determinant 
! Ci, (Xi, 360°) |, equals 1, that is, symmetry operations of rotation 
by 180? and 360? are operations of the first kind. " 

And finally, the matrix representatior of the inversion (1) 
(Fig. 1.3) is 


— 0 0 
cut 0 —1 | 
. О 0 —1 


| Ci; (1) | ^ —1, that is, this is an operation of the second kind. 

1.2. Find the matrix representation and the order of the sym- 
metry group for the low-temperature modifieation of quartz (all 
the crystal characteristics required for the solution of problems are 
listed in Table 14, p. 321). 

Solution. In accord with the rule of selecting crystallophysical 
axes (see Tables 4 and 5), the axes X,, Xa Xə of the point sym- 
metry group 32 are oriented as shown in Fig. 1.4. 

The matrices corresponding to rotations around the axis Xə by 
120, 240 and 360? (rotations by these angles are comprised in the 


2—0475 
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threefold symmetry axis), that is, rotations 31, 32, 3% are written 
in the following manner: 


1 | 
=a 00 
Cy (Xp 120°)=| vE ла, 
2 2 
0 0 1 
1 V3 
тәр ә 
Ci;(Xs, 2402) = V3 1 9 
Mou Tone 
0 0 1 


100 


00 1 
The matrices of rotations by 180? around twofold symmetry axes 
take the form 


1 0 0 
сап хә- -1 | 
0 


0 —1 


E 

Cg; (2 at an angle 60° exi | ан A 0 
2 2 

(| 0 о —1) 


Fig. 1.3. Transformation of the Fig. 1.4. Crystallophysical axes 
Crystallophy bc coordinate axes by chosen for point symmetry group 32. 
inversion. 


a center 0 
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(4 V3 ) 
mi Exc. ug 
Ci; (2 at an angle 30° to Xə = V3 1 
> T 0 
| 0 о —1) 


The six nonequivalent matrices (C;;), corresponding to different 
symmetry operations included to the group 32, constitute the matrix 
representation of this symmetry group. The order of this group is 
six. 

1.3. The Euler theorem states: the resultant of two intersecting 
symmetry axes is the third symmetry axis passing through the point 
of intersection of the first two. By using the matrix representation 
of symmetry elements, illustrate the Euler theorem taking the 
symmetry class 422 as an example. 

Solution. We shall assume the fourfold symmetry axis and one 
twofold symmetry axis, perpendicular to the former, to be the 
initial symmetry elements. According to the rule of selecting the 
crystallophysical coordinate system, we direct the axis X3 along the 
fourfold axis, the axis X, along the twofold axis, and add the axis X4 
satisfying the condition of orthogonality of a coordinate system. 

We can write the matrix representing a rotation by 90” around Xy: 


010 
C, (Xs 90) —-İ —1 0 0 
00 1 
The matrix corresponding to a rotation by 180? around X, 
1 0 0 
C (X, 180)=| 0 —1 0 
0 0 —1 


Fig. 1.5. Transformation of 
coordinate axes by a twofold symmetry 
axis aligned at 45? to the coordinate 
axes X, and Xə. 
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Let (Ci, (Xs, 90%) = A, (Cu (Xı, 180%) = B. Using the first 
property of the group (AB = C), we find the matrix representation 
of the element C: 


0 1 0\/1 0 О 0 —1 0 
sl 0 3 zd )-|- 0 o) 
00 1Jlo 0 —1 0 0 —1 


Obviously, the element C is a symmetry operation which transforms 
the axis X, into —X,, X, into —X,, and X, into —X3. 

The symmetry element realising this is the twofold axis at an 
angle 45° to the axes X, and X, and perpendicular to axis X; 
(Fig. 1.5). Similarly, by taking successively the products of all 
matrices corresponding to rotations by 90, 180, 270, and 360? around 
the axis X, by the matrix corresponding to the rotation by 180” 
around X; (2 || X4), we obtain that four axes 2 are arranged perpen- 
dicularly to axis 4. 


PROBLEMS 


1.4. Write the matr x of the transformation of the coordinate 
system by a symmetry plane passing through the axis X, at an arbi- 
trary angle q to the axis Xj. 

1.5. Find the matrix of transformation of the coordinate system 
by a twofold symmetry axis lying in the coordinate plane X,X, 
at an arbitrary angle p to the axis X,. 

1.6. A crystal is rotated by 90?, then reflected at the inversion 
center, and then rotated by 180? around the direction perpendicular 
to the axis of the initial rotation. Find the matrix representation 
of the symmetry operation producing the same result. 

1.7. The crystal is rotated counterclockwise by 120? and then 
reflected at the inversion center. Find the matrix representation of 
the symmetry operation giving the same result. Indicate the sym- 
metry element whose group includes this operation.  . 

1.8. Use the matrix representation of symmetry elements and 
find a symmetry operation producing the same result as two two- 
fold axes intersecting at an angle of 90”, 

1.9. Find the matrix representation of the symmetry operation 
producing the same result as twofold axes arranged at 60? angles 
to one another. Indicate the symmetry element whose group includes 
this operation. 

1.10. Find the matrix representation and the order of the point 
symmetry group of potassium dihydrophosphate (KDP) for the 
conventional and unconventional (4m2) choice of crystallophysical 
coordinate axes. 
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1.11. Find the matrix representation of the point symmetry 
group 622. mM 

1.12. Find the matrix representation and the order of the group 6. 

1.13. Find the matrix representation of the group 2/m when 
(i) 2 || X4 and (ii) 2 || Xs. 

1.14. By using the matrix representation of symmetry operations, 
verify the validity of the Euler theorem for the point group 222. 

1.15. By using the matrix representation of symmetry operations, 
verify the validity of the following theorem: a combination of an 
axis with even order and a plane perpendicular to it gives the sym- 
metry center. 

1.16. Verify the validity of the Euler theorem for twofold sym- 
metry axes arranged at an angle of 45? to each other. 

1.17. Determine the order of the following symmetry groups: 
mm, 222, 4mm, 422. 

1.18. Write the system of generators for the group 4/mmm. 

1.19. Check whether all group axioms are valid for the point 
symmetry group 2/m. 

1.20. List the cyclic crystallographic groups of order 4. 

1.24. What are the matrices describing the inverse rotations 
around the axis X, by 90% by 120°? 

1.22. What is the order of cyclical groups 3 and 3? 

1.23. What matrices correspond to the threefold symmetry axes 
tilted at equal angles to the axes X,, X,, Xy? 

1.24. By using the matrix representation of symmetry operations, 
prove the equivalence of a rotation by 180? followed by inversion 
to the reflection in a plane perpendicular to the rotation axis. 

1.25. Write the matrix representation of the reflection in the 
coordinate and diagonal symmetry planes in crystals belonging 
to the 4mm class. 

1.26. List the cyclic groups of order 2. 

1.27. Write the matrix representation of the symmetry operation 
3! and of its inverse. 

1.28. What matrix corresponds to the symmetry plane passing 
through the bisector of the internal angle between the coordinate 
planes X,OX, and X,OXə? 


2. SYMMETRY PRINCIPLE 

IN CRYSTAL PHYSICS. SYMMETRY 
OF PHYSICAL PHENOMENA 

AND PROPERTIES OF CRYSTALS 


Neumann's principle. The symmetry of the physical properties 
of crystals (the symmetry of a physical property of a crystal is 
defined as a symmetry of the tensor surface which describes this 
property (see Sec. 4)) is determined by its point symmetry group. 
The appropriate relation is established by the fundamental law of 
the physics of crystals, as formulated in the works of Neumann and 
Minnigerode, known in the literature on the physics of crystals as 
Neumann's principle: 

The symmetry group of any physical property 
of a crystal comprises 
the point symmetry group of the crystal. 
This means that the crystal symmetry group either coincides with 
the symmetry group of its physical property or is a subgroup of the 
latter. 

According to Neumann's principle, any physical property of the 
crystal must have all the symmetry elements that the crystal pos- 
sesses. Among the symmetry groups describing the physical pro- 
perties of crystals there are groups which comprise infinite-fold 
axes. These symmetry groups are called limiting (Curie) 
groups. 

Limiting point symmetry groups. The limiting symmetry groups 
are easily memorizable with the help of the corresponding geometric 
figures (Fig. 2.1). By referring to the limiting symmetry groups, we 
can also describe the symmetry of textures, that is, polycrystalline 
aggregates with ordered arrangement of crystallites. For example, 
the symmetry of synthetic ferroelectric materials, such as barium 
titanite ceramics and rochelle salt (potassium sodium tartrate) are 
described by the groups oom and oo2, respectively. 

Some of the limiting symmetry groups can be used to describe the 
symmetry of external physical factors. Thus, the symmetry of con- 
stant uniform electric field may be characterized by the group oom, 
that of the constant uniform magnetic field, by the group oo/m, 
that of the uniaxial tensile or compressing mechanical stress, by 
the symmetry group oo/mmm, that of the purely shear mechanical 
Stress, by the group mmm, and that of the uniform compression, by 
the group cocom. The rotation of the optical polarization plane can 
be described by the limiting group oooo. 
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In accordance with the difference in symmetry, the strength of 
uniform magnetic and electric fields should be graphically repre- 
sented as shown in Fig. 2.2. 

Another corollary of Neumann's principle is that a crystal will 
have specific physical properties only when the point symmetry 
group of the crystal is a subgroup of the point symmetry group of 
the physical property involved. 

The Curie principle. If an external physical factor (influence) 
is applied to a crystal with a known symmetry, the symmetry of this 
crystal in the field of the factor is modified and can be found by 
referring to the principle of symmetry superposition, called the 
Curie principle. 

When several distinct natural phenomena are superposed to form 
a single system, their asymmetries add up (by Shubnikov's defini- 
tion, asymmetry is the absence of a symmetry element). This leaves 


Fig. 2.1. Patterns illustrating the indicate the directions of rotation or 
limiting symmetry groups. Arrows twisting of the patterns. 
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us with those symmetry elements which are common for all of the 
superposed individual phenomena. 

It is assumed here that all symmetry elements of the interacting 
phenomena intersect at a single common point. This means that 
the crystal exposed'to the external factor will have the symmetry 
elements which are common for the crystal not exposed to the factor, 
and for the external factor itself. 

Elements decisive for the symmetry of the resultant effect are 
not only the symmetry of the interacting factors but also the mutual 
arrangement of their symmetry elements. In solving problems of 
this type it is convenient to use the stereographic projections of 
the point symmetry groups of crystals. 

In order to illustrate the Curie principle, it is instructive to 
analyze the constraints imposed by the crystal symmetry on the 
possibility of generating the pyroelectric effect, piezoelectric eflect, 
and the effect of polarization in the external electric field (see Secs. 3, 
4, and 6). Let us compile the following table. 


Table 2.1 
Highest sym- 
metry ETOUPS | Symmetry 
of crystals and 
Eet | Equation [textures per | enem | Symmstry d. 
ore an ex- factor 
ternal factor 
ís applied 
Pyroelectric P;—yAT com оосот | Ten polar classes. 
The crystal itself gen- 
erates  dissymmetry 
necessary to result 
in P 
Piezoelectric Рӱ=аиһиһ 002 mmm | Twenty classes with- 
com, out a center of sym- 
43m, 6m2 metry. Dissymmetry 
of acrystal must can- 
cel the central sym- 
metry of the exter- 
nal factor 
Polarization in|  P;—xjEj 0000 m com 132 point symmetry 
an external groups. The necessary 
field polar symmetry is 


provided by the dis- 
symmetry of the ex- 
ternal factor 





Fig. 2.2. Schematic representation of 
the vectors of strength of electric 
(left) and magnetic (right) fields. 
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The table shows that the crystal response may be identical to 
different physical fields with nonidentical symmetry. 

According to Neumann's principle, the polarized crystal must 
have the symmetry of one of the ten polar classes, since only these 
classes have the single polar direction along which the polarization 
vector P is aligned. 

A crystal may be polarized if as a result of the superposition of 
the external factor symmetry and the symmetry of the crystal, 
in accord with the Curie principle, the symmetry of one of the ten 
polar classes is retained, and it is immaterial whether this is achieved 
at the expense of the crystal symmetry at the highest symmetry 
of the external field (pyroelectric effect) or, contrarywise, at the 
expense of the polar symmetry of the applied field when the polari- 
zation can be generated in the crystal of arbitrary symmetry and even 
in an isotropic medium. 


Examples of Problems 
with Solutions 


2.1. Quartz crystals are known to be ferroelectric, that is, are 
polarized by applied mechanical stress. By using the Curie and 
Neumann's principles, answer the following questions: 

(i Which of the oriented quartz plates: plates perpendicular 
to the axis 9 or axis 2, must be selected as sensitive elements of 
ferroelectric transducers of uniaxial pressure? 

(ii) Is it possible to use quartz crystals as hydrostatic pressure 
transducers? 

Solution. Quartz crystals belong to class 32. 

(i) A uniaxial compression generates the polarization of a crystal 
if it gives rise to a singular direction which at the same time is 
a polar one (a singular direction is the direction which cannot be 
reproduced by the symmetry elements of the crystal; a polardirection 
is the direction in the crystal whose two ends cannot besuperposed 
by any symmetry elements of a given class). In class 32 the threefold 
axis is the singular but not polar direction owing to the presence 
of twofold axes perpendicular to the threefold axes. 

By applying to the quartz crystal along its threefold axis a com- 
pression with the symmetry group oo/mmm (in our notation this 
is written in the form 


32 f| оо/ттт 
13 
where fi is the symbol of intersection, or product, of the groups) 
we find that the crystal symmetry remains unaltered: 
32 N oo/(mmm-32 
113 
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Consequently, by compressing a quartz plate cut from a crystal 
with working faces perpendicular to axis 3 (Z-cut plate, Fig. 2.3), 
we observe no polarization. 

Suppose we compress a quartz crystal along one of its axes 2: 


32 N o/mmm=2 
112 


This compression singles out a single direction among all polar 
directions lying in the plane perpendicular to axis 3. This direction 
becomes both singular and polar; hence, the piezoelectric polariza- 
tion vector aligns with this direction. 

Obviously, a quartz plate meant for generating ferroelectricity 
by applying uniaxial compression must be cut so that its faces be 
perpendicular to one of axes 2 (for example, an X-cut plate, Fig. 2.3). 

(ii) Only crystals which have a singular polar direction in zero 
external field can be used as transducers hydrostatic pressure, whose 
symmetry is represented by the group oooom. Consequently, quartz 
crystals are not suitable for such measurements. 

2.2. The following plates were cut out from rochelle salt (potas- 
sium sodium tartrate) crystals to study its physical properties at 
temperatures above 24°C: X-, Y-, Z-cuts (Fig. 2.3), and L-cuts 
(Fig. 2.4). Will the uniaxial compression perpendicular to the end 
faces polarize these plates? 

Solution. At temperatures above 24°C rochelle salt crystals belong 
to class 222 in which all directions lying in coordinate planes are 
nonpolar. 

A compression of X-, Y-, and Z-cut plates (see Fig. 2.3) perpen- 
dicular to their end faces means that a mechanical stress with sym- 
metry оо/ттт is alternately applied along crystallographic direc- 
tions [100], [010], and [001]. The Curie principle indicates that the 


Fig. 2.3. X-, Y-, and Z-cut plates. Fig. 2.4. L-cut plate. 


X; 





2. Symmetry Principle in Crystal Physics 27 


crystal symmetry is not lowered by the uniaxial mechanical stress 
along the indicated directions. 

Consequently, as follows from Neumann's principle, such plates 
cannot be polarized by uniaxial compressing stresses applied per- 
pendicular to their end faces. 

A uniaxial compressing stress acting on an L-cut plate tilted at 
equal angles to the twofold symmetry axes lowers the crystal sym- 
metry to class 1; a specified polar direction, coinciding with the 
direction of stress, appears in the crystal, and the piezoelectric po- 
larization vector can be aligned with this direction. 

Such plates can be polarized by compression acting perpendicular 
to the working faces; this conclusion is borne out by experiments. 

2.3. Uniaxial tensile stress is applied to a cubic crystal with 
symmetry màm. What will be the symmetry of the crystal if the 
stress is applied along the directions (i) [001], (ii) [111], (iii) [110], 
(iv) [hk0]? 

Solution. (i) In this case tensile stress with symmetry oo/mmm 
is applied to a crystal with symmetry m3m along [001], that is, 
along the fourfold symmetry axis. Consequently, the field of uni- 
axial stress with symmetry oo/mmm interacts with a crystal whose 
symmetry is m3m. 

As follows from the symmetry superposition principle, the sym- 
metry group of the resultant effect (in this case, the crystal sym- 
metry) must comprise one fourfold axis, four planes passing through 
it, and one plane perpendicular to it, an inversion center, and four 


Fig. 2.5. Change in the symmetry of möm, induced by uniaxial mechanical 
a crystal belonging to symmetry class — stress along [100 
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twofold axes. The crystal symmetry must be 4/mmm, that is, be 
tetragonal (Fig. 2.5). 

(ii) As a result of a tensile stress along [111], that is, along a three- 
fold axis, the crystal retains the threefold axis along which the 
crystal is stretched, three symmetry planes, the inversion center, 
and three twofold axes. 

In other words, this manner of applying a tensile stress generates 
a trigonal crystal with rhombohedral symmetry 3m (Fig. 2.6). 

(iii) A cubic with symmetry m3m stretched along one of its two- 
fold symmetry axes retains only the set of symmetry elements mmm 
typical for rhombic crystals (Fig. 2.7). 

(iv) And finally, by applying a tensile stress along a direction 
[hk0], that is along an arbitrary direction in one of symmetry planes, 
for instance, along AB, we find that the crystal will have symmetry 
2/m (the stretched crystal becomes monoclinic) (Fig. 2.8). 

2.4. A Z-cut plate is prepared out of a sphalerite crystal (see 
Fig. 2.3). 

Will such a plate be polarized by: (i) uniaxial compression stress 
applied to its working faces? (ii) purely shear stress acting in the 
plane of working faces and characterized by symmetry group mmm? 

Solution. (i) A compression of a Z-cut sphalerite plate signifies 
that the uniaxial mechanical stress with symmetry group oo/mmm 


is acting on a crystal with symmetry 43m in the direction [001]. 


Fig. 2.6. Change in the symmetry of m3m, induced by uniaxial mechanical 
a crystal belonging to symmetry class stress along [111]. 
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This lowers crystal symmetry to class 42m. As no polar direction 
is thereby singled out, no piezoelectric polarization is produced. 

(ii) A purely shear stress with symmetry group mmm lowers crystal 
symmetry to class 2 in which the twofold axis is a singular polar 


Fig. 2.7. Change in the symmetry of m3m, induced by uniaxial mechanical 
a crystal belonging to symmetry class stress along [110]. 
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Fig. 2.8. Change in the symmetry of m3m, induced by uniaxial mechanical 
a crystal belonging to symmetry class stress along [hk0]. 
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direction. In this case a Z-cut sphalerite plate can exhibit the piezo- 
electric effect, the conclusion borne out by experiments. 

2.5. A single crystal cubic block of rock salt is placed in a uni- 
form electric field in such manner that the electric field strength 
vector E coincides alternately with the following crystallographic 
directions: (i) [001], (ii) [111], (iii) [110], and (iv) [4x0]. 

In general, the optical indicatrix (index ellipsoid) of a crystal 
may be a triaxial ellipsoid, an ellipsoid of revolution, or a sphere 
(see $ 4); how will the indicatrix of a crystal change in each of the 
cases? 

Solution. (i) The symmetry of the electric field is com. If the direc- 
tion of the electric field strength vector coincides with the crystallo- 
graphic direction [001], that is, the field is in the direction of the 
fourfold axis, then the symmetry superposition principle yields that 
the cubic crystal symmetry m3m is lowered to tetragonal symmetry 
4mm (Fig. 2.9). 

(ii) If the field is directed along [111], that is, along the threefold 
symmetry axis, the crystal symmetry is lowered to trigonal sym- 
metry 3m (Fig. 2.10). 

In zero electric field the indicatrix of a cubic crystal is a dlia 
and no birefringence is observed. 


Fig. 2.9. Change in the symmetry of  m3m, induced by electric field 
a crystal belonging to symmetry class applied along [001]. 
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Fig. 2.10. Change in the”symmet . m3m, induced by electric field applied 
a crystal belonging to symmetry c along [111]. 
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The application of an electric field to the crystal deforms its 
indicatrix in cases (i) and (ii), transforming it into an ellipsoid of 
revolution. Birefringence is produced, and the crystal becomes 
optically uniaxial. . 

(iii) When the electric field is applied along [110], that is, along 
the twofold symmetry axis, the crystal symmetry is lowered to the 
rhombic mm symmetry (Fig. 2.11). 

(iv) If the field is applied along directions of the type [kk0], that 
is, along an arbitrary direction within the symmetry plane, the 
crystals become monoclinic with symmetry m (Fig. 2.12). 

In the last two cases the indicatrix of the crystal is transformed 
into a triaxial ellipsoid, that is, the crystal becomes optically 
biaxial. 


PROBLEMS 


2.6. Two oriented plates were cut from a sphalerite crystal to 
study its physical properties. One of them is cut perpendicular to 
[100], and the second perpendicular to [111]. Which of these plates 
must be used to observe the piezoelectric effect caused by the uni- 
axial compression perpendicular to the working faces? 


Fig. 2.11. Change in the symmetry of m3m, induced by electric field applied 
a crystal belonging to symmetry class along [110]. 
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Fig. 2.12. Change in the symmetry of möm, induced by electric field applied 
a crystal belonging to symmetry class along [hk0]. 
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2.7. A quartz crystal is stretched along (i) [0001] and (ii) [1010]. 

In which of the two cases can we observe a change in the crystal 
polarization as a result of heating? 
* 2.8. An electric field is applied to a KDP (potassium dihydrogen 
phosphate) crystal along the direction (i) [001]; (ii) [110]; and 
(iii) [010]. Find the symmetry of the crystal in the field for each 
of the given directions of the electric field. 

2.9. Is it possible to change a crystal with the initial symmetry 432 
into a crystal with a polar symmetry group, by applying a uniaxial 
mechanical stress along [110]? Can this transformation be effected 
by applying an electric field along this direction? 

2.10. Find all possible changes in the point symmetry group of 
a ferroelectric crystal belonging to symmetry class 222, if a ferro- 
electric phase transition takes place in the crystal (the symmetry 
of the ferroelectric phase is defined as the symmetry of one domain, 
see $ 3, p. 37). Consider the following directions along which the 
Spontaneous polarization vector may presumably align: (i) [100], 
(ii) [010], (iii) [001], (iv) [2x0], and (v) [kkl]. 

2.11. A crystal with symmetry mm2 is placed in an electric field 
so that the field direction is first along [001] and then along [010]. 
Find the crystal symmetry in each of the two cases. 

2.12. Indicate the crystallographic directions in which the uni- 
axial tensile stress does not lead to a change of symmetry for crystals 
of medium symmetry classes. 

2.13. Indicate symmetry classes and the corresponding directions 
along which an applied electric field does not change the crystal 
symmetry. 

2.14. Indicate the crystallographic directions in which a hexa- 
gonal crystal with symmetry 6/mmm must be stretched in order to 
lower its symmetry (i) to the rhombic, and (ii) to the monoclinic 
symmetry. 

2.15. An electric field is applied to a crystal with symmetry 6 
a ong the directions (i) [0001], and (ii) [1010]. Find the symmetry 
of the crystal in the field. 

2.16. Find the crystallographic directions along which an electric 
field must be applied to a crystal with symmetry 6m2 in order to 
lower its symmetry to (i) trigonal 3m, (ii) rhombic mm2, and 
(iii) monoclinic symmetry 7n. 

2.17. Find the crystal symmetry in the field of uniaxial mechanical 
stress applied along the crystallographic directions (i) [100], 
(ii) [110], (iii) [141], (iv) (2201, and (v) [hkl], if crystal symmetry 
at zero stress is 432. 

2.18. What must be the symmetry of crystals evincing the piezo- 
electric effect under uniform compression? 

2.19. An electric field is applied along the directions (i) [100], 
(ii) 11111, (iii) [110], (iv) [240], (v) [hkk], and (vi) [kkl] to a crystal 
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with symmetry 23. Find the symmetry of the crystal in the field 
for each of the indicated directions of the electric field. 

2.20. What symmetry classes of medium-symmetry crystals have 
the symmetry of their index ellipsoids changed in the electric field 
applied along the highest-order symmetry axis? 

2.21. What are the crystallographic directions along which an 
electric field must be applied to a crystal with symmetry 622 in 
order to lower it to the monoclinic symmetry? List all the crystallo- 
graphic directions such that the application of the field E along 
them gives the same results. 

2.22. An electric field is applied to a crystal with symmetry 432 
along the crystallographic directions indicated in Problem 2.19. 
Find the crystal symmetry in the field. 

2.23. Find the symmetry of a sphalerite single crystal when an 
electric field is applied to it along the directions given in Problem 2.19. 

2.24. A plate of lithium niobate is placed in an electric field such 
that the direction of the field strength vector E is parallel to (i) the 
erystallographic direction [1010], and then to (ii) [1120]. Find the 
crystal symmetry in this field. List the crystallographic directions 
for which the application of the field E gives the same result. 

2.25. Find the symmetry of a crystal subjected to uniaxial me- 
chanical tension along the directions given in Problem 2.19, if the 
crystal symmetry in unstressed state is 23, 

2.26. Find all possible changes in the point symmetry group of 
a ferroelectric crystal belonging to class 2/m, if the crystal undergoes 
a ferroelectric phase transition. Consider the following crystallo- 
graphic directions along which the spontaneous polarization vector 
may align: (i) [100], (ii) [010], (iii) [001], and (iv) (220), 

2.27. Find the symmetry of a barium titanite single crystal under- 
going a ferroelectric phase transition, if the spontaneous polariza- 
tion vector is aligned along (i) [100], and (ii) [111]. 

2.28. What will be the symmetry of a crystal undergoing a uni- 
axial mechanical tension along directions given in Problem 2.19, 
if its symmetry in the stressed state is m3? Consider the case of 
a crystal with symmetry 3m subjected to uniaxial tension along the 
directions given in Problem 2.24. 

2.29. The symmetry of crystal faces is contained in the following 
ten classes: 1, 2, 3, 4, 6, m, mm, 3m, 4mm, 6mm. 

When the microhardness of a crystal is measured, a tetrahedral 
diamond pyramid is indented into a crystal face. The symmetry 
4mm is thereby superposed on the face symmetry. By using the Curie 
principle, determine the symmetry of the indentation made by the 
diamond indentor on faces with different symmetries. 

2.30. What will be the symmetry of a homogeneous continuous 
isotropic medium (for instance, a melt) (i) in an electric field, and 
(ii) in a magnetic field? 


3—0476 
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2.31. Is it possible to use ADP plates oriented along the plaries 
(100), (110), and (001), in order to achieve polarization along the 
uniaxial mechanical stress applied perpendicular to the working 
faces? 

Before solving Problems 2.32 through 2.30, read $ 3. 

2.32. Is it possible to produce a single-domain ferroelectric by 
applying to it a mechanical stress? What kind of stress must this 
be (uniaxial tension, pure shear, uniform compression)? Is the orien- 
tation of the applied stress with respect to the direction of spontane- 
ous polarization important for the effect? 

2.33. How to explain, in terms of the Curie principle, the con- 
servation in a ferroelectric crystal of the macroscopic symmetry 
corresponding to the group of the paraelectric phase, when the 
crystal is cooled below the Curie point? 

Comment: The macroscopic symmetry of a ferroelectric crystal 
is defined as the symmetry of its domain arrangement. 

2.34. Show how to explain the inevitable polarization of dielec- 
tric crystals in an external electric field, independent of their sym- 
metry, in terms of symmetry relationships. 

2.35. Is the macroscopic symmetry of a barium titanite crystal 
changed in phase transitions from the tetragonal to the trigonal and 
rhombic ferroelectric modifications? 

2.36. Is it possible to alter the index ellipsoid of a crystal by 
placing it in a magnetic field? 

2.37. A magnetic field is applied to a crystal with symmetry 3m 
in the direction (i) [0001], and (ii) [1010]. Find the symmetry of the 
crystal in a magnetic field. 

2.88. Find the symmetry of the crystal in a magnetic field applied 
in the directions listed in Problem 2.37, for a crystal belonging 


to point group 6. 


3. PHYSICAL PROPERTIES 
OF CRYSTALS DESCRIBED BY TENSORS 


OF RANK ONE 


Pyroelectric effect. Dielectric crystals which have in the whole 
range of stability a non-zero vector of spontaneous polarization 
in zero external electric field are called pyroelectrics. 

The crystals in which the direction of the spontaneous polariza- 
tion vector cannot be changed by applying an external electric field 
even at field strength near to the breakdown point are called the 
proper pyroelectric crystals. Among such crystals are tourmaline, 
lithium sulphate, potassium tartrate, etc. 

As a result of the spontaneous polarization, bound charge is 
formed at the opposite faces of a plate cut from a pyroelectric crystal. 
The charge density o depends on the magnitude and direction of 
the spontaneous polarization vector with respect to the plate faces: 


o = (Р?-п)= Pin; = | P* | cosa (3.1) 


where n is a unit vector of the normal to the plate face, and o is the 
angle between the vectors P* and n (Fig. 3.1). (As a result of the 
compensation of the surface charge due to the electrical conduction 
of the real crystals, o + | P? |.) 

The maximum charge density will be observed on the faces of 
a plate cut perpendicular to the spontaneous polarization direction. 
However, it is not possible to detect the potential difference between 
the opposite faces of the plate because the bound charge is neutral- 
ized by the charge migrating from the air, and because the conduction 
of pyroelectric crystals is not exactly zero. 

When the temperature of pyroelectrics is changed uniformly, the 
sp.ntaneous polarization changes as well. This effect is called the 
py oelectric effect. 

If the temperature receives a small increment A7 identical in 
all points of the crystal (uniform heating), the increment in the 


n Fig. 3.1. Relationship between 
ps surface charge o and spontaneous 
polarization PS, 
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spontaneous polarization vector AP* is proportional to a change in 
temperature, that is, 


AP'—yAT or AP? —y,AT (3.2) 


where y (yı, Ya, ys) is the vector of pyroelectric coefficients (or, 
simply, the pyroelectric coefficient), which is defined analytically as 


dPi 


"== (3.3) 


The pyroelectric coefficient y is assumed positive if the sponta- 
neous polarization of a crystal increases with temperature. 

Constraints due to the crystal symmetry. Owing to its symmetry 
com, the electric polarization vector P* can align in the crystal 
only with the singular polar direction. Hence, according to Neumann's 
principle, only the crystals belonging to one of the ten polar sym- 
metry classes, namely, 1, 2, 3, 4, 6, m, mm, 3m, Amm, and 6mm 
constituting subgroups of the group com, demonstrate the pyroelec- 
tric effect. In addition, the pyroelectric effect can be observed in 
textures with symmetries oo and oom. 

The orientation of the vectors P* and y in a crystal is dictated by 
its symmetry. In the ten polar classes possessing only one singular 
polar direction, these vectors align precisely with this direction. 
Conventionally, the direction of the coordinate axis X, is chosen 
in these symmetry classes along the singular polar direction, so 
that the vectors P? and y lie along X, and have a single nonzero com- 
ponent only along this coordinate axis. Thus, the singular polar di- 
rection in tourmaline crystals having symmetry 3m is the sym- 
metry axis 3. This gives, therefore, the direction of the spontaneous 
polarization vector P* and of the vector y. In the crystallophysical 
coordinate system the symmetry axis 3 coincides with the coordinate 
axis Xy; the vector y is parallel to X,, and its components are yı = 
= y, = 0, y; +0; hence, y has a single nonzero component. 

If a crystal has more than one singular polar direction (classes 
1 and m), the direction of the vectors P* and y is not predetermined 
by the crystal symmetry. In principle, these vectors may align 
with any of the singular polar directions. Moreover, in this case 
there is a certain freedom in the choice of the coordinate system, 
so that in symmetry class 1 the vector * may have three nonzero com- 
ponents, while in the class m it may have two nonzero components, 
and the zero component along the coordinate axis perpendicular to 
the symmetry plane m. 

Electrocaloric effect. As follows from thermodynamical arguments, 
there is an effect inverted with respect to the pyroelectric effect. 
It consists in a change in the pyroelectric's temperature when it is 
placed in an electric field; the effect is called the electrocaloric effect. 
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The equation of the electrocaloric effect is 
AT — qAE (3.4) 


where q is the electrocaloric coefficient q = 47/4Е, q is related to 
the pyroelectric coefficient y by the formula 


yT 
q — — pes (3.5) 
where p and c stand for the density and specific heat of the crystal, 
respectively, and J is the mechanical equivalent of heat [formula (3.5) 
is derived in Problem 3.3]. 
By substituting q from (3.5) into Eq. (3.4), we arrive at the fol- 
lowing relation describing the electrocaloric effect: 





AT= -— AE (3.6) 


from which we find that when y is positive and the electric fields 
strength vector E lies along P, the coefficient q is negative (this means 
that an increase in the crystal's polarization by the applied electric 
field diminishes its temperature). 

Ferroelectric crystals. Ferroelectric crystals, or ferroelectrics, 
are a subgroup of pyroelectrics and possess a number of specific 
features characterizing only this subgroup. The main difference be- 
tween ferroelectrics and the proper pyroelectric crystals is that in the 
former the direction of the spontaneous polarization can be changed 
by an applied electric field. 

At a temperature called the Curie point a ferroelectric crystal 
undergoes a phase transition modifying its structure. No sponta- 
neous polarization exists above the Curie point, and the crystal is 
in the paraelectric phase. The crystal symmetry in the paraelectric 
phase is nonpolar. Below the Curie point the spontaneous polariza- 
tion appears, and the crystal symmetry is lowered to the polar sym- 
metry, that is, to the symmetry of one of the ten polar classes. The 
phase transition changes the symmetry owing to a spontaneous defor- 
mation of the unit cell configuration. Ww 

As follows from Neumann's principle, the crystal symmetry group 
in the ferroelectric phase must be a subgroup of the symmetry group 
of the paraelectric phase; moreover, this must be the maximum- 
order subgroup of the limiting symmetry group com describing the 
spontaneous polarization, and of the point symmetry group of the 
crystal, for a specific arrangement of symmetry elements of these 
groups. 

Below the Curie point the orientation of the spontaneous polari- 
zation is not uniform throughout the bulk of the crystal. Usually 
the crystal separates into the so-called domains, that is, macroscopic 
regions in which the spontaneous polarization vectors are antiparal- 
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lel, or the spontaneous polarization is aligned with the crystallo- 
graphically equivalent directions, so that the multidomain crystal 
retains the symmetry of its paraelectric phase (here and below the 
term multidomain crystal means that a ferroelectric separates into 
domains producing depolarization of the crystal, that is, complete 
mutual compensation of spontaneous polarization of domains with 
different orientations of P*). Both each individual domain and a sin- 
gle-domain crystal of a given ferroelectric will have a polar sym- 
metry group. 

Consequently, the separation into domains returns the ferroelectric 
crystal to the symmetry of its paraelectric phase. Therefore, its 
macroscopic properties (piezoelectric, optical, mechanical, etc.) 
are determined by the symmetry of the paraelectric phase. 


Examples of Problems 
with Solutions 


3.1. What minimum temperature increment can be measured by 
a pyroelectric transducer consisting of a tourmaline plate 1 mm 
thick and a millivoltmeter with the sensitivity of 10-3 V/div? How 
is the plate to be cut for this? How to describe the sensitivity of such 
a pyroelectric transducer? By what factor would the sensitivity of 
the transducer be increased if the tourmaline plate were substituted 
by a lithium sulphate plate of the same thickness, cut perpendicular 
to the polar axis? 

Solution. The only nonzero pyroelectric coefficient of tourmaline, 
Ya, is associated with the polar direction in the crystal, that is, axis 3. 
According to Eq. (3.1), the best way to orient a tourmaline plate 
is to cut it perpendicular to the axis 3, that is, parallel to the plane 
(0001). A temperature increment that such a plate “feels” can be 
found from Eq. (3.2), which in this case can be written in the form 


АР: =y,AT (3.7) 


Obviously, APS = | Ло |, AV = AQ/C = 10-3 V/div, AQ = AoS, 
C = gəşSİd, where S is the surface area of the plate, d is its thickness, 
AQ is the total charge appearing due to the temperature increment, 
and C is the capacitance of the crystal capacitor. Equation (3.7) 
then yields that the minimum temperature increment measurable 
by a millivoltmeter and a tourmaline plate 1 mm thick is 

Ат — -FasAV 8.85-10712 4-5 K 

d-Y3 

The sensitivity of a transducer of pyroelectric voltage can be char- 
acterized by the ratio 

AV Vi 

“AT yı, 
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where A is a constant, A = d/(8.85.10-2); y; and ej; are the pyro- 
electric coefficient and dielectric permittivity along the polar axis 
Xi. By using the values of e;; and y; for tourmaline and lithium sul- 
phate (choosing for lithium sulphate, as for all class 2 crystals, the 
axis X, as the polar axis), we obtain that the sensitivity of the trans- 
ducer with a lithium sulphate plate is larger than that with a tour- 
maline plate by a factor of approximately 27. 

3.2. Find the equation of the representation surface of the pyro- 
electric effect (the representation surface of a physical property of 
a crystal is the surface whose radius vector magnitude is equal 
in each direction to the magnitude of the parameter in this direc- 
tion). Determine the symmetry of this surface. 

Solution. Let the pyroelectric effect along the polar direction 
OA be represented in the coordinate system X,, X,, X, by a vector 
A (Ay, Ao, Aş) (Fig. 3.2). 

We choose a new direction and align with the axis X, of 
the new coordinate system. Then the pyroelectric effect along 
this direction is represented by A; for which we obtain the vector 
X (£i, xx, Tal such that 


Азар kağ ta (3.5) 


Now we express A, in terms of the components of the original 
vector A (A), 45, Ag): 


A; =C3¡A, + C545 + C3343 (3.9) 


Let us draw a plane P perpendicular to the vector A. The projec- 
tion of the vector A onto OB, Aş, is positive for points (zı, Zg, £3) 
lying "above" the plane P, and negative for points (zı, La, 73) 
"below" the plane P. Then 


Ca L EUA Cao GaAs aa al A; 


X5 Fig. 3.2. Mutual arrangement of the 
A(A,, A2,A3) polar direction OA and the axis X; 
a of the primed coordinate system. 
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where the plus sign corresponds to the points (zı, £a, zə) “above” P, 
and the minus sign to the points A, (zı, 22, x3) "below" P. Therefore, 


Aj d nana 


(3.10) 
AS = + (2,4, + 2242 + 2343) 
By equating (3.8) and (3.10), we obtain 
1, +t, t 23=2,A,+ 2,4), + 2343 (3.11) 
for the points Aj (zı, 22, zə) “above” P, and 
L? + аф + T3 = — mA, — ZA, 1343 (3.12) 


for the points A; (zı, 22, 23) "below" P. 
Equation (3.11) can be transformed to 


(a4) HeH mE H (ал) 
and (3.12) to 








2 12 2 2 2 2 
(sce e (my e 4 qaa 

These equations describe two spheres contacting at the origin, 
and the center of the sphere described by Eq. (3.13) lies at the point 
+A/2, and that of the sphere described by Eq. (3.14) at the point 
—A/2 (Fig. 3.3). 

The surface drawn in Fig. 3.3 has symmetry oo/mmm, if its shape 
only is taken into account. But if we also take account of the charge 
signs (here they are symbolized by the black and white colors), then 
an antisymmetry plane m exists between these two spheres. 

Antisymmetry operations consist of the conventional symmetry 
operations combined with the operation of sign reversal. The phys- 


om Fig. 3.3. Magnitude surface of 
pyroelectric effect. 
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ical meaning of the sign reversal may vary: reversal of the charge 
sign (plus-minus), reversal of color (black-white), reversal of the 
direction of strain (tension-compression), and so on. The concept 
of antisymmetry introduced by A.V. Shubnikov* is used in the phys- 
ics of crystals to describe vector and tensor surfaces, to interpret the 
magnetic properties of crystals, etc. The antisymmetry operations 
are denoted by the symbol of the corresponding symmetry opera- 
tions with an underbar. 

In this notation, the antisymmetry of the characteristic surface 
of the pyroelectric effect is written as oo/mm. 

3.3. Find the symmetry of a barium titanite single-domain crystal 
in the ferroelectric phase if its symmetry in the paraelectric phase 
is m3m, and the spontaneous polarization vector aligns with (i) 
[100], (ii) [111], (iii) [110]. 

Solution. If a spontaneous polarization with inherent symmetry 
oom. appears in a crystal, the symmetry of a single-domain crystal. 
in the ferroelectric phase will be the highest-order subgroup of the 
crystal symmetry group in the paraelectric phase and of group oom. 
For the directions of P* listed in the problem these are groups (i) 
4mm, (ii) 3m, (iii) mm (see Fig. 2.11). 

3.4. It is required to monitor the accuracy of maintaining a con- 
stant temperature or to measure a small change in temperature in 
the room temperature range (22-24 ?C). Which of the materials, 
tourmaline or rochelle salt, is preferable for this? What is advisable 
to use: ballistic galvanometer or millivoltmeter? 

Solution. The indicated temperatures are close to the upper 
Curie point of rochelle salt. Consequently, the corresponding pyro- 
electric coefficient is large: y, — 200 CGSE units. However, the 
dielectric permittivity e, also reaches the maximum value e, = 1000. 

According to (3.2), for an X-cut rochelle salt plate 


AP; =200AT CGSE units 
Since E = P/z and e = 1 + 4nx, 


12.8-200 
For a Z-cut tourmaline plate 


AP}=1.2AT, E= AT=2.00AT 


Obviously, if the coefficient y, is large, the potential difference 
between the opposite faces of a ferroelectric plate becomes approx- 
imately the same as in a linear dielectric, tourmaline, having a small 


* A.V. Shubnikov, Symmetry and Antisymmetry of Finite Figures, 12d. 
cad. Nauk SSSR, Moscow, 1951. 
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pyroelectric coefficient. However, the charge on a face, proportional 
to AP*, in rochelle salt plates is larger than that of tourmaline by 
a factor of nearly 200. Therefore, it is advisable to use in the problem 
as stated a rochelle salt plate and a ballistic galvanometer. 

3.5. Could a plate cut of a triglycin sulphate (TGS) crystal with- 
stand a sharp drop in temperature from the Curie point, 49?C, down 
to 39°C? Assume the electric strength of the crystal to be 40 kV/cm. 

Solution. The TGS crystal symmetry is 2/m in the paraelectric 
phase, and 2 in the ferroelectric phase. The direction of the axis 2 is 
chosen as the direction of the coordinate axis X4. Consequently, the 
equation of the pyroelectric effect takes the form 


AP, =vy2AT 


For y, close to the Curie point we assume a mean value of 500 CGSE 
units. This gives 


AP; = 500.10 = 5.10% CGSE units 
The strength of the corresponding electric field is 


E= Se AE = 2600 CGSE units дә 108 V/cm 
2 
This field exceeds the electric strength of the crystal, so that the 
crystal breaks down. 

3.6. By how many degrees and to what temperatures can one 
"shift" the phase transition point of potassium dehydrophosphate 
(KDP) crystals by means of the electrocaloric effect, if the crystals 
are placed at the phase-transition point Te = —150°C into an 
electric field of 20 kV/cm-!, applied in such a manner that the direc- 
tion of the vector E is (i) along P*; (ii) opposite to P^? (Assume c = 
= 0.1 cal.g-!*- K-!, ӱз = 5000 CGSE units.) 

Solution. The value of the only nonzero electrocaloric coefficient 
of KDP crystals in the ferroelectric phase is found from relation (3.5): 


ez — .— —0.06 CGSE units 
The applied electric field causes the temperature increment 
АТ = q,AE = —4 K 


Consequently, a field of 20 V/cm, parallel to the direction of spon- 
taneous polarization, cools the erystal in the vicinity of the Curie 
point owing to the electrocaloric effect by approximately 4 K, this 
means that this field is capable of “shifting” the Curie point of KDP 
to higher temperatures by 4 K. 

If this field is applied in the direction opposite to that of P, the 
crystal will be heated by 4 K, and the Curie point will then shift 
to lovver temperatures by the same amount. 
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PROBLEMS 


3.7. In a KDP crystal calculate the temperature increment plate 
caused by the spontaneous electrocaloric effect. 

3.8. Find the density of surface charge formed on the opposite 
faces of a tourmaline plate uniformly heated by 30 K, if the plate is 
cut so that 

(i) the normal to the plate is parallel to symmetry axis 3; 

(ii) the normal to the plate is at an angle of 60? to axis 3: 

(iii) the normal to the plate is perpendicular to axis 3. 

3.9. What temperature increment is measurable with a lithium 
sulphate plate 1 mm thick and a millivoltmeter having a sensitiv- 
ity of 10-? V/division? What is the best way to cut a plate for this 
purpose? 

3.10. Find the electric field applied to a tourmaline crystal along 
[0001] which will produce the same polarization as a uniform tem- 
perature increment of 10 K. 

3.11. Find the potential difference generated on a plate of potas- 
sium tartrate 1 x 1 x 0.1 cm? cut perpendicular to axis 2, when 
the plate is heated by 10 K. Calculate the charge generated on its 
faces. 

3.12. Find the shift of the Curie points of rochelle salt crystal 
(see Table 14) placed in an electric field of 1000 V/cm. The field is 
applied in the direction of the electric axis of the crystal. 

3.13. Calculate the pyroelectric coefficient of barium titanite at 
its upper Curie point (120”C), if the spontaneous electrocaloric effect 
is known to shift the Curie point by approximately 1 K. 

3.14. Calculate the voltage generated between the plates of a ca- 
pacitor formed by a Z-cut tourmaline plate 1 mm thick cooled from 
50°C to room temperature. 

3.15. Enumerate crystal symmetry classes in which the sponta- 
neous polarization vector in a pyroelectric crystal changes, when 
heated, not only its magnitude but also its direction. 

3.16. Estimate the temperature increment in a tourmaline plate 
placed in an electric field of 20 kV/cm. 

3.17. Calculate the charge generated at the opposite faces of a lith- 
ium sulphate plate of 1.2 x 2 x 0.2 cm?, cut at an angle of 60? 
to axis 2, upon heating by 40 K. 

3.18. By applying Neumann's principle, find the nonzero com- 
ponents of a vector property of a crystal belonging to class 6mm. 

3.19. Will the pyroelectric effect be observed in crystals of (i) 
quartz, (ii) gallium arsenide, (iii) ADP crystals in paraelectric phase? 

3.20. Can the pyroelectric effect be observed in a ferroelectric 
crystal separated into domains? 

3.21. Calculate the electric charges generated on the opposite 
faces of a tourmaline plate 0.1 cm thick, with the area 1 cm?, cut 
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perpendicular to [0001], upon uniform heating by 10 K. What is 
the potential difference between the opposite faces? 

3.22. Find the temperature increment in a Y-cut lithium sulphate 
plate 0.1 cm thick in a 300 V/cm field. 

3.23. An electric field of 10 kV/cm is applied to a Z-cut KDP 
crystal of 1 x 1 x 0.1 cm?, in the phase transition interval. Assum- 
ing da = —0.6 CGSE units, find the temperature increment in the 
plate due to the electrocaloric effect. 


4. PHYSICAL PROPERTIES 
OF CRYSTALS DESCRIBED BY TENSORS 
OF RANK TWO 


The properties of crystals described by rank two tensors are the 
dielectric permittivity and magnetic permeability, susceptibility, 
electric conductivity and electric resistivity, thermal conductivity, 
thermal expansion, piezocaloric effect, and some others. Thus, for 
example, Ohm's law for isotropic media is written in the form 


j = oE 


where the vectors j standing for the current density and E stand- 
ing for the field are parallel, and the electric conductivity o is 
a numerical coefficient. In contrast to this, the electric conductivity 
of crystals is direction-dependent. In the general case, each com- 
ponent of the current density vector is a linear function of all three 
components of the field vector. 

Once an orthogonal coordinate system is chosen, Ohm’s law in 
the differential form for crystals is written in the general case as 
a system of three equations: 


İ = ФиЕ1 + og, E, + dab, 
ja = Gg E, + asb, + СззЕЗ 
jg = Og E1 + 034E, + dab, 


By using Einstein’s summation rule, we rewrite the above equations 
in the form 


ji = oyE; (i, j= 1, 2, 3) (4.1) 


The summation is carried out over the repeated subscript. The pro- 
portionality coefficients o;; in Eqs. (4.1) define the electric conductiv- 
ity of the crystal. Thus, in contrast to isotropic media, the number of 
quantities necessary "to define the electric conductivity in a crystal 
is not one but, in the general case, nine: 


О, Oig 013 


[0;;] İ Оз za O23 








103 O32 O33 | 


The specific values of the coefficients 011, 055, 033, and so on 
depend on the choice of the coordinate system fixed to the crystal. 
In a transformation from the coordinate system X,, X,, Xy to 
a new system Xj, Xj, X,, the coefficients o;; are transformed in 
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accord to the law 
Oi = Ci, C 101 (4.2) 


where oi; are the coefficients in the new system X,, Xj, X; Ori 
are the coefficients in the original system X,, X,, X,, and Cin, 
Су) are the direction cosines defining the orientation of the axes 
Xi, X,, X; with respect to the axes X,, Xə, Xə. 

Quantities which are defined by nine numbers dependent on the 
choice of a coordinate system, and in going over to a new coordinate 
system are transformed according to (4.2), represent a tensor of rank 
two, or a rank two tensor. 

The original coefficients may be expressed in terms of the new 
ones as follows: 


Оз = Су Сиди (4.2a) 


The following equations describe the passage of electric current 
through a crystal, thermal expansion and thermal conduction, and 
the piezocaloric effect which constitutes a change of temperature 
in a crystal subjected to mechanical stress: 


j:=0;¡¡Ej, Peg: AT 
dl O Tad 
i j dz; , lj'"ij 


where ој are the thermal expansion coefficients, q; denotes the com- 
ponents of the heat flux vector, Ai, are the thermal conductivities, 
ri; are the components of the mechanical strain tensor, and íi; 
are the components of the mechanical stress tensor. 

Magnetic permeabilily, as well as magnetic susceptibility of para- 
magnetic and diamagnetic crystals, entering the equations relating 
the vectors of magnetic field strength H, magnetization J, and 
magnetic induction B are tensors of rank two. Indeed, at all times 
B; = uH: + Ji, where p, is a scalar constant called the magnetic 
permeability of vacuum. Furthermore, an additional equation holds 
for paramagnetic and diamagnetic crystals, for weak and medium- 
strength fields: 


Ji hob: 
where Yi; are the components of the magnetic susceptibility tensor. 
It then follows that B; = pH; + hopa: = po (0i; + фә) Hj. 
This equation can be rewritten in the form 
Bi = pişlli;, where pij = po (ӧзу + Фә) 


The tensor [p;;] is called the magnetic permeability tensor. The 
energy of magnetization of a crystal is y = (1/2) vui;HiH;, where v 
is the volume of the crystal. A crystal is said to be paramagnetic 
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or diamagnetic along one of the directions of principal susceptibili- 
ties when the magnetic susceptibility along this direction is positive 
or negative, respectively. 

The principal susceptibilities of paramagnetic and diamagnetic 
crystals are much less than unity (2210-5), so that the field produced 
by a magnetized crystal is small compared with the external field 


and as a rule can be ignored. 
Each element of volume, v, of a crystal placed in a magnetic field 
is subjected to a moment of forces 


Gi; = UM, (—wviH,H; -F iH Hi) 
and to forces 


1 0 
Pee bn zy LH.) 


The magnetic susceptibility of powder consisting of arbitrarily 
oriented anisotropic crystalline grains is equal to 


5 (pu + Vaz + Vas) 


The electric conductivity, dielectric permittivity and susceptibil- 
ity, thermal conductivity and thermal expansion, just as magnetic 
permeability and susceptibility, are described by symmetrical tensors 
of rank two, and this means that the relations 


Oiy = Oji, Ei = Eji, etc. (4.3) 


reducing the number of independent components of the mentioned 
tensors to six, are valid for them. 

The representation surface of a symmetric rank two tensor. Tensors 
of rank two are geometrically interpreted as surfaces of second order; 
this provides a descriptive representation of the considered proper- 
ties of crystals, the type of their anisotropy, and the relation to the 
crystal symmetry. If the components of a symmetrical rank two ten- 
sor (Si; = 9) are used as coefficients in the general equation of 
the second-order surface, 


S at; + Sota + S333 + S 122123 + Rafa + 8 132,23 
+ Rafa + So31525 + зәл алә = 1 (4.4) 


we obtain a surface referred to as the representation quadratic of the 


rank two tensor. 
Thus, in the general case the representation quadratic of electric 
conductivity of a crystal is described by the equation 


0,473 + 02525 + 03303 + 20397 3% + 20430423 + 20,52,75 = 1 


Geometrical properties of the representation quadratic. The magni- 
tude of the radius vector r of the representation quadratic in a chosen 
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direction is related to a quantity characterizing the corresponding 
property in this direction, such as o, by the formula (Fig. 4.1) 


r=1/Vo or o—1j/r (4.4a) 


If the property to be considered is included in an equation of 
a vector-vector interaction (vector stimulus and vector response, 
as in Ohm's law), the representation surface of the property makes 
it possible to find the direction of the response vector from that of 
the stimulus vector, and vice versa. 

If j; = 0;¡E,, then the direction of $ for a given E can be found 
by drawing the radius vector OP of the characteristic surface parallel 
to the field E, and then erecting the perpendicular to the plane tangent 
to the characteristic surface at the point P (Fig. 4.2). 

Principal axes of a symmetrical rank two tensor. Second-order 
surfaces for which S;; = Sji, possess the so-called principal axes, 
that is three mutually perpendicular directions such that if they 
are chosen as the coordinate axes, the general equation of the surface, 
Eq. (4.4), transforms to the simplest form 


S 42; + Sooty + S332 = (4.5) 


If the quantities S,,, S,,, and S33 are positive, the surface (4.5) 
is an ellipsoid; if two coefficients are positive and one negative, the 
surface (4.5) is a hyperboloid of one sheet. If onecoefficient is positive 
and two are negative, the surface (4.5) is a hyperboloid of two sheets. 

At the points of intersection of the principal axes with the repre- 
sentation surface the normal to the surface is parallel to the radius 
vector; this is considered to the essential property of the principal 
axes. If P denotes a point on the representation surface given by 


Eq. (4.4), and X denotes the components of the vector OP, and we 


Fig. 4.1. Representation quadratic of Fig. 4.2. Determination of the 
electric conductivity. direction of response vector on the 
basis of the direction of stimulus 
vector, by means of the 
representation surface. 
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form a vector S ;jz;, then this vector is parallel to the surface normal 
at the point P in accordance with the properties of radius vector. 
The radius vector and the normal are parallel if their corresponding 
components are proportional to each other: 


Sij; Axi (4.52) 
where À is a constant. Equation (4.5a) is a system of three linear 
homogeneous equations in zı. 

This system has a nonzero solution only if the determinant com- 
posed of the coefficients of the equations vanishes: 

S4—À Siz Sis 
Siz So —A So =0 (4.5b) 
Sy Sas $35—À 
The contracted notation is 
| Si; — Абу | = 0 


This cubic equation is called the secular equation. Its three roots 
Aş, Ag, and A, give three possible values of A for which the system 
(4.5a) has a nonzero solution. Each of the roots determines the direc- 
tion in which the radius vector of a quadratic surface is parallel 
to the normal to the surface, that is, determines the direction of 
one of the mutually orthogonal principal axes. 


Lengths 
of Principal Axes 
If a quadratic is referred to its principal axes, the secular equation 
takes the form 
Si=4 О 0 
0 S,—A О |=0 
0 0 S,—A 
that is, (Sı — A) (Sa — A) (8, — A) = О, and the three roots of 


Eq. (4.5a), Ai, Az, and Aş, are the three principal coefficients Si, So, 
and S3, respectively. 


The equation of the representation surface of electric conduc- 
tivity written in terms of the principal axes becomes 

04,2 + 03525 + 03523 = 1 

Correspondingly, in the principal coordinate system the rank 
two tensor is diagonal: 


o. 0 07 “o, 0 07 
0 04,0 or 10 о, О 
0 0 63 000 


4-0475 
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The quantities 01, Oz, and o, are called the principal com- 
ponents of the electric conductivity tensor, or the principal electric 
conductivities. 

In the principal coordinate system Eqs. (4.1) are also simplified: 


ji = 0:Е1, ја = 0%», İş = daba 


If the electric field is applied along the principal coordinate axis 
Xı, then E, = Ez = 0; hence, ј = ją = 0, and j is parallel to E. 

When studying the effect of crystal symmetry on the form of 
a rank two tensor, it is especially convenient to write the rank two 
tensors and the equations of the corresponding representation quad- 
ratics in the principal coordinate system. 


Directions 
of Principal Axes 


In each particular case the directions of the three principal axes 
Xi, Х,, X; can be found as follows. First solve equation (4.5b) 
for 4. Then form three equations (4.5a) with one of the found values 
of A, say, A,, and solve them for the ratios X; : X, : X;. Repeating 
these operations with the second root, say, Ay, we find X; : X; : Xb 
The third direction X7, X7, X; can be found by erecting a perpen- 
dicular to the first two. 


Rotation Around 
Principal Axes 


A problem typical for numerous physical situations is the trans- 
formation of the components of a symmetrical rank two tensor 
from one coordinate system to another, obtained from the first 
by a rotation around one of the coordinate axes. Let a tensor [5S ;;] 
be referred to its principal axes: 


miş 0 07 
-0 0 5 


Fig. 4.2a. Rotation of coordinate 
system around the axis X, by an 
angle 
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Let new axes X;, X,, X; be obtained from the axes Xı, X;, Xə 
by a rotation around X; by an angle 0 measured by the rotation 
angle of X, toward X, (see Fig. 4.2a); the matrix representing this 
rotation is 
cos0 sinf О 
— sin 0 cos0 О 
0 0 1 


According to (4.2), the transformed tensor is 


TSi Sia 0 "| 


Siz Si О 
0 0 Saz 
where 


Si, = $,cos?0 + S, sin? 0 = 4 (S,+8)—3(S:—8)) cos 20 


82, = 5, sin 0 + S, cos? 0 = 5 (Si S2) +4 ($4— Sı) cos 20 


Sia — — 4, sin 0 cos 0 + S, sin 8 cos 0 = > (S, — 8.) cos 20 


A quantity characterizing a property in a given direction. Crystals 
are generally anisotropic, that is, their properties are direction- 
dependent. In the general case, when a crystal is exposed to a vector 
factor, for example, is placed in an electric field, the direction of 
the generated current does not coincide with that of the field. A quan- 
tity characterizing the property of the crystal along a chosen direc- 
tion is therefore defined as the current density component jj paral- 
lel to E, divided by E. If a unit field is applied, the electric conduc- 
tivity along the field is numerically equal to jj. 

If a tensor defining a physical property of a crystal in a fixed 
coordinate system, for example, the dielectric permittivity tensor 
[es], is known, then the dielectric permittivity along any direc- 
tion n in the crystal is calculated using a relation 

En == Ej NM; (4.6) 
where n;, n; are the components of a unit vector n (direction cosines 
of the fixed direction). 

The effect of crystal symmetry on its properties described by rank 
two tensors. The crystal symmetry leads to essential constraints on 
the number of independent components of rank two tensors. The 
orientation of the characteristic surface with respect to the crystal 
symmetry elements is determined in compliance with Neumann's 
principle, as given in Table 4.1. 


4t 


52 Problems in Crystal Physics 



































Table 4.1 
2 5 
E S388! Tensor trans- 
ERES Crystal | Characterizing | Geometry of repre- 255% formed to the 
8522 | system symmetry sentation surface 5! chosen coordi- 
ZR and its orientation ay 22 nate system 
gre grg” 
Ә5БДЕ Esas 
o 
[T Cubic Four axes 3 Sphere 1 =s 0 07 
E3 050 
28 20082 
— na | Tetrago- | One axis 4 Surface of revolu-l 2 S 0 0 7 
‘S's İnal tion around the 0 5,0 
s? Hexago- | One axis 6 highest-order sym- 0058 
S C İnal metry axis Xy(Z) - Kiana 
о ° | Trigonal | One axis 3 
Rhombic | Three mutually | Surface of second| 3 7$10 07 
perpendicular İ order with axes 0 S, О 
twofold  axes.| Xj, Xə, Xa paral- 005 
Моахез of high- lel to twofold m 3 
er order axes: X, Y, 2 
2 
E Monocli-| One twofold | Surface of second| 4 İT” Sy, О Sig” 
рә | nic axis and one|order with one 0 Saz О 
5 plane m axis Xə parallel $4.05 
= to the twofold axis niş 83 — 
* non-perpendicular 
E: to plane m 
m 
Tricli- | Center of sym-| Surface of second| 6 T Su 512 Sig | 
nic metry, or noj|order. The orien- Sia Sar Sus 
symmetry tation with res- Sia Soa S 
— 51s 823 Sas 








pect to crystallo- 
graphic axes is not 
defined 





The number of independent coefficients in the representation 
surface equation is exactly equal to the number of components of 
the corresponding tensor, and the surface symmetry is the same 
as that of the physical property. 

Measurements on oriented samples. Relation (4.6) is widely used 
in practice to calculate the quantities characterizing the physical 
properties of oriented samples, as well as for the reverse problem, 
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namely, determination of the tensor representing a physical proper- 
ty of a crystal from the data of measurements on oriented sam- 
ples. 

The notation of crystal “cuts” is meant to indicate the directions 
of the normal to the principal (“working”) faces of a plate or bar in 
the crystallophysical coordinate system. Thus, for example, the 
X-, Y-, and Z-cuts are plates or slabs in which the normals to the 
working faces are parallel to the axes X, Y, Z, respectively (see 
Fig. 2.3). The working faces are normally defined as faces to which 
external factors are applied: electric field, mechanical stress, or others. 

The following notations are used to describe the orientation of 
tilted cuts (these notations were recommended by the International 
Committee on Piezoelectricity of AIRE in 1946, mostly for piezo- 
electric crystals). 

Some of the cuts are shown in Fig. 4.3. When the properties of 
tilted cuts related to new axes X;, X;, X; (primed axes are directed 
along the edges of the slab or plate) are studied, relations (4.2) 
and (4.6) are used. Obviously, each of the coefficients in the frame 
Xj X,, X; will be a linear combination of the principal coefficients. 


Fig. 4.3. Examples of various (b) Y Xb/+45", (c) 20 
oriented crystal cuts: (a) XY1/--45”, (4) Y XIb/+45%/+ 45° 
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Conversely, it is often convenient to find the principal coefficients 
by measuring the properties on tilted crystal cuts and then going 
over from the data obtained to the required quantities by the appro- 
priate calculations. The following notations are accepted currently 
for the description of oriented tilted cuts: 


XYs/a, Y Zsblaly, XY bllaly/P, etc. 


The first two letters denote the crystallophysical axes* along which 
are initially aligned the thickness s and length 1 (width b) of a crystal 
cut; the letters placed after them (if they are needed) show which 
of the edges of the cut is the axis of rotation; Greek letters for angles, 
a, B, y, which assume specific values (separated from the letters 
l, b, s by slashes), denote the angles of successive rotations: œ stands 
for the rotation around the thickness s of the cut, B for the rotation 
around the length 1, and y for the rotation around the width b. Angles 
are given in degrees and minutes of arc. Counterclockwise rotation 
is assumed positive. 

Let X,, Xa X4 be the axes rigidly fixed to a monoclinic crystal 
in the standard setting, and Xj, X, X; be the orthogonal axes 
fixed to the oriented sample, so that the axis X; lies in the direction 
along which the dielectric permittivity of the crystal is measured 
(Fig. 4.4). The corresponding symbol in the frame X;, X;, X; 
is 82. On the other hand, the measured value of e,, is expressed, 
according to Eq. (4.6), in terms of the tensor components [ei] 
in the standard setting. By measuring the values of ez, in samples 
with four different orientations, we obtain four equations relating 
the independent components of the tensor [8;;] of the monoclinic 
crystal. By solving them we find the components of the dielectric 
permittivity tensor in the coordinate system X,, X,, X,. Conse- 
quently, the measurements on oriented samples enable one to find 
all the components of the tensor [e;;], and of any rank two tensor 
describing the physical properties of crystals in the standard setting. 

Magnitude surfaces. The magnitude surfaces of physical proper- 
ties of crystals, making it possible to obtain a descriptive image 
of symmetry and anisotropy, prove very convenient for practical 
purposes. Thus, for example, the magnitude surface of the dielectric 
permittivity tensor [s;;] is described by the equation 


r (n) = вијттј (4.7) 


which shows that the magnitude surface is formed by the tips of 
radius vectors r whose length is equal, in a chosen scale, to the die- 
* By convention, the crystallophysical axes Xı, X,, X, are denoted by 


X, Y, Z. They must not be confused with the crystallographic coordináte axes 
(not necessarily orthogonal). 
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lectric permittivity along any direction n. 

If all the eigenvalues of a rank two tensor describing some phys- 
ical property of a crystal are positive, then the distance r to any point 
on the magnitude surface is also positive. If, however, some of the 
tenso” eigenvalues are negative, then r will be negative for some 
directions. In such cases the segments of the surface corresponding 
to the negative values of r are drawn exactly as the usual positive 
segments, but coloured in black to distinguish them from the 
positive ones, white segments of the surface (see Figs. 3.3 
and 4.6). 

Inverse tensors. Sometimes the calculation of quantities charac- 
terizing physical properties of crystals requires a determination 
of the components of the inverse tensor from the known components 
of the tensor describing some physical property of crystals. For 
example, if the tensor of electric conductivity of the crystal whose 
components enter the equation 


ji = OE; 


are known, one may want to find the resistivity tensor whose com- 
ponents enter the equation 


Е = pil) 
In the general case the individual components of the tensor [pij] 
are not the reciprocals of the correspondent components of the tensor 


Lol, but are found from the relation 


(UIT AŞ, 


x Fig. 4.4. Crystal plate of arbitrary 
2 orientation. 
Хә 
N 
Хум 
0 
Лә 
İd 
4, 
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where Ac is a determinant of the type 
О, Oiz Giz 
Siz Оз O23 
O43 0,3 O33 


AS; is the minor obtained from the above determinant by crossing 
out the ith row and ¡th column. It is obvious from Eq. (4.8) that 
the tensor has an inverse only if all its three principal values are 
nonzero. 


Examples of Problems 
with Solutions 


4.1. Find the magnitude and direction of the current density 
vector (in the coordinate system X,, X,, Xə), for the current gen- 
erated in a crystal plate with area S and thickness d (V S > d) 
by an external field £ equal to 150 V/cm and applied in the direc- 
tion (V 2/2, V 2/2, 0), if the electric conductivity tensor of thecrystal 
in the above coordinate system takes the form 


T 9 —2 87 
[0;;] = kait 2 16 0 Y 4077 ohm”! .cmi 
| 8 025. 








Solution. The components of the vector E(£,, E,, Eş) are: 
Е, = 150- ya V/em, E, — 150 Ja Viem, E,—0 
ја= pub, L gus, + 013 = 9.1077. 150 YA 
—2.107.150 V2 —7.4.10-5 A/emz 
-7 V2 
jo = Cn, +02, E, +02E3= — 2-10 :150 = 
+ 16.407.450 V2 = 14.7- 1075 A/cm? 


ja=04E, + 032E + 03383 = 8.1077. 150 V2 
= 8.46.1075 A/cm? 
I] = 18.5-1075 A/cm? 


The direction of the vector j is given by the angles a, f, and y 
between this vector and the coordinate axes. The angles a, p, and 
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y are found from the relations 
İz 
lil 





cos a=- , cosp= 


cosa = 0.398, a=66" 
cos $ — 0.797, PB=37" 
cos y == 0.452, y == 632 


4.2. What is the form of the tensor describing the linear expansion 
of lithium sulphate in the orthogonal coordinate system Xj, X,, Xy 
if (i) the symmetry axis is 2 || Xy; (ii) the symmetry axis is 2 || X,? 

Solution. In the case of class 2 crystals the operation of rotation 
by 180? around the axis 2 is an identity transformation. The matrices 
of direction cosines corresponding to this transformation have 
the form 


la 
cos y == —28— 
, Yenil 


—1 00 —1 0 0 
C, (X, 180)=| 0 —1 0], c, (X,, 180 -İ 0 1 0 
0 0 1 00 —1 


By making use of the transformation law for the rank two tensor 
components and the given above rotation operators, we obtain for 
the case 2 || Xy 


Qu Cip Cı = Dai 
(33 = Agar Оз = —Agz, 


Q3 = O33; Ag = —Ozı. 


As a result of rotation, the quantities &,3 = Aza and Gua = Azı 
reversed signs. But since the conditions of symmetric transformation 
require that these quantities conserve their initial values, this can 
occur only if they are equal to zero. 

Consequently, the thermal expansion of lithium sulphate in the 
orthogonal coordinate system, whose axis X; lies along the symmetry 
axis 2, is given by the tensor 


Ол, Она О 
Ола Qz О 
0 0 Gaa. 


Likewise, it can be shown that in the setting (2 || Xə) the thermal 
expansion tensor has the form 


da О Оз 
0 Gas 0 
Az О Q5 
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4.3. The electric conductivity tensor of a crystal has the following 
form: 


-25 0 TEES 
91 О 7 —3y 8 |-107 ohm. m7 
LO —3V3 13 


Indicate the directions with respect to the coordinate system in 
which the tensor [0;;] has the above-given form, in which the current 
density vector has the same direction as the applied electric field. 

Solution. Mathematically, this problem will be solved when we 
find the eigenvalues and eigenvectors of the given tensor, that is, 
when we transform it to the principal axes. The principal axes of 
a tensor have the following property: at the points of intersection 
of the axes with the representation surface the normal to the surface, 
n, is parallel to the radius vector OP (see Fig..4.2). We denote by 
P a point on the representation surface given by the equation 0;jz;r; = 
— 1, and by A; the components of the vector OP. In accord with 
the above property, the radius vector o;,4, is parallel to the normal 
to the surface at the point P. Since the radius vector and the normal 
must be parallel, we find that their respective components are pro- 
portional, that is, 


Gida = ЛА, 


where A is a constant. 
This last relation is a system of three homogeneous linear equa- 
tions in variables A;(i — 1, 2, 3) which can be written in the form 


OinAr = AA; — 0 
or 

(Gin — Ağın) An = О 
where Öj;, is the Kronecker delta. 

The expanded form of these equations is 

(Oy. — A) Ay + 01,45 + 0143 = О 

0314, + (034 — A) Aş + 03543 = О 

0341 + 03,4 5 + (033 — 2) Aş == 0 

This homogeneous system serves to find A), As, and Aş: and 
we are looking for a nonzero (nontrivial) solution of the system. 


A homogeneous system is known to have a nontrivial solution 
only if its determinant equals zero, that is 


0,—X O Сиз 
Оз, 022—4, 023 =0 
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which is compactly written in the form 
| Oir — Ağı | = 0 


The three roots Aq, Az, and A; of the secular equation give three 
possible values at which the above system of equations has a nonzero 
solution. Each root determines the direction in which the radius 
vector of a second-order surface is parallel to one of the principal 
axes. 

In our case the secular equation has the form 

(25 — A) [(7 — A) (43 — 2) — 271 = О, 
or 

A? — 20A + 64 =0 
This gives 

he, 3 = 10 + Y 100 — 64 = 10 + 6, 

A — 25, Az = 16, Ag = 4 

We thus find that the values of the diagonal components of the 


electric conductivity tensor referred to its principal axes are equal 
(in ohm”1.m"1) to 

0,= 25:10-7, 0, = 16:10-7, 04 = 4.10-7 

Now we shall find the directions of the principal axes of the ten- 
sor О with respect to the initial coordinate system. Let AO, AG), 
AG be the vectors along the principal axes. The components of the 
vector A® will be denoted by 4(9, A(U, and A('. In order to find 
these components, we substitute the value A — 25 into the system 
of linear equations, replacing A,, 42, and A; by 4(9, А(9, and A(*: 


25AV -- (. ДӦР 0.4; 25A) 

0. AP TAM —3V 3AP = 25 А09 

0.40 —3y/ ZAP + 134P == 254P 

This yields: A(€ is arbitrary, and A$!) and Af equal zero. In 
order to find the direction cosines of the principal axes of the tensor 


corresponding to the value A, with respect to the initial tensor axes, 
one has to normalize the vector A(?; in our case this yields 


AP = + 1, AD == AP —0 
Following a similar procedure for A, and Az, we find: 


1 3 
ав=--Ер 


AT =0, AY =>) 


3 1 
A® ыы О, A? = ve ; Ap =F 
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The tablc of direction cosines fixing the orientation of the princ- 
ipal axes of the tensor [0;,] with respect to the initial axes then takes 
the following form: 


Table 4.2 
Axes | Xi | Xs | Xs 
X; 1 0 0 
j 1 V3 
x Ы a wu hacı 
V3 4 
Xs 0 Eo > 


4.4. The dielectric permittivities of resorcin were measured on 
three plates of different cuts shown in Fig. 4.5. The results of mea- 
surements are given in the table: 











Table 4.3 
Hee ks) cut S, cm2 | t, em C.10-12, F 
1 3.305 0.179 5.25 
2 0.784 0.255 0.92 
3 2.672 0.196 3.92 


Find the principal dielectric permittivities of resorcin. 
Solution. The dielectric properties of crystals belonging to class 
mm are characterized by three principal values of the dielectric 


Fig. 4.5. Orientation of crystal cuts 
referred to in Problem 4.4, 


x, Хӱ ^. 3 
A. A 
| =Д 
PM ? Az 
er XX; 





p=35" 
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permittivity: €,, &, and ez. Denote the axes of crystallophysical 
<oordinate system fixed to the crystal in the standard setting by 
X,, X,, Xə, and the orthogonal axes fixed to the specimen by Xj, Xj, 
X;. If the metal coating is deposited on the faces parallel to the plane 
Х,Х,, then the dielectric permittivity 22, along X; that is, along 
the normal n to the plate, can be calculated from the measured ca- 
pacitance C and dimensions of the crystal capacitor obtained. 

As the components of the tensor [e,,] relate to the measured quan- 
tities e,, via formulas of the type 


U 
E33 inti 


the appropriate measurements on oriented specimens make it pos- 
sible to determine all components of the tensor in the crystallophys- 
ical coordinate system X,, X,, X3. 

The values of e,, are found from the measured capacitance of 
the plates, C = e,,5/(4ni), whence €, = 4ntC/S (t is the thickness, 
and S is the area of a plate). Obviously, the measured capacitance 
of the first plate (Z-cut plate) immediately yields 


£g = 3.22 

The orientation of the normal to the second plate with respect 
to the crystallophysical axes (see Fig. 4.5) is 

n; = 0, n, = —sing, Ha = cos q,  — 35? 
and its dielectric permittivity is 

E53 = £9 Sin? p + €z 60870, Ba == 3.39 
Correspondingly, for the third plate 

m=—cosg, 7 —Ü, n4,-—sinq, p=30° 

£g; = €, COS? p + eş sin? p 
Assuming £3 = 3.22 in these last equations, and solving them for e, 
and & we obtain 


e, = 3.26, €, = 3.74. 


4.5. It was found that in a monoclinic crystal the thermal expan- 
sion coefficient along the twofold symmetry axis [010] is equal to 
41.1075 K-1, Then the measurements were carried out in the plane 
(010). It was found that the values of the thermal expansion coeffi- 
cient along two mutually perpendicular directions in the plane (010) 
are 32.1079 and 15.10-6 K-t, while in the direction at 45° to these 
directions the coefficient was 16-10-6 K-!. Find the coefficients of 
the tensor (&i;l in the standard setting, as well as its principal coef- 
ficients. 

Solution. One of the principal axes of the tensor in monoclinic 
crystals (the axis X, in the standard setting) is chosen along [010] 
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which is either the twofold symmetry axis or the normal to the 
plane of symmetry. The remaining two principal axes of the tensor 
may be oriented differently with respect to this direction, so that 
the tensor [a;;] of this crystal has four independent components. 
We direct the axis X, along [010], and the two mutually perpen- 
dicular directions in the plane (010), along which the thermal expan- 
sion coefficients 32-1079 and 15.1076 K-! were measured, along the 
axes Xə and X,. With this choice of the coordinate system we obtain 


Ay = 15 Y 4078 K-1, Olga = 41. 4078 K^ 
33 = 32 . 10-6 K^ 


and the thermal expansion coefficient along the direction at 45? 
to the axes X, and X, is then found from relation 


1 
Ga = 04 nın) = F (044 + Gas + 2043) 


whence Оз = —7.5.1079 K-1, 
This means that the thermal expansion tensor of this crystal in 
the X,, X,, Xə coordinate system has the form 


- 145 0 —7.57 
(ос, | = 0 44 0 |*10-8 K 
ob. 0 32 


Let us find the principal thermal expansion coefficients by using 
the method described in Problem 4.3. These are 


O, — 34.8 ” 4078 K^, Ola = 41 ” 4078 K-}, 
a, = 12.2.1079 K-ı 


By converting to the principal axes, we reduce the number of 
components of the tensor to three, but in this case we shall have 
to give an additional constant (the angle of rotation around the 
axis X,) giving the orientation of the frame, X,, X,, X, in which 
the tensor (011 is diagonal, with respect to the axes X,, Xy, Xə. 

4.6. The thermal expansion coefficients of a triclinic crystal were 
measured on a specimen cut in the shape of a cube. The coefficients 
were measured along the cube edges and its three bulk diagonals. 
Show how the components of the thermal expansion tensor can be 
found from these measurement data. 

Solution. In the general case the thermal expansion of triclinic. 
crystals is characterized by a tensor of the form 


Qj Ag iş 
Gız Q22 Q23 


ız 3 Оз 
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The symmetry of triclinic crystals imposes no constraints on the 
orientation of the representation surface of rank two tensor; further- 
more, the orientation of the principal axes of the thermal expansion 
coefficients in the crystal is not known in advance. Consequently, 
we orient the axes X,, X4, X; in an arbitrary manner, for example, 
directing them along the edges of the cube. 

In this case the direction cosines of the directions mentioned in 
the problem, along which the thermal expansion coefficients were 
measured, are as follows: 


(1, 0, 0): (0, 1, 0): (0, 0, 1), (1/V 3, 1/V 3, 1/V 3); 
(—1/V8, 1/V 3, 1/V3): (1/V 3, 1/V 3, —1/V3) 


Denote the values of the thermal expansion coefficients measured 
along the mentioned directions by a), x), a), a, a®, and 
a‘), respectively. In the chosen coordinate system fixed to the edges 
of the cube, we have 


Q(t) = Uyg, al?) = Ono, 03) = Gan 


By using equations of the type a, = Gi;nın;, where o, are the 
thermal expansion coefficients along n, we find 


att) = i (ал, + a22 + A33 + 20443 + 20:53 + 204) 
a® = i (ај + Q22 + O33 — 20445 + 20:53 — 20294) 
al) = i (O44 + ass + Q33 + 2043 — 2053 — 203) 
We transform these equations to 

aki) — m (011 + Gaz + 033) = 5 (Q2 + G3 + Оз) 
go 5 (ол + Ago + O33) = 5 (— 942 + Q23 — 031) 


1 2 
GIN — EN (944 + gag +33) = 3 (G42 — 923 — Azı) 
whence 
4 2 
— 3 Azı (AO 4 a) — — (ал + A22 + 053) 


1 3 
Olaq =H (О + gas + Maa) — 7 (a + alo) 
Likewise, 
3 1 
Gan = (al) + a) — y (ал + gass + 03) 


3 1 
Ола = 7 (AM) + a?) — y (ок, + Qaa + 03) 
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This gives us all the independent components of the thermal expan- 
sion tensor of the triclinic crystal in the system of coordinates X,, Xo, 
X, fixed to the edges of a cube-cut sample. 

Evidently, the axes X,, X,, X; are not the principal axes of the 
tensor [@;;]. In the coordinate system of its principal axes Х,, X,, X; 
the tensor [aij] has only three nonzero principal expansion coefficients 
a, &,, &. But one needs for the complete description of the thermal 
expansion of a crystal to know not only the absolute values of the 
thermal expansion coefficients along the principal axes X;, X;, X; 
but also the orientation of these axes with respect to the fixed axes 
Xj, Xa, Xə. Obviously, one also has to fix three more quantities 
.characterizing the orientation of the axes X,, X;, X; with respect 
to the axes X,, X,, Xə. 

4.7. What should be the orientation of a calcite plate in which 
the thickness of the plate is unaffected by heating? 

Solution. Calcite belongs to the trigonal crystal class, and its 
thermal expansion is characterized by three principal coefficients 
Ол), Boo, and Оз With О) = gas = —ə.6-1076 K^, and @3 = 
= 25-107 K-!. Consequently, the thermal expansion of this crystal 
in certain directions necessarily vanishes. According to Neumann's 
principle, the symmetry of the magnitude surface of thermal ex- 
pansion of calcite is com, so that there is a cone of directions around 
the threefold axis along which no thermal expansion occurs. 

The orientation of the plate is defined by the orientation of the 
surface normal n with respect to the crystallophysical coordinate 
system. We choose the axis X; along the unit vector n normal to the 
plate. Then the thermal expansion perpendicular to the plate surface 
İS Он = oz. As stated in the problem, the plate must not expand 
in this direction, and this means that a, = da = 0. 

According to (4.6), 


1 у2 2 2 2 2 2 
Q33 = P4014 + 5015 + 0133 = Ол (NI + Ny) + 305 


Fig. 4.6. Magnitude surface of 
thermal expansion coefficient: 
section by the coordinate plane X4X;. 
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Taking into account that n; + n; + nj = 1, we find 
0555 = Олу (1 — n3) + Gage = 044 + (033 — 041) Mg 


Obviously, «o; = О for n; = dulu — az). Note that nz is the 
cosine of the angle between the normal n to the plate and the three- 
fold symmetry axis of calcite. In the case under discussion, this 
value of n, corresponds to the angle 64°43’. Hence, a calcite plate 
with zero thermal expansion must be cut with the normal being at 
an angle of 64?43' to be threefold axis. 

The magnitude surface of thermal expansion is a surface of revolu- 


tion of two sheets around the axis X,. Its cross section is shown in 
Fig. 4.6. 


PROBLEMS 


4.8. Show that any property described by a rank two tensor is 
characteristic of crystals regardless of their symmetry. 

4.9. Find the form of the tensor of thermal expansion coefficients 
in the principal axes for a crystal to have the directions of zero ther- 
mal expansion. 

4.10. Find the value of the thermal expansion coefficient in the 
direction perpendicular to the symmetry plane in KDP crystals. 

4.11. Find the value of electric resistivity of quartz in the direc- 
tion of bisector of the angle between the threefold and twofold sym- 
metry axes, and along the bisector of the angle between twofold 
axes. Explain the obtained result. 

4.12. Find the value of the relative dielectric permittivity in 
rochelle salt along the bisectors of the angles between the axes of 
each pair of the symmetry axes (throughout the problems to this 
section, a rochelle salt crystal is assumed to be in the ferroelectric 
phase whose properties are listed in Table 14). 

4.13. Find the value of electric resistivity of the crystal in the 
direction (1/V 3, 1/1/3, 1/V 3) with respect to the coordinate system 
in which the electric conductivity tensor of this crystal has the form 


“25 0 0 7 


0 7 —3V 8 |.10-7 ohm! cm- 
О —3V3 13 


4.14. Find the angle between the electric field direction and elec- 
tric current in a quartz crystal when the field is applied to the working 
faces of a 45” Y-cut plate. 

4.15. A gypsum plate 1 X 2.5 cm? and 0.4 cm thick is cüt out 
with the normal to its surface being at the following angles to the 
5—0475 
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crystallophysical axes: 
Z XON —90”, Z X,0N —30, 7 X,0N — 60? 


The plate is inserted into a plane capacitor. Calculate the capacitance 
of this system. 

4.16. Find the total charge generated at the surface of an aragonite 
crystal plate 2 x 4 x 0.2 cm? cut perpendicularly to the direction 
(1/V 2, 0, 1/V 2), when the plate is placed in an electric field 
400 V/cm. The direction of the field is normal to the plate. 

4.17. Find the dielectric permittivity tensor of quartz: 

(i) in a coordinate system rotated clockwise with respect to the 
erystallophysical frame by 30? around the axis Xj; 

(ii) in a coordinate system rotated counterclockwise around the 
axis X, of the crystallophysical frame by 30”, 

(iii) in a coordinate system rotated clockwise and counterclock- 
wise by 60° around the axis X, of the crystallophysical frame. 

Explain the obtained results. 

4.18. The relative dielectric permittivity tensor of a crystal with 
symmetry 42m has the following form in the crystallophysical coord- 
inate system: 


"89 0 07 
lell 0 89 О 
| 0 О 173) 


What will be the form of this tensor in the coordinate system ob- 
tained from the initial one by rotating it by 45° around the axis Xy, 
that is, in the second crystallophysical setting? 

4.19. Find the expression for the energy of a polarized rhombic 
crystal, if the electric field is applied along (i) [100] and (ii) 10101. 

4.20. How should we cut a plate out of a monoclinic crystal to 
achieve the minimum thermal expansion, if the linear expansion 
of this crystal is described in the system of orthogonal axes X,, X,, 
X; by a tensor of the type 


– 40 —5 07 
—5 20 0 [410 K 
_ 0 0 8. 


4.21. How should we cut a calcite plate, for its thermal expansion 
coefficient normally to the plate to be equal to 15-10-6 K-1? 

4.22. Find the crystallographic direction along which graphite 
crystals are not expanded upon heating. 

4.23. The dielectric permittivity of a monoclinic crystal in the 
orthogonal coordinate system X,, X,, X, is given by a tensor of 
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the type 
"10 5 О 
5 20 0 
_0 030. 


What cut of a crystal plate with fixed dimensions will provide the 
maximum capacitance? 

4.24. Find the orientation of the principal axes of the thermal 
expansion tensor in a monoclinic crystal with respect to the orthog- 
onal axes X,, X,, Xy, in which the thermal expansion of the crystal 
is represented by the tensor 


-= 45 0 T.R 
o 44 О |.10sk-= 
he. d 00 2 


4.25. What should be the accuracy of cutting out the rutile crystal 
plates in X-, Z-, and 45?Y -cuts, in order that their dielectric permit- 
tivities differ from the calculated ones by not more than 296? 

4.26. Find the temperature increment in a quartz plate oriented 
as shown in Fig. 4.35, subjected to a short-duration force ten times 
its weight. The plate size is 1 x 3 x 10 mm?. Analyze three cases 
of applying force to each pair of mutually parallel faces. 

4.27. A crystal L-cut plate of rochelle salt is placed in an electric 
field with strength 200 V/cm. Calculate the charge density on its 
lateral faces, neglecting the electric conductivity of the crystal. 
Solve the same problem taking this conductivity into account. 

4.28. List the symmetry classes in which the direction of the 
principal axes of tensors describing different properties of crystals 
(Eijs Qij, Sip, etc.) coincide. List those where they do not coincide. 

4.29. List symmetry classes in which heating changes the direc- 
tions of the principal axes of the dielectric permittivity tensor. 

4.30. Find symmetry classes in which the directions of the princ- 
ipal axes of the electric conductivity and electric resistivity tensors 
coincide. 

4.31. Derive the equation of the index surface for the dielectric 
permittivity of triclinic crystals. 

4.92. A rochelle salt plate is cut with the normal to its surface 
being at angles of 30, 70, and 68.6?. Calculate the thermal expansion 
coefficient of the plate. 

4.33. Find the thermal conductivity of a quartz plate cut to be 
parallel to the natural face of rhombohedron, (1011), if the angle 
between the normal to the plate and the axis X, is 52”. 

4.34. A plate 4 mm thick is cut out of a bismuth single crystal so 
that the normal to the plate is at an angle of 30? to the threefold 


5* 
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axis. Find the current density through this plate if a voltage of 1 V 
is applied to its working faces. 

4.35. A rod 1 cm in diameter is cut out of a bismuth single crystal, 
the rod axis being at an angle of 30? to the threefold axis. The poten- 
tial difference per unit rod length is kept constant and equal to 
1 V/cm. Find the maximum potential difference between two diam- 
etrically opposite points of a cross section perpendicular to the rod 
axis. 

4.36. Find the components of the magnetic permeability tensor 
of aragonite and the magnitude of magnetic permeability along the 
normal to the surface of an L-cut plate. 

4.37. Write the tensor of magnetic moment, Gi;, in a coordinate 
system whose axes coincide with the principal axes of the magnetic 
susceptibility tensor. 

4.38. Determine directions along which zirconium crystals evince 
no magnetic properties. 

4.39. A crystal is subjected to magnetic field with strength H, 
along the axis X,: then additional field with strength H, is applied 
along X,. Show that if the experiment is repeated in the reversed 
order, the work done by applying the total field H (H,, H,, О) 
is the same in both cases only if wy. = ug 

4.40. An aragonite crystal with volume 1 mm? is placed in a non- 
uniform magnetic field. The field components and some of the gra- 
dients along the principal axes (in MKS units) are 


H,=1.0-10%, H,=0.5.10%, Н, —2.0-105 
oH ӘН OH 
52. =1.0-108, 71-120, 561 = 0.5-102 


= 0.8. 105, 283 =2.0.108 
dr, À 








Find us magnitude and direction of the resultant force and momen- 
tum exerted on the crystal. 


9. STRESS AND STRAIN 
IN CRYSTALS. 
ANALYSIS OF STRESSED STATE 


A state of uniform stress at a point of a continuous homogeneous 
medium can be described by nine components of the stress tensor 
in an arbitrary coordinate system: 


Téa te tig 
Lie bar Cos loz 
ts, İse t33 


The following notation has been used for stress: the first subscript 
of a component of the stress tensor refers to the direction of the force, 
and the second refers to the elementary face to which the force is 
applied (Fig. 5.1). For example, the stress £44 denotes the component 
of the force along the axis Xə applied to a unit face perpendicular 
to the axis X,. Obviously, £;;, that is, the diagonal or so-called nor- 
mal components of the stress tensor are tensile (or compressing) stres- 
ses along the coordinate axes; ti; (i + j) denote the shear, or tangent, 
stresses lying in the plane of the faces to which they are applied. 
As follows from the condition of static equilibrium of the torques 
with respect to the coordinate axes X,, X,, X,, the nondiagonal 
components of the tensor, t:r: must be pairwise equal: 


tio = fan bag = Laa İşi = dug (5.1) 


Hence, the stressed state is completely described by six independent 
components of the stress tensor: three normal components 711, İşə, 
and ¢33, and three shear components ha: fs: and taz. 


X. Fig. 5.1. Physical meaning of the 
7 components of the stress tensor. 


Xy 
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It can be shown that the relation (5.1) remains valid even when 
the stress is nonuniform, when the body is not in static equilibrium, 
and when body forces are present, provided body torques are zero. 

Signs of stress. By convention, the normal and shear stresses are 
positive if they act in directions shown in Fig. 5.1. This means that 
the normal stresses corresponding to tension are regarded as positive. 
It should be mentioned, however, that a reversed sign convention is 
chosen in treating the piezoelectric and piezooptic effects: here com- 
pression stress is regarded as positive. 

Principal axes of the stress tensor and the stress quadratic. The 
Stress tensor is symmetrical and can be reduced to the principal axes: 


"t, 0 07 
0 & 0 
00 La 


where fi, £4, and £f, are the so-called principal stresses. 

The principal axes of the stress tensor exhibit the following impor- 
tant property: the components of shear stress are zero on the faces 
normal to these axes. 

The representation second-order surface corresponding to the ten- 
sor [ti;] is called the stress quadratic. Its equation is 


Citic; =1 (5.2) 
or, in converting to the principal axes, 
As each of the stresses tı, £4, iş can be either positive or negative, 
the stress quadratic may be a real or imaginary ellipsoid or hyper- 
boloid. The direction of the resultant force PöS applied to a surface 
element 5S can be found by making use of the properties of the 
radius vector and the normal to the stress quadratic (Fig. 5.2). The 


length of the vector r represents the normal stress f, applied to the 
surface element 5S shown in Fig. 5.2, namely, 


tn = 1/1? 
Total, normal, shear, mean, and effective stress. The following 


quantities are often required in solving practical problems: 
(i) Total stress t, applied to a face with the normal n (Fig. 5.3): 


t, — V tà (5.3) 
where 
İri = timy 
(ii) Normal stress ¢, applied to the face having the same normal: 
İn = İğnin; (5.4) 
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(iii) Shear stress t: in the plane of the same elementary face: 


t,— V t£—12 (5.5) 
(iv) Maximum shear stress max applied in the plane X,X,: 

: = 1/2 
ESA (5.6) 


Similar relations are valid for the stresses (max in the planes X,X, 
and X,X;. 

(v) Mean stress fm: 
= İn e foo + fgg 
= A (5.7) 


İm 
(vi) Effective, or generalized, stress: 

- 1 : 7 : i 

t= > lu — too)? + (to — t33)? + (Һз — t11)? L 9 (£5 + tz + 65,) (5.8) 


Stress tensor as an example of field tensor. The physical meaning 
of the stress tensor is close to that of the force applied to a crystal. 
Consequently, the stress tensor is independent of the crystal sym- 
metry. This tensor has a meaning not only for crystals but also for 
isotropic bodies in a stressed state. Such tensors are called field ten- 
sors, to distinguish them from the matter tensors which describe phys- 
ical properties of crystals and thus are related to their symmetry. 

Strain analysis. Displacements essential for a strained body are 
not the absolute displacements of its points but their displacements 
with respect to one another. 


Fig. 5.2. Determination of the Fig. 5.3. Stresses applied to an area 
direction of the resultant force element of arbitrary orientation: 
exerted on an element of area 65, £,—total stress, t,—tangential (shear) 
by means of the representation stress stress, 7, —normal stress. 

ellipsoid. 
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In order to describe a strain in a body, let us fix to this body an 
orthogonal coordinate system X,, X,, Xə. 

Let the strain leave the position of the origin of coordinates non- 
displaced, while all other points obtain certain displacements. If a 
point A (Fig. 5.4) moves to a position A', and a point P at a distance 
AX from A moves to a new position B”, then the displacements of 
the points A and B are given by the vectors u4 and uB, respectively. 

The vector u is called the displacement vector, u; = (xi — xi), 
where i — 1, 2, 3; z; denotes the coordinates of a point before defor- 
mation, and z: denotes its coordinates after deformation. 

Since the factor essential in a deformation is the relative displa- 
cement of the points of a body, it is necessary to consider a vector 
Au = uB — u^ which gives the increment in the displacements of 
the points which originally were spaced by a distance AX. 

If u; = x; — x; is constant for all i’s and for all points of the 
body, then Au = 0, and the body is not deformed, that is, the body 
is translated parallel to itself. In the case of nonzero deformation, 
displacements are different for different points. 

Strain is defined as uniform if the components of the displacement 
vector are linear functions of coordinates: 


Uy = £444 + e1222 + 1323 

Uy = € 9411 + Eyy + бәз (5.9) 

Us = безиб + Gasba + £333 
The values of e;; are independent of displacements. 

In the case of uniform strain the following equations can be writ- 
ten for the increment of displacements: 

Au, —eyAZ, + eus Ara + €13423 

Au, = вәдә, + €29 AZ, + Gana (5.10) 
: Aug=€3¡A7, + eş Az, + 83s Ar; 


Fig. 5.4. Displacement of points of 
a body under deformation. 
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Equations (5.10) describe the vector-vector interaction, and the 
nine quantities e;, form a rank two tensor: 


"n Te буз eg 

u 

Lel = E =| бол €2 Pas (5.11) 
L631 €32 Pa. 

The tensor [e;;] is called the tensor of small displacements. In the ge- 


neral case this tensor is nonsymmetrical. It can always be written 
as a sum of a symmetrical and antisymmetrical tensors: 


eij = rij Oi; (5.12) 
where 
1 
Pa 5 (litej) e Pi (5.13) 


Obviously, the tensor [r;j] is symmetrical. The tensor [ow;,] is an- 
tisymmetrical: 


1 = 
0j=>3 UH T = —9ji (5.14) 


This tensor describes the rotation of a body as a whole around a 
fixed axis, with no displacements of its points with respect to one 
another. 

The tensor İr:/l is the strain tensor proper. 

The relative increment of the volume of the body is 


AV/V = ru = Tii + Tee + Taş (5.15) 


The diagonal components of the tensor İr;;l, that is, ra: Газ, and rss, 
represent the compressional or tensile strains of the unit length 
elements along the coordinate axes (Fig. 5.5). The non-diagonal 
components, 734, T31, and r,,, represent the shear strains. For exam- 


Fig. 5.5. Deformation of a cube with Fig. 5.6. Rotation of segments 
unit dimensions and edges parallel parallel to coordinate axes under 
to the principal axes of strain. Shear strains. 
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ple, the quantity 2r3, is equal to the increment of the angle between 
two elements which before deformation were parallel to the axes 
X, and X, (Fig. 5.6). The components rış and rı, have a similar 
meaning. 

Signs of strains. By convention, tensile strains are considered 
positive. Shear strains are considered positive if the strain reduces 
the angle between linear elements singled out in the nonstrained 
body parallel to the positive directions of the corresponding coordi- 
nate axes. For example, the strain 2rş, is considered positive if the 
angle between linear elements parallel to the positive directions of 
the axes X, and X, is diminished (see Fig. 5.6). 

Principal axes of the strain tensor and the representation quadratic 
of the strain tensor. The strain tensor being symmetrical, it can be 
reduced to its principal axes: 


"rn 0 07 
0 r, О 
_0 0 rag. 


This means that for an arbitrarily strained body one can always 
choose a coordinate system in which the deformation of the body 
can be represented only by compressions and tensions along three 
mutually perpendicular directions, with no shear. 

The strain can be described by the strain representation quadratic 
whose equation is 


Гајдај = 1 (5.16) 


This surface may be either a real or an imaginary ellipsoid or hyper- 


boloid. 
If the strain is uniform, then the displacements caused by it are 


described by the relation 
u: = Fiji; (9.17) 


The orientation of the vector u and the magnitude of r for any 
given direction lcan befound by making use of the property of the 
radius vector and the normal to the strain quadratic (Fig. 5.7). The 


Fig. 5.7. Determination of the 
direction of emen of a point 


u 
1 by means of the representation 
“ strain quadratic. 
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elongation in an arbitrary direction l is given by the relation 

r rijlilj (5.18) 

Strain ellipsoid. A descriptive representation of the deformation 
of a body is obtained by constructing the so-called strain ellipsoid. 
This is a surface into which transforms a unit radius sphere, singled 
out in the body before deformation, after this body undergoes 
straining. The equation of the unit radius sphere is 

Zu aul 

Let us fix the radius vector Öz of this sphere. Its coordinates are 
(Zi, Za, 23). After straining represented by a tensor 

“r, 0 07 

О r, О 

_0 0 Pa. 
this radius vector transforms to the vector Öz” with coordinates 
(£i, 2,, 2) (Fig. 5.8). The components of the vector Öz” are related 
to the components of the vector Ox by the equations 


x,=x(1+r) 
Ly 25 (1 Lra) 
z= 23 (1 +r3) 


Once the components of the vector Ox are found from these equa- 
tions and substituted into the equation of the unit radius sphere, 
we obtain the 7500 


ane wb vi! Qu 


This is precisely the equation of the strain ellipsoid. The strain 
ellipsoid clearly shows the distribution of strain in a body, for 


Xo Fig. 5.8. Deformation of a 


unit-radius sphere. 
Ly 
7 A\ 
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example, the directions in which the strain is maximum, or mini- 
mum, and so on. 

Strain tensor and Neumann's principle. The strain describing the 
response of a crystal to an external factor does not represent its 
physical property. For this reason the strain tensor, like the stress 
tensor, is not governed by Neumann's principle. 

The only exception is the strain induced by variations of tem- 
perature of crystals (thermal expansion). 

Thermal expansion. When the temperature of a crystal is uniform- 
ly changed by AT, the crystal undergoes a uniform strain described 
by the equation 


Tij = Qij AT (5.20) 


where ој are the thermal expansion coefficients which are the com- 
ponents of a symmetrical rank two tensor, with three principal ther- 
mal expansion coefficients, oq, &,, and a3, and the corresponding 
principal directions along which the strain can be found fromthe 
relations 


гу =a, AT, гу = a, AT, rg = a, AT 


where oz, &,, and o, are the principal thermal expansion coeffi- 
cients. 


Examples of Problems 
with Solutions 


5.1. A uniaxial mechanical compression stress £ is applied to an 
L-cut ADP crystal plate (see Fig. 2.4) normally to its working faces. 
Write the stress tensor in the crystallophysical coordinate system. 

Solution. We direct the compression stress n (n,, nz, nj) along 
the axis X, of the new primed coordinate system fixed to the edges 
of the £-cut plate. In this case the tensor describing the stressed 
state of the crystal plate in primed axes is represented by 


700 0] [0 0 07 
[tz]=|0 0 0 |=|0 О 0 
-0 01,1] 100 0 — 
where t, = —t. 
In order to convert to the crystallophysical coordinate system we 


have to resort to the transformation law for the components of rank 
two tensors (4.2a): 


lij = Catalan = nin; ( — t) 
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whence 
t= —njt, faa Hal, ti —nit 
ti ig, m — Nna, asta = — Пупаб 
İşa = typ = — nant 


A uniaxial stress in an arbitrary direction n (nı, Nna, m3) with re- 
spect to the crystallophysical coordinate system is represented in 
this system by a general type stress tensor possessing both normal and 
shear components: 


c = 
ni minə Dans 
nang NZ ngang |-«(—1) 


nz Nang M3 _ 


5.2. The stressed state of a quartz crystal in the crystallophysical 
coordinate system is given as follows: 


İn == 10 N/em?, too = 20 N/em?, taz = 30 N/cm?, tis = — 5 N/cm? 


Find: (i) the magnitudes of extremal normal stresses, (ii) the orien- 
tation of the plane characterized by the maximal and minimal nor- 
mal stresses. 

Solution. (i) Obviously, the prescribed stressed state is represented 
by the tensor 


- 10 —5 07 
— 5 20 0 | Nem: 
0 0 30. 


To find the extremal magnitudes of normal stresses one has to find 
the principal stresses, that is, to reduce the tensor to its principal 
axes. One of the principal axes is immediately found from the type 
of the given tensor, namely, ta = 30 N/cm?. 

Let us find the principal stresses 7, and £: 


10 —£t — 
—o 20—t 


(2 — 30t + 175 = О, t = 1547.1, whence f£, = 22.1 N/cm?, 
t, — 7.9 N/cm?. 

Hence, the maximum magnitude of the normal stress applied to 
the crystal is 30 N/cm?, and the minimal magnitude of this stress is 
7.9 N/cm?. 

(ii) In order to solve the second part of the problem, one has to 
find the direction cosines of the principal stresses with respect to 
the initial crystallophysical axes, by using the method described in 


- 
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Problem 4.3. This yields 
ә = 0.925, nP = —0.384, nj = О, 


тә = 0. 7 nə” = 0.925, ng” = 0, 
ni = = 0, n9=1 


We bii therefore, that the maximal normal stress egual to 
30 N/cm? exists on a plane whose normal has the direction cosines 
(0, O, 1). The minimal normal stress equal to 7.9 N/cm? exists on 
the plane whose normal has the direction cosines (0.384, 0.925, 0). 

5.3. Electric field applied to the working faces of an X-cut ro- 
chelle salt crystal plate (see Fig. 2.3) induces in this plate a shear 
strain in the plane X,X,. What should be the direction of the edges 
of the X-cut plate in order that the indicated stressed state be the 
compressional-tensile strain along its edges? 

Solution. Obviously, the strained state of an X-cut plate in the 
system of axes fixed to its edges is described by the tensor 


"00 07 
О О raa 
-0 res 0_ 
The tensile and compressional strains are the diagonal components 
of the tensor [r;j], so that the strain tensor must be reduced to its 
principal axes in order to find these components. 


The reduction to the principal axes of the given tensor is realized 
by a 45? rotation around the axis X,; this transforms the tensor [ri] to 


0 О 07) 
0 r 0 
0 0 —r_ 
where |r | 2 İr, 


al. 

Therefore, a rochellə salt plate in which the electric field applied 
to its working faces causes the compressional-tensile stresses (X-cut 
plate), must be cut with the edges at the angles of 45” to the axes 
X, and X,. Such plates are called 45? X-cuts. 

5.4. The displacements of points in an elastically strained cubic 
crystal sample 1 x 1 x 1 cm? in size are: 


Uy = (42, + 325 — 523) -107* cm 
Us = (72, — 132, + 4x3) -107* cm 
Us = (92, — 22, + 423) - 107* cm 


Find the changes in the angles between the edges of the cube, and 
the increment of its volume under strain. 
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Solution. The small displacements tensor, strain tensor, and rota- 
tion tensor are, respectively, 


T4 in -4 5 97 
le,1=| 7 —13 4 1.10% (уј=| 5 —13 4 |.10* 
9 —? 4 2 14 


"О —2 -T7 
Lo: =| 2 0 3 1-10- 
27 —3 0. 

The changes in the angles between the edges of a unit cube are 
characterized by nondiagonal components of the tensor İr:/l, that 
is, by the components rış, r23, and rış. The angle between the edges 
parallel to the axes X, and X, is equal to 0.511 — 2r,,. The increment 
of the angle is equal to 2r,,. 

The changes in the angles between the edges parallel to the axes 
X, and X,, X, and X,, and X, and X, prior to deformation, are 
equal, respectively, to 


2r,,==3.42', 2r4: 1.2/, 2r = 0.68" 
The relative change in the volume, AV/V, is found as the sum of 


the diagonal components of the tensor [r;;], that is, equals —5-10-*. 
5.9. The state of elastic strain of a crystal is given in the form 


70.001 0 0 7 70.00 О 07 
i| o  —oo4 o |, (ii) | 0 --0.001 О 
0 0 0008. _ 0 0 0 


Find the equation of the strain representation quadratic, as well 
as the surface to which a unit radius sphere transforms after the de- 
formation represented by the above two tensors. 

Solution. (i) The strain tensor is already reduced to the principal 
axes of strain; hence, the equation of the corresponding strain repre- 
sentation quadratic is 


0.00122 — 0.0042 + 0.00823 = 1 


This strain quadratic is a hyperboloid of one-sheet. Let us single 
out in the undeformed crystal a unit-radius sphere. Its equation is 


21--21-Һәаф=1 
The coordinates of the points on the new surface obtained by defor- 
mation of the sphere are given by the relations 


, 
T,=% Uy, XQ— ә - из, Ху== Ea L Ha 
Since u; = rijzj, then Uy, = Pua Ug = Гала, Ug = T3, 
, 
xp 24(1--т)), T,= Iş (1+rə), x= zş(1--r3ə) 
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The “2: in the лы obtained by straining the sphere is 


arta “rn + TA Tn m 
In our case 
zp » ар i 


TET İDE Y 10.008 = 


Obviously, the sphere singled out in the nonstrained crystal has 
been converted by strain into a triaxial ellipsoid with semiaxes 
1.001, 0.996, and 0.992. 

(ii) The equation of the representation strain quadratic takes 
now the form 0.0001z) + 0.001z, = 1, or zi + 10x, = 10*, that 
is, the strain quadratic is a cylinder with an elliptic "cross section. 

Let us single out in the nondeformed erystal a unit-radius sphere 


a+ 
Deformation turns the — ld into a surface 
a? 
TM + Toone ə mn Be 
which represents a triaxial ellipsoid with semiaxes 1.0001, 1.004 
and 1. 
5.6. In order to find the thermal expansion coefficients of ethyl- 


enediamine tartrate (EDT), the thermal expansion coefficient oz 
was measured in four different directions (in 1079 K): 


Table 5.1 
Direction a, 1076 k-1 
Direction parallel to [010] (twofold symmetry axis) 20.3 
Two mutually perpendicular directions in plane (010) 
na) 80 
n(2 0 
Direction n(2, also in plane (010), at 45? to n@) and n(? 8 


Calculate the coefficients characterizing the linear expansion of 
EDT crystals upon heating, as well as the maximal and minimal val- 
ues of the thermal expansion coefficients. What preliminary conclu- 
sion on the behaviour of EDT crystals under nonuniform heating 
can be drawn? 

Solution, The thermal expansion of class 2 crystals is character- 
ized by four coefficients (see Problem 4.2). We choose the following 
coordinate axes: axis X, along [010], and axes X, and X, in the plane 
(010). One of the directions in the plane (010), say, the one along 
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which the thermal expansion coefficient was found to be 80-1079 K~, 
is denoted by Xy, and the direction corresponding to zero thermal 
expansion by Xj. 

Then in the coordinate system we have chosen 

044 =0, @ = 20.03 - 1076 K=, Gan = 80-1078 K-1 

To find the coefficient аз we shall use the value of the thermal 
expansion measured along the direction at 45” to the directions of 


the axes X, and Х,. 
Denote this direction by l; then its direction cosines with respect 


to the axes X,, X,, Xy are 1/V 2, 0 and 1/V 2, and the thermal expan- 
sion along l obtains from the equation a; = alil; which in our 
case takes the form 


1 
Oy = 5 (Ол + A33 + 2043) 


By substituting into this equation the values of a), %,,, and Gag 
we find 


810-9 = 7 (80 + 20049) 10-5 K-t 


whence 
a, —32-1078 K^ 
As a result, the coefficients characterizing the thermal expansion 


of EDT crystals in the chosen coordinate system X,, X,, X,, in the 
units of 1076 K-!, are 


Qi = 0, Co == 20.03 

O33 = 80, 13 = —32 

To find the maximal and minimal coefficients, one has to find 
the principal coefficients &,, a,, and сә, that is, to reduce the tensor 

7 0 0 —327 

0 20.03 0 [. 1078 K-! 

_—32 0 80 | 
to its principal axes. Obviously, the axis X, is the principal axis of 
the tensor under discussion, whence a, = 20.03-10-8 K-!. 

The values of the coefficients a, and o, are found as described in 


Problem 4.3. Therefore, the principal thermal expansion coef- 
ficients of EDT crystals, in units of 10-9 K-!, are 


a, = 91.2 (maximum) 

о = 20.03 

аз = —11.2 (minimum) 
6—0475 
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The values of the thermal expansion coefficients of EDT demon- 
strate an unusual behaviour of the thermal expansion: very high 
positive thermal expansion coefficient in one direction (91.2.1079), 
and a small negative coefficient in the direction perpendicular to it 
(—11.2-10-9). As a result, the crystal is fragile under rapid nonuni- 
form heating and cooling, with the ensuing difficulties for the appli- 
cations of the material. 

5.7. The ratio of unit cell parameters of aragonite is a:b:c = 
— 0.6224:1:0.7206. Upon heating from O to 100?C, the angle q 
between the faces (100) and (110) diminishes by 1.14', and the angle 
y between the faces (001) and (011) is augmented by 2.84” (Fig. 5.9). 
The coefficient of volume expansion for this crystal is 62.0-1075 K-t. 
Calculate the three principal thermal expansion coefficients. 

Solution. The thermal expansion of aragonite crystals is described 
by three principal linear expansion coefficients oz, Oz, and Az, 
and the coefficient of volume expansion, $, is found as the sum of 
the linear expansion coefficients, that is, B = a, + a, + dz. When 
heated uniformly by AT, the crystal undergoes a uniform strain 
described by the equation ri; = «i; AT. The changes in the angles 
between the given crystallographic planes can be expressed as func- 
tions of unit cell parameters and linear expansion coefficients of 
aragonite. We can write 


tan p — a/b, tan y — c/b 


When crystal's temperature increases by AT, the unit cell para- 
meters change. The unit cell parameters and angles between the indi- 
cated planes in the crystal after the temperature has changed by AT 


Hig: 5.9. Angles between faces (100) 
and (110), (001) and (011) in 
aragonite crystals. 
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will be primed, so that 


a’=a(1+a,AT) 
b'=b(1+a, AT) 
c" =c (1 Ho AT) 
The angles between the planes (100) and (110), (001) and (011) 
also change, and can be found from the folloving relations: 
tang Şiş drman 
= |14-АТ (а, — а.)| tang 


tan @ 


On the other hand, 


o” —ç--Aç 
, 1 
tan @ = tan (p + Ag) = tan p+ 7 AP 


By equating the right-hand sides of equations for tan q”, we obtain 


1 
sin q cos q 


AT (a, — Qs) = Ap 


Since 


== 2 2 
sin p=a/ V a+b, then a — a == + 





Likewise, if we set tan y = c/b, we find 





, : 1-Һ a4 AT 
tan y’ = THE = L AT (%¿— &2)] tan y 
It then follows that 
1 _ +b 
(asa AT = -iny cosy Ay = be Ay 


We have arrived at the following relations: 


p=a,+a,+a3 


21 p2 
(%,—_) AT — Z ab 


Taking into account that a:b:c — 0.6224:1:0.7206, Aq = —1.14', 
Ay = 2.84”, B = 62.1075 K-1, and resolving the system of the above 
equations with respect to Oz, &,, and a3, we find 


Ag, (aa) AT =F 





a, =9.9-1078 К-4, og — 17.3-1076 К-4, оз = 94.7-10-8 K^! 


6* 
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PROBLEMS 


5.8. The stressed state of an,Z-cut rochelle salt crystal plate (see 
Fig. 2.4) is given in the crystallophysical coordinate system, in 
N/cm?, by the tensor 


-50 0 07 
0 50 О 
0 0 75_ 


Find the total, normal, and shear stresses applied to the plate. 
5.9. The stressed state of a crystal specimen is given, in 10? N/cm?, 
by the tensor 


PI Or 
220 
000 9. 


Find the coordinate system in which the given stressed state can 
be considered a system of only compressive and tensile stresses. 
5.10. The stressed state of a crystal is given by the tensor 


“İn ty 0 7 
Һә ti О 


Find the normal and shear stresses applied to the plane whose nor- 
mal lies in the plane X,X, and forms an angle & with the axis X,. 

5.11. The stressed state at a point of a crystal sample is repre- 
sented by the following components of the stress tensor (in N/m?): 

ty, = 50, tas = О, t33 = —30, tia = 50, taa = —75, t4, = 80 

Find the principal, normal, and shear stresses. 

9.12. Sawing of sphalerite crystal specimens produced stresses 
described (in N/m?) by the tensor 


7-10 —60 07 
— 60 —100 0 
0 0 —100. 


Find the mean pressure, and the maximum shear stress in the 


crystal sample. 
5.13. In the case of infinitesimal strain, each point of a body 


experiences small displacements: 
Uy = (8x, + 324 — 523) - 107 cm 
Us = (T£, + 325 + 4x3) -1073 cm 
üş = (1, Bra + zi). 1075 cm 
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Find the strain tensor İr;;l and the rotation tensor [w;;]. Determine 
the volumetric expansion of the body. 

5.14. The displacements of points in a cubic crystal sample 
1 x 1 x 1 cm? in size, subjected to infinitesimal elastic strain, are 


u, = (4x, + 315 — 524)- 1075 cm 
Us = (Tz, — 1325 + 4x3) - 107* cm 
Us = (91, — 225 + 4z3)- 107% cm 
Calculate the changes in the angles between the edges and in the 


volume of the sample after deformation. 
5.15. The elastic strain tensor is given in the form 


FM al eed 
1 6 О |-10-8 
25. 20) 299 


Find the strain tensor İr;;l, rotation tensor [w;;] and the principal 
strains. 

5.16. After deformation of a crystal its strain is described by 
the tensor 


Тек aug 
0 12 © |.10% 
“ex ar 29 


Find in the crystal three mutually perpendicular directions which 
remain perpendicular after deformation. 

5.17. As a result of the inverse piezoelectric effect, an L-cut 
rochelle salt crystal plate (see Fig. 2.4) undergoes a tensile strain of 
0.005 normally to the plate. Refer the strain in the specimen to the 
erystallophysical coordinate system. 

5.18. A cubic rock salt specimen with edges oriented along (100) 
axes undergoes a plane strain, such that the tensile strain is 4.1075 
along [100] and 12.10-5 along [010]. Find the tensile strain in the 
directions [111], [121]. 


Y . Fig. 5.10. Thermal expansion of a 
plane parallel plate. 





86 Problems in Crystal Physics 


5.19. A plane parallel plate cut out of a triclinic crystal is heated 
by AT and undergoes a deformation which displaces a point A to 
point B (Fig. 5.10). Find the angle AOB as a function of the thermal 
expansion coefficients. 

5.20. Find the equation of the surface to which transforms a unit- 
radius sphere singled out in a rhombic crystal after heating by Ar”. 

5.21. Find the thermal expansion coefficients of a hexagonal 
crystal if the coefficient of volumetric expansion, B, and the change 
in the unit cell parameters ratio c/a after heating are known. 

5.22. A rectangular crystal bar 10 x 4 x 2 cm? is stretched by 
a force of 10 N applied along its length. The bar is elongated thereby 
by 22 um, and its width and thickness diminish by 4 um and 1 um, 
respectively. 

Find the components of the stress and strain tensors, assuming 
that the edges of the bar 10, 4 and 2 cm long, respectively, are paral- 
lel to the axes X,, X,, Xə. 

5.23. A rectangular isotropic bar of 8 x 3 x 2 cm? is placed in a 
fluid at a hydrostatic pressure of 1000 N/cm?. The bar volume is 
thus reduced by 1 mm?. Find the components of the stress and strain 
tensors. 

5.24. A crystal sample of 5 x 5 x 2 cm? is compressed by a force 
of 10 N applied to its 5 x 2 cm? faces and stretched by the same 
force applied to the o'her two 5 x 2 cm? faces. Find the components 
of the stress tensor in the coordinate system X,, X,, Xy, assuming 
that these axes are parallel to the edges with lengths 5, 5 and 2 cm, 
respectively. 

Find the components of the strain tensor if the sample length 
along X, is reduced by 2 um, and is increased by 2 um along X,. 

5.25. A hexagonal crystal cut into a trigonal prism 5 cm high, 
with 1 cm wide lateral faces, is subjected to a hydrostatic pressure 
of 10,000 N/cm?; the prism height is increased thereby by 5 um, and 
the width of the lateral faces is reduced by 1 um. Find thecomponents 
of the stress and strain tensors, assuming the lateral edge of the 
prism to be along the axis X4, and one of the edges at the base to be 
along the axis Xj. 


6. PIEZOELECTRIC PROPERTIES 
OF CRYSTALS. 
ELECTROSTRICTION 


Direct piezoelectric effect. The direct piezoelectric effect comprises 
a group of phenomena in which the mechanical stresses or strains 
induce in crystals an electric polarization (electric field) proportional 
to these factors. Besides, the mechanical and electrical quantities 
are found to be linearly related. Four types of equations describe the 
direct piezoelectric effect: 


Pj = dinin (6.1) 
Pj = cinin (6.2) 
Ei = —güntin (6.3) 
E; = —hinr), (i, j, k = 1, 2, 3) (6.4) 


where P; and E; denote the components of the electric polarization 
vector and electric field strength vector, respectively, £j, and r;& 
are the components of the mechanical stress tensor and strain tensor, 
respectively, and dijs, Cijn, Şiyə and hij, are the piezoelectric coef- 
ficients forming a rank three tensor. This means that the piezoelec- 
tric coefficients, such as the coefficients di;,, are transformed in 
going from the coordinate system X,, X,, X; to the system Xj, X;, 
X; according to the law 


Agim = Cgil ij  mxdijn (6.5) 


The coefficients d;;, are usually referred to as piezoelectric moduli. 

The number of independent piezoelectric moduli. Matrix notation. 
The number of components of a rank three tensor is 27, but since the 
mechanical stress and strain tensors are symmetrical (see Sec. 5), 


ti; = Lita Tig “ri (6.6) 


that is, the tensors of piezoelectric coefficients are symmetrical with 
respect to the commutation of the last two subscripts, i.e. satisfy 
the equalities 


dij, din? (6.7) 


This reduces the number of independent piezoelectric coefficients 
to 18, making it possible to use a more compact notation of the 
equations of the piezoelectric effect. This is achieved by introduc- 
ing a single subscript to replace the two subscripts in the stress 
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tensor components 
Ta te Һз | Tü te iş) 
Һә бә toa | >| te b t, 
tig tos ssl Its ft to 
as well as for the strain tensor components: 


É r ip va Ы 
m - 1 pul > 15 
Ta Tía Газ 
1 1 
Газ Tez T23 | > “Te Te 3 Y 
a3 T23 T33. 1 L. 
— r — 
2 5 2 4 r3 


In this matrix notation the equations of the direct piezoelectric 
effect take the form 


Pj = ditt, (6.8) 
Pj — eri (6.9) 
Ei = —gilti (6.10) 
Eş ——hırı (4= 1, 2, 3, 1= 1, 2..., 6) (6.11) 


The coefficients dj), ее, Zin and ki; form the matrices consisting of 
three rows and six columns. 

The piezoelectric coefficients in tensor and matrix notations are 
related by specific formulas, for instance, for coefficients d: 


dig = da ifn=1, 2,3, i—1,2,3 (6.12) 
2diy = di, if n = 4, 5, 6, i—1,2,3 (6.12a) 


It must be remembered that if a problem requires a transformation 
from one coordinate system to another, the tensor and not the matrix 
notation must be used. 

Constraints due to the crystal symmetry. The symmetry of crystals 
imposes constraints on the existence of the piezoelectric effect and 
on the form of the matrix of piezoelectric moduli. The necessary 
condition for the piezoelectric effect is the absence of the centre of 
symmetry in the crystal structure. The (dij) matrix of crystals with- 
out a centre of symmetry, not belonging to the trigonal or hexago- 
nal system, can be obtained by the direct inspection method (Fumi 
method). This method is based on the fact that the components of 
rank three tensors are transformed to a new coordinate system simi- 
larly to the product of three coordinates of an arbitrary point, 
namely: 


zaxşaşc CuC (aC Kai adn (6.13) 
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Thus, for example, if a crystal has a symmetry axis 2 parallel to the 
axis Xə, the transformation of the coordinate axes proceeds as fol- 
lows: 


X,——X, X,——X, X >X; 
and the coordinates of a point, as follows: 
X,—— T; Lg —— T, Pa > T; 
A more compact notation is 
1 — —1, 2 -x —2, 3 —3 
In this case d,,; is transformed as follows: 
dig > — diz (6.14) 


since z,z';— — z,z;. But as the twofold symmetry axis parallel to X; 
is a symmetry operation, the piezoelectric modulus d,,, must be 
conserved under this coordinate transformation, that is, 


dizə = dizz (6.15) 


The relations (6.14) and (6.15) can be satisfied simultaneously if 
and only if dış, = d,,, = 0. Hence, the piezoelectric modulus 4122 
vanishes in crystals with the symmetry axis 2 parallel to the axis X.. 

After a similar operation with each of the eighteen independent 
piezoelectric moduli, we arrive at the matrices of piezoelectric modu- 
li for all symmetry classes, with the exception of the trigonal and 
hexagonal classes in which the piezoelectric moduli in the new coor- 
dinate system X,, X,, X;, related to the original system by a sym- 
metry operation, can only be found by an analytical method, that is, 
by applying the relation (6.5) and then the relations similar to (6.15). 

The forms of matrices (d;;) are listed for different crystallographi- 
cal classes in Table 6. The matrices of coefficients g;; coincide with 
the matrices of di; listed in Table 6. The matrices of coefficients ei; 
and hj; differ from the given matrices of d;; for some of the symmetry 
classes. In converting from the two-symbol subscripts to three-sym- 
bol subscripts in coefficients e and k in the formulas similar to (6.12), 
the factors 1/2 should be omitted. The matrices of e;; and hi; differ- 
ing from matrices (dij) are given in Table 7. 

Converse piezoelectric effect. The converse piezoelectric effect. 
is the thermodynamic corollary of the direct piezoelectric effect. 

The converse effect is described by the equations 


3257 (6.16) 
25 (6.17) 
t; = —ejyki (6.18) 


İj — —hi;Pi (6.19) 


90 Problems in Crystal Physics 


where d, g, h and e with their subscripts are the introduced earlier 
piezoelectric coefficients [see equations (6.1)-(6.4) or (6.8)-(6.11)1. 

Possible applications of piezoelectrie crystals and various piezo- 
electric coefficients. Piezoelectric crystals are used extensively as 
electromechanical transducers of energy in a large number of instru- 
ments, such as microphones, dynamometers, vibration-sensing de- 
vices, seismographs, phonograph pick-ups, ultrasonic emitters, and the 
like. The modes of operation, and as a consequence the piezoelectric 
coefficients characterizing the sensitivity of the corresponding in- 
strument, are very different. 

Thus, in instruments for measuring small strains by electronic 
means (piezoelectric seismograph, piezoelectric phonograph pick-up, 
etc.) the piezoelectric crystal functions in the direct piezoelectric 
effect mode [Eqs. (6.2) and (6.4)] and must possess as high coefficients 
h and e as possible. In instruments converting electric oscillations into 
mechanical vibrations, for instance, in ultrasound emitters, the 
crystal operates in the converse piezoeffect mode [Eq. (6.16)] and 
must have large piezoelectric moduli d. 

If one of the piezoelectric coefficients of a crystal is much larger 
than the rest of the coefficients, it is expedient to use this crystal in 
a suitable mode. 

The piezoelectric coefficients d, g, h and e are not independent 
and can be calculated if one type of the coefficients are known; one 
has to use then the relations which follow from the equations of the 
piezoelectric effect, polarization of a dielectric in an external field, 
and Hook's law: 


— £ma mars 
daij — 725 Emij = Si jtmeain 


Applications of piezoelectric crystals essentially depend, in addi- 
tion to the conversion efficiency, on a number of properties of crys- 
tals: mechanical and electrical strength, resistance to humidity 
effects, stability of dielectric properties, and stability of properties 
under changing ambient temperature. 

Electromechanical coupling factor. The most important char- 
acteristic of a piezoelectric crystal used as an electromechanical 
converter of energy is the electromechanical coupling factor: 


2 —. U mech 
kt = Ep (6.20) 


where Uea is the electric energy delivered to the crystal, and U mech 
is the mechanical energy stored in the crystal. 

If the energy conversion is related to the ith component of the 
electric field and to the jth component of strain, the electromechani- 
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cal coupling coefficient is given by the following formula: 


Re + BA 
1 

A tE 

V 4n 8197) 


where d;; are the piezoelectric moduli which describe piezoelectric 
excitation, e; are the dielectric permittivities of a mechanically 
free crystal, and s7; are the effective coefficients of elastic compliance 
measured in constant electric field. (The dielectric permittivities of 
the mechanically free and mechanically fixed crystal are different 
in piezoelectric crystals, and especially ferroelectric crystal. The 
same is true for elastic compliances measured in the conditions of 
constant field E or induction D.) 

The electromechanical coupling factors characterize the effect of 
power conversion in piezoelectric materials, and can be used for a 
direct comparison between materials with substantially different 
dielectric permittivities and elastic constants. 

Piezoelectric properties of a crystal plate as a function of its orien- 
tation with respect to crystallophysical axes. Each piezoelectric mo- 
dulus has a definite physical meaning and a numerical value only in 
a chosen coordinate system fixed to a crystal. If this frame is crystal- 
lophysical, the piezoelectric moduli are called basic. 

Depending on the symmetry of the crystal, some piezoelectric 
moduli may vanish in the crystallophysical coordinate system (see 
Table 6). 

On the other hand, it is often possible to find a new coordinate 
system X,, Xj, X; with respect to which a piezoelectric modulus, 
nonvanishing in the crystallophysical coordinate system, vanishes 
in this new system. At the same time, some piezoelectric moduli 
which equalled zero in the crystallophysical axes may acquire non- 
zero values. 

This means that the properties of a crystal plate depend on its 
orientation with respect to the crystallophysical axes. New piezo- 
electric effects absent in standard cuts can be produced by cutting 
plates oriented in a special way with respect to the crystallophysi- 
cal axes; conversely, some effects may be suppressed by an appropri- 
ate choice of cutting orientation. 

The magnitude surface of the longitudinal piezoelectric effect. 
The tensor of piezoelectric moduli dij} cannot be represented com- 
pletely by a single representation quadratic. As a result, only par- 
ticular cases, important for practical applications of the piezoelectric 
effect, are considered. 

The surfaces of the longitudinal piezoelectric effect are of special 
interest. The radius vectors of such surfaces are proportional to the 
charge density induced on the surface perpendicular to the tensile or 
compressional stress t,, applied along the radius vector directed along 


(6.21) 


92 Problems in Crystal Physics 


the axis X, of the auxiliary coordinate system (Fig. 6.1). Since 


|0|=|Рј| and P,—dı,tı, 
it is obvious that the radius vectors of the longitudinal piezoelectric 
effect surfaces are proportional to d,,. As 


T — /” , 
Tai = du, E, 


this surface also represents the tensile strain produced along the 
applied field. 

Piezoelectric textures. The materials widely used in modern pie- 
zoelectric equipment are the synthetic piezoelectric systems, the 
so-called piezoelectric textures (ceramics); the piezoelectric effect 
in such systems was predicted by A. B. Shubnikov. 

A piezoelectric texture (ceramic) is a polycrystalline aggregate 
consisting of small ferroelectric crystals whose vectors of sponta- 
neous polarization are oriented by the external field and retain 
their orientation after the field is switched off (polarized ceramics). 
For piezoelectric ceramics the direction of polarization is the infi- 
nite-order symmetry axis. Piezoelectric properties are predicted in 
ceramics with the symmetries oo, oom, oo2, and oo/oo, that is, in 
media without a centre of symmetry. 

The matrix of piezoelectric coefficients of a texture with the sym- 
metry oo/oo consists of only zero components. 

The textures belonging to the symmetry groups oo, oom, and 
oo2 have nonzero piezoelectric coefficients; the textures have identi- 
cal matrices of the coefficients d, g, e, and h. 

The matrices (di;) of piezoelectric textures are given in Table 8. 

The parameters of piezoelectric textures are calculated via the 
equations of the direct and converse piezoelectric effect in which d, 
g, e, and h are the piezoelectric coefficients of the corresponding 
texture in the crystallophysical coordinate system whose axis X; 
is directed along the infinite-order symmetry axis. 

As compared to single crystals, piezoelectric textures have certain 
advantages. Thus, for example, a ceramic piezoelectric transducer 
can be made in an arbitrary shape (a plate, a spherical or cylindri- 


/ Fig. 6.1. Schematic diagram 


illustrating longitudinal 
piezoelectric effect. 
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cal shell, etc.) by simple technological procedures (grinding, com- 
pacting, casting). By producing different directions of the artificial 
polarization (longitudinal, transverse, radial, etc.), and even pro- 
ducing different polarization directions within different segments of 
the same piezoelectric transducer, one can infinitely vary the designs 
of ceramic transducers. 

Vibration modes of piezoelectric oscillators. 1f metal electrodes 
are placed on the opposite faces of a plate cut in a special manner 
from a piezoelectric crystal, and an ac voltage is applied to these 
electrodes, the conversed piezoelectric eftect leads to mechanical 
vibrations in such a plate. The amplitude of these vibrations reaches 
maximum when the frequency of the applied ac voltage is equal to 
the natural frequency of the mechanical vibrations of the plate. 

A vibrating crystal plate with electrodes is called the piezoe- 
lectric oscillator. A piezoelectric oscillator is equivalent to the oscilla- 
tory circuit consisting of a resistor R, inductance coil L and capaci- 
tor C, connected in series in one part of the circuit, and a capacitor 
C, in the parallel branch (Fig. 6.2). 

Electromechanical resonators employing a piezoelectric oscillator 
as a high-Q oscillatory circuit are used in today's electronics to stab- 
ilize the frequency of various devices, especially in communication 
equipment and standard time service. 

As an oscillatory circuit, a piezoelectric oscillator has two reso- 
nance frequencies: fr, the frequency of the series resonance (for 
Z — 0, where Z is the complex resistance of the oscillator) and fa, 
the frequency of the parallel resonance (for Z — oo); fg is called the 
resonance frequency, and fa the antiresonance frequency. These fre- 
quencies are determined by the oscillator size and density, and the 
elastic, dielectric, and piezoelectric properties of plates. The follow- 
ing formula relates fr and fa to the electromechanical coupling 
factor: 

ÍA—ÍR _ 4 k? 

mu (6.22) 


Hence, k = VE, where Af = fa — fr. Therefore, it is possible 
to find the electromechanical coupling factor, related via (6.21) to 








Fig. 6.2. Equivalent circuit of 
C,  piezoelectric oscillator. 
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the elastic, piezoelectric, and dielectric constants of the crystal, by 
measuring f4 and fg. 

The vibrations in crystal oscillators are classified by the type of 
strain and the shape of the piezoelectric transducer determining the 
resonance frequency. The simplest types of vibrations in piezoelectric 
oscillators are the lengthwise vibrations of bars (longitudinal vibra- 
tions) and thickness shear vibrations of plates. If a bar-shaped oscil- 
lator vibrates lengthwise, its natural resonance frequencies are given 
by the formula 


n 1 
nr Va (6.23) 


where n is the order of the harmonic, lis the bar length, s,, is the elas- 
tic compliance along the bar length, and p is the density. An oscil- 
lator undergoing thickness shear vibrations is usually a circular or 
square plate whose thickness is small compared with the diameter or 
edge length. The natural resonance frequency of such a plate is 


(6.24) 





C 





n 66 
ha-35r V á 
where d is the plate thickness, and c,, is the elastic rigidity determin- 
ing the shear strain along the plate thickness (the coefficients si; 
and c;; are defined in Sec. 7). 

All physical parameters determining the resonance frequency of 
the oscillator are temperature dependent, so that the resonance fre- 
quency itself is also a function of temperature. This temperature de- 
pendence is quantitatively characterized by the so-called temperature 
coefficient of resonance frequency, t.c.f., defined as follows: 

Afr 1 
“AT İR 

The expression for t.c.f. for each specific mode of vibrations can 
be obtained by differentiating the appropriate expression for fg 
with respect to temperature. Thus, for a lengthwise vibrating bar 
of arbitrary orientation the expression for t.c.f. has the following 
form: 


t.c. f. = 


ds; 
=n Ы 


1 1 
t.c.f. = —eujlily 2 8—ҹ̧ Sijemliljlrlm 
where о, are the thermal expansion coefficients of the crystal, f 
is the temperature coefficient of density defined via the principal 
coefficients of thermal expansion: 
ф = —(алј + Aza + 032) 


1, are the components of the unit vector along the oscillator length, 
and sij,, are the elastic compliances of the crystal. 
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The piezoelectric and elastic constants of piezoelectric crystals 
are found from the measurements of resonance and antiresonance 
frequencies of oriented bars and plates. lt is necessary to excite in 
the crystal the vibrations of the simplest possible mode and measure 
the resonance and antiresonance frequencies and capacitance of the 
crystal at low frequencies. (The dielectric permittivity measured at 
low frequencies is higher than that at high frequencies. The differ- 
ence is especially high in ferroelectric crystals.) The results of 
measuring fp and fA in crystal plates in which longitudinal vibra- 
tions are excited can be used to find all dielectric, piezoelectric, 
and elastic constants, with the exception of shear elastic constants; 
these last are usually found by exciting edgewise shear vibrations or 
thickness shear vibrations in crystal plates. 


E lectrostriction 


In addition to the piezoelectric effect (first-order effect) obser- 
vable in non-centrosymmetrical crystals, all crystals evince elec- 
trostriction (second-order effect). Electrostriction induces strain 
proportional to the square of an electric field applied to a specimen: 


rij = RijmnEmEn (6.25) 
Electrostriction is also described by the following equations: 

ј = QiimnPmPn (6.26) 
tij = GijmnPmPn (6.27) 
ti; = Ha En En (6.28) 


where Rijmn, Оут Gijmn, and Hijmn are the electrostriction con- 
stants which are components of rank-four tensors for which Rima = 
= Нур = Кант = Hjag but Rijmn # Rmnij, and so on. 


Matrix Notation 


By using a single subscript to denote the components of the tensors: 
7 and (231, as well as the following notation: E,E, = Ey EJE, 
= EL Е,Е, = El, Е,Е, = Е,Е, = El, ESE, = ЕјЕ, = Eż, E ..— — 
(6 P = EŞ, we obtain the matrix notation for 2. (6.25)- 
.28): 


—R,ES (6.29) 
Ti = Q,,Pi (6.30) 


t;= H,;P} (6.32). 
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The matrices of electrostriction constants in different crystallograph- 
ic classes have the same form as the matrices of elastooptic coef- 


ficients. 
The matrix and tensor notations of electrostriction constants are 


related by the following expressions: 


Gmn = буј 
n | fo n—1,2,3 

Hin = Hijri (6.33) 
Gmn = 2G; hi | f $5.6 | 
ә ик 
Rmn Big | 

for m and n=1,2,3 
Omn Qijki 
Rmn > Zina | if m and n equal 4, 5, 6 
Qm = 2Q igri MS 
o if d l to 4, 5, 6 
"E ut if m and n are equal to 4, 5, 


Electrostriction-induced strain in crystals is normally small and 
can be observed in pure form only in non-piezoelectric crystals. 

In piezoelectric crystals the strain induced by applied electric 
fields is determined both by the piezoelectric effect and by electro- 
striction: 


rj, = dig Ei + RyyEH Ei = (dij, + RiEy Ei (6.34) 
Tir = GijgnPi + QyritP; Pi = (Qija + QiiiP) Pi : 


Consequently, the second terms in parentheses must be regarded as 
electrostriction-induced corrections to piezoelectric constants. In 
the general case, electric field applied to a crystal may change its 
symmetry and result in the appearance of new moduli. 

Each centrosymmetrical dielectric crystal can he turned into a 
piezoelectric crystal by an external electric field. The piezoelectric 
modulus characterizing this artificial piezoelectric material is 
proportional to electric field and can be found from the relation 





d =2Ri pik, (6.35) 
A comparison of equations (6.35) and (6.16) yields 
drij = 2HigiEi (6.36) 


Therefore, Eq. (9.1) can be rewritten in the form 
ri; = dıyEı (6.37) 
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Though electrostriction is produced in all crystals, the effect is 
very small; the only exception is ferroelectric crystals. Crystal 
plates excited electrostrictively in high-strength fields vibrate at twice 
the frequency of the applied electric field, and can be employed as 
modulators. 


Examples of Problems 
with Solutions 


6.1. Find the matrix of piezoelectric moduli for rochelle salt. 
(In all problems dealing with the piezoelectric effect in rochelle salt 
we mean crystals in the ferroelectric phase, in the multidomain 
state.) 


Solution. The problem can be solved by using the direct inspec- 
tion method. First consider the symmetry axis 2 along the axis X; 
of the crystallophysical coordinate system. The axis 2 || X, realizes 
the following transformation of the coordinate axes: X, — —Х,, 
2: — —X,5, X; — X,, or in compact notation, 1 — —1, 2 — —2, 

—3. 

Let us successively transform all moduli according to (6.5). If the 
sign of the modulus is thereby reversed, the corresponding modulus is 
zero, and if the sign is conserved, the modulus is retained in the mat- 
rix of piezoelectric moduli. Obviously, only those moduli d;; which 
contain in the subscripts either one or three digits 3 do not vanish. 
Therefore, 


dın = 0, dug = О, di 40, da = 0, das = О 
das FO, dia 40, daa = 0, дуза = 0, das = О 
dəəə 40, dişi = 0, dans = 0, дә Æ О, das 40 
dizə = O, daşa = О, dan Æ О 

or, in the matrix notation, 


000 dy ds О 
| О О О dz d4 О | 
da das daş 0 0 dəs 
Now we take the next axis 2 along X,. This symmetry axis trans- 
forms the coordinate axes as follows: 
X,— —X, X,—X, Xə? —— X, 
1—-—4, 2 —2, 3 — —3 
Among the remaining eight piezoelectric moduli, only those are 
retained which contain either one or three digits 2, that is, the moduli 


dişə = digs (du), da = das (das), dısı = dais (dze) 
7—0475 
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It will be meaningless to analyze the effect of the third twofold axis 
along X,: by virtue of the Euler theorem, it is a generated symmetry 
element that can be reduced to the already analyzed axes 2 || X; 
and 2 || Х,. 

Finally, the matrix of piezoelectric moduli of crystals belonging to 
the symmetry class 222 has the form 


00 0 а, 0 О 
000 0 ds О 
000 0 0 də 


6.2. Characterize the longitudinal piezoelectric effect in rochelle 
salt crystals, answering the following questions: 

(i) What equation describes the longitudinal piezoelectric effect 
in an arbitrarily oriented plate? 

(ii) Are there directions in which this effect vanishes? 

(iii) What is the orientation, with respect to the crystallophysical 
axes, of plates exhibiting the maximum longitudinal piezoelectric 
effect? 

Solution. (i) Consider a plate with the normal (nı, ns, nz) orient- 
ed arbitrarily with respect to the crystallophysical axes; now stretch 
(or compress) the plate along the normal. In order to calculate the 
magnitude of the longitudinal piezoelectric effect, that is, the den- 
sity of charges generated at the faces perpendicular to the direction 
of elongation, we use the Eq. (6.1) of the direct piezoelectric effect. 
Note that the tensor of piezoelectric moduli and the stress tensor 
must be written in the same coordinate system. The coordinate sys- 
tem can be related to the direction of tension (compression), and 
in this system the stress tensor will have the simplest form although 
all eighteen components of the matrix of piezoelectric moduli may 
then be nonzero. It is unreasonable therefore to relate the coordi- 
nate system to this direction. We shall obtain the solution in the 
crystallophysical coordinate system in which the matrix of piezoele- 
ctric moduli is fixed and has the simplest form. The uniaxial tension 
(compression) in an arbitrary direction n (nı, Ha: ms) is represented 
in the crystallophysical coordinate system by a tensor whose com- 
ponents are found from the relation £j, = tnjn,, whence 
nj nin, nin, 

[tj] ==] nn ni nang İt 

gn, Nang Mz 
The longitudinal piezoelectric effect is determined by the component 
of polarization parallel to the direction of tension (compression), 
that-is,:: aa Ç A 
Py = Pini 
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Taking into account that P; = dij,tj4, we obtain Py = djj,tninjn,: 
The nonzero piezoelectric moduli in rochelle salt are 


dı, = дал әз) dəs = 20.31) dan = 2d321 


Correspondingly, the longitudinal piezoelectric effect in a rochelle 
salt plate whose orientation is given by the direction of the normal 
n with respect to the crystallophysical coordinate system is given 
by the equation 


Py = ninong (2173 + 2dşşi + 2d391) t = тапапу (dy, + das + d) t 


(ii) As follows from the expression for Pj, the longitudinal pie- 
zoelectric effect vanishes for all directions lying in coordinate p anes. 

(iii) The longitudinal piezoelectric effect is maximum in crystal 
plates whose normals are at equal angles to the crystallophysical 
axes. Such plates (L-cuts, see Fig. 2.4) are widely used in applica- 
tions. 

6.3. What should be the directions of edges in a Z-cut ADP plate 
(see Fig. 2.3) in order for it to be polarized by purely normal stres- 
ses applied in the directions parallel to its edges? 

Solution. As follows from the form of the matrix of the piezoele- 
ctric moduli belonging to the symmetry class 42m, a Z-cut plate will 
be polarized (P = О) only if its stressed state is described by the 
tensor 


-0 f 0 
iş 0 0 
0 00 


Let us transform this stress tensor to its principal axes X,, Xj, X; 
and find the orientation of the principal axes with respect to the 
initial ones. The sought directions of the edges of a Z-cut plate will 
represent the directions of the principal axes of the stress tensor. 

Our tensor is transformed to the principal axes by rotating the 
initial axes of the tensor around the axis X, clockwise by 45°. The 
stress tensor then takes the form 


ur 


uS 
0 t0 
000. 


” Therefore, in order to achieve polarization of a Z-cut ADP crystal 
plate by normal stresses, the plate must be cut as shown in Fig. 6.3. 
Such plates are called 45? Z-cuts. ^ 
6.4. To find the piezoelectric moduli of a polarized barium tita- 
nite ceramics, a cubic specimen was prepared and subjected to a 


qe 
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compressional stress £ along the polarization axis. Then the same 
specimen was subjected to hydrostatic compression p. 

Determine the faces of the cube on which these stresses generated 
electric charges. Which piezoelectric moduli of the barium titanite 
ceramics can be found from the results of these tests? 

Solution. As the axis X, of the crystallophysical coordinate sys- 
tem of the ceramic is parallel to the direction of polarization, the 
stressed state is represented by the tensor 


–О 0 0 7 
0 0 0 
-0 0 has. 
The hydrostatic compression is represented by a tensor of the type 
ess 0 07 
0 —p 0 
= 0 0 =P 
so that t, = t, = t4 = —p. Both the uniaxial compression in the 


indicated direction and the hydrostatic compression induce polari- 
zation of the ceramic along its polar axis; in the first case P, = 
= das (—t3), and in the second case P, = (2d3, + daal (—p). There- 
fore, two of the three independent piezoelectric moduli of the ba- 
rium titanite ceramic, d,, and d,,, can be calculated from the expe- 
rimental results. 

6.5. A piezoelectric sound detector consists of a membrane coated 
on the inside by a stack of thin crystal plates. The plates are spaced 
with thin metal foil electrodes (Fig. 6.4). Which of the rochelle salt 
plates have higher sensitivity as transducers: 45? X-cut or 45? Y-cut 
plates? 


Fig. 6.3. 45? X-, 45? Y-, and 45? Fig. 6.4. Schematic structure of a 
Z-cuts. piezoelectric sound receiver with 
rochelle salt plates. 


Rochelle salt 
plates 
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Solution. The sensitivity of a transducer can be defined as the 
ratio of the electric voltage induced by a given mechanical stress 
(pressure of sound waves) to the magnitude of this mechanical stress, 
that is, as V/t. 

Acoustic vibrations incident on rochelle salt plates have frequen- 
cies much lower than the resonance frequencies, so that we can make 
use of equation (6.10) 


E, = —8ut 
which for 45” X-cut plate takes the form 
Е, = —giti 


where t: is the mechanical stress applied lengthwise, that is, at 45° 
to the crystallophysical axes X, and X, (see Fig. 6.3), and g; is the 
effective piezoelectric modulus responsible for the excitation of a 
45” X-cut plate. This modulus can be calculated from the relation 
gı lililagijn, where Zija are the piezoelectric moduli of rochelle 
salt and l; are the direction cosines of the length of the plate with 
respect to the crystallophysical axes. 
The electric field induced by the mechanical stress £ is 


E, =-= — ви, =34.5-10"4,,CGSE [units 


where t, is pressure, dyne/cm?, d is the plate thickness, cm, and V 
is the electric voltage induced between the working faces of a ro- 
chelle salt 45? X-cut plate, in CGSE units. Hence, 


= —dgiti = dgiti 


In this case the sensitivity of the transducer, defined as V/t, is 
equal to dg;. Consequently, the sensitivity is proportional to the 
piezoelectric modulus g,. If the membrane is composed of n trans- 
ducer plates connected in series, its sensitivity is increased n-fold. 

The piezoelectric moduli g, for 45” X- and, 45° Y-cuts are, re- 
spectively, 


gi— 3 ви= 3.15. 1077 CGSE units 
gi— + ga, = —9.5.10-7 CGSE units 


so that g, for 45” X-cuts is three times as small as for 45” Y-cuts. As 
a result, at the same pressure, a 45” Y-cut plate will generate in an 
open circuit a voltage approximately three times that in a 45” X-cut 
plate, and have a sensitivity three times higher. The 45? Y-cut plates 
of rochelle salt are used both in acoustic transducers and as trans- 
ducers for hydrostatic pressure. 
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6.6. Which of the longitudinally vibrating oscillators, used as 
ultrasound emitters, 45” X- or 45” Y-cut rochelle salt plates (see 
Fig. 6.3), has a higher electromechanical coupling factor? Find the 
vibrational frequencies that can be obtained with 20 mm long emit- 
ters. Find the wavelength at which a generator can excite vibrations 
in thus cut plates. 

Solution. The coordinate system fixed to the edges of a 45” X-cut 
oscillator plate is represented by the following table of cosines with 
respect to the crystallophysical coordinate system: 


Table 6.1 
Axes | Xi | Xə, | X3 
Xi 1 0 0 
X; 0 cos 45? sin 45? 
Xj 0 —sin 45* cos 45? 


The equation of piezoelectric excitation of a 45? X-cut is r, — 
= d,,E,, and the electromechanical coupling factor of this cut is 


k= dj, V 4n/eTs;, 
where d,, is the piezoelectric modulus, and s,, is the elastic compli- 
ance along the length of the oscillator. According to (6.5), 

dj, ni dis = Су СәјСәһбајһ = 2 (C СәСтздләз + Су Co3C21023i 

+ CigCoCoadgi2) = 2.008 45? sin 45°d әз = 5 dis 


= 5.75-10:6 CGSE units 
According to (7.2a), 


$55 = $5555 = Coi o Con 2151 ¡ni = C8 + C33533 
+ 282, 5,555 + C2,C3,s,, = (cos 45?)* s»; + (sin 49”)“ S33 
+2 (cos 45° sin 45°)? sas + (sin 45° cos 45%)? sy, 
= 1 (sss + вәз + 2535 + Sa) =3.17- 10712 CGSE units 


From this, 


kasex = 5.15.1079 ya 1011 = 0.524 Y 52% 
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The resonance frequency of the 45” X-cut plate is found from the 
relation 


1 1 1 3.16-1011 


fn — 3 psi OL 177 = 109 kHz 


With the resonance frequency of the crystal plate known, one readily 
finds the wavelength at which a generator can excite vibrations in 
a 45? X-cut plate. At resonance the frequency fp is equal to the 
frequency of electric current oscillations, that is, fg = fey = c/Aq, 
where c = 3.108 m/s, and Azı is the wavelength of electric oscilla- 
tions. This gives the wave factor A,// = 145 for l = 20 mm and 
Ae, = 2.9.10? mm. 

Likewise, for an oscillator made of a 45? Y-cut rochelle salt plate, 
we obtain a table of cosines. 


Table 6.2 
Axes | Xi | Xə, | Xə 
Xi cos 45? 0 —sin 45? 
X; 0 1 0 
X; sin 45? 0 cos 45? 


The calculations yield 


, , , 4 
fa dE, kisey — də V/ = 
“2 ?33 
des — — 80. 1075 CGSE units 


2 





U 
d; = 


Sc i (S44 + S33 + S55 + 2545) = 9.275 - 1071? cm?/dyne 


hu ım 


(for 1=20 mm, fn = 59 kHz, Ae = 5.08.1038 mm) 


Oscillators made of 45? X- and 45” Y-cuts of rochelle salt have fairly 
large electromechanical coupling factors. However, rochelle salt 
crystals are poor ultrasound emitters because of low mechanical 
strength of rochelle salt. But the high piezoelectric moduli make 
rochelle salt plates quite suitable to make ultrasound detectors. 

Lengthwise vibrating oscillators are usually employed to generate 
ultrasound vibrations in the range 20-200 kHz. One of the shortcom- 
ings of lengthwise vibrating oscillators is the relatively small emit- 
ting area (end faces of the oscillator) which cannot be arbitrarily 


A 
, İl 254 
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increased. At high frequencies, it is preferable to use thicknesswise 
vibrating oscillators. 

6.7. Piezoelectric moduli of quartz crystals were measured at 
fundamental frequencies by the dynamic method on bars of two 
different orientations (Fig. 6.5). 

The results of measurements are given in Table 6.3. 











Table 6.3 
Dielect it- 
Cut orientation | Bar length, İp, kHz fa, kHz tivity Dre 
mm crystal, ef 
X-cut 29.99 89.215 89.535 4.49 
309 X-cut 32.26 79.96 80.067 4.49 





Calculate the values of piezoelectric moduli from the experimen- 
tal results. 

Solution. The equation of piezoelectric excitation of a X-cut 
quartz bar is r, = d,,E,. The piezoelectric modulus dı, responsible 
for the excitation of X-cuts can be calculated from Eq. (6.21). 


TE 
d, — k Va ae 
provided the electromechanical coupling factor of the bar and the 


elastic compliance along the length of the bar directed along the 
axis X, are known. According to (6.22), the electromechanical coup- 


ling factor is- a V Afife, where Af = fa — fr = 0.32 kHz; hence 


k — 0.0935. 
By virtue of (6.23), the fundamental resonance frequency of a lon- 
gitudinally vibrating X-cut bar stretched lengthwise along X, is 


Fig. 6.5. Orientation of bars used 
to determine piezoelectric moduli of 
quartz by the dynamic technique. 


X; A3 
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fn = 1/21 V ps,,. This yields the compliance s,,: 

S22 = 1/Al?pff 
A substitution into the last formula of the bar length l (cm), reso- 
nance frequency fr (Hz) and density of quartz (g/cm?) yields 

$99 = 131.6-10-14 cm?/dyne 
In quartz crystals sı), = 922 and | 4,, | = | dy, |. A substitution of 
the values of k, sas: and dielectric permittivity e, of a free crystal 
into the expression for d,, yields 

| dy. | = | dy, | =6.45-107? CGSE units 
The lengthwise orientation of a bar used to measure the independent. 
piezoelectric modulus dı, of quartz was chosen at 30° to the axis X, 
(see Fig. 6.5). The following table represents the orientation of the 
axes X,, Xj, X, fixed to the edges of the bar with respect to the 
crystallophysical axes of quartz: 


Table 6.4 
Axes | X1 | Xs | Xs 
Xi 1 0 0 
2: 0 V 3/2 > 
1 2 
X; 0 m V 3/2 


The equation of the piezoelectric excitation of such a bar is 
r, dək 1 
where d,, is the operative piezoelectric modulus responsible for the 


excitation of vibrations in the bar. We can express d,, in terms of 
the principal piezoelectric moduli of quartz: 


41, ms dizz xp Cr¡CojCond; jr = CC dis + C C3, dios 
+2C¡¡Co29C 30123 + 2C 430530510243 + 2C 12C 21C 22đ212 


3 3 3 3 
= 1 diz + ve dy, = ETA du qa dı, = — 0.75d4, + 0.434d,, 


, , £185 
duc y E 
where k' is the electromechanical coupling factor of the second bar, 


equal to + x Y Af/fg, and s; is the elastic compliance of the bar equal 
to 1/AP?pfh. 
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A substitution of the values of fp, Afg, bar length l, and p yields 
k'— 0.0577, 5s;,—139.6-10-14 cm?/dyne 
"Ihis gives 


, 4.49-139.6- 10-14 = i 
dj, — 0.577 y/ EPS 7 — 4.06 1075 CGSE units 
By substituting the obtained values of d,, and d,, into the relation 
dı, = —0.75d,, + 0.434d,, and recalling that dı, = —d,,, we ob- 
*ain 


d = 1.7 -1078 CGSE units 


6.8. Which of the electrostriction moduli of monodomain barium 
titanate crystals can be evaluated from the jump in spontaneous po- 
larization and in unit cell parameters when the crystal temperature is 
lowered to To = 120°C? Calculate these moduli if P? = 18x 
x 10-? C/m?, and the jumpwise change in the parameters of the 
initial cubic lattice (a = 4 À), by X-ray data, is as follows: two 
edges of the cell are shortened with the strain 15.5.10-4, and the 
third edge is elongated with the relative strain 34.2.10- (Fig. 6.6). 

Solution. Above the Curie point (120”C) the symmetry of barium 
titanate lattice is m3m, so the piezoelectric properties are absent 
because of the central symmetry. As temperature is lowered to 
Tc = 120°C, spontaneous polarization arises along one of the four- 
fold axes. Let us specify that this axis is parallel to [001], although 
the three fourfold axes of the cubic phase are equivalent and the 
spontaneous polarization could be produced along any of the other 
two axes. Choosing the direction of [001] as the axis X, of the cry- 
stallophysical coordinate system, we obtain that the components of 
the spontaneous polarization vector are P; = Ps = О, Рз = | P |. 
For the cubic phase the matrix of electrostriction moduli is as fol- 
lows: 


Table 6.5 


P? P} P} Pj PP Pj 


rı Qu Оз Qı, 0 0 О 
Ta Qi; Ол Qi; О 0 0 
r3 Qi; Qi; Qu О 0 0 

7 Ta 0 0 0 Qa О О 
T5 0 0 0 0 Q44 9 
Te 0 0 0 0 0 Qa: 
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We notice that a spontaneous strain along [001] is accompanied 
by induced spontaneous strains found from the relations r, = r, = 
= (0,,Р2, ra = Q1,P?. From the experimentally determined values 
of strain of barium titanate unit cell and from the value of P* we 
find the 5 values of the moduli Q,, and Qış: 


Qu = — = 1.17 -10712 CGSE units 


Qi; : —0.53-10712 CGSE units 


6.9. Find the change in the shape of the unit cell of triglycin sul- 
phate caused by a ferroelectric phase transition at the Curie point 
(49°C) which aligns the spontaneous polarization vector P* along 
[010] of the initial paraelectric phase. 

Solution. Above the Curie point (49”C) the paraelectric phase of 
triglycin sulphate belongs to symmetry class 2/m (Fig. 6.7). The 
ferroelectric phase transition aligns the spontaneous polarization 
vector [010] which is a twofold symmetry axis and is chosen as the 
axis X, of the crystallophysical coordinate system (Pz = Ps = 0, 
Py = (ps |). Since the paraelectric phase is centrosymmetrical, 
spontaneous polarization in triglycin sulphate crystals is accompa- 
nied by spontaneous electrostriction-induced strain. In crystals be- 


Fig. 6.6. Barium titanate unit cells: 
(a) paraelectric cubic phase, (b) 


ferroelectric tetragonal phase. 
Z4 Y 
L c 
7 a=b || 
Aş 


(a) (0) 





Fig. 6.7. Triglycin sulphate unit cells: 
(a) paraelectric monoclinic phase: 
(b) ferroelectric monoclinic ph ase. 


i 2) (6) 
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longing to symmetry class 2/m the tensor of electrostriction moduli 
takes the following form: 
Table 6.6 


PE P$ P$ Pi P$ Pi 


Tı Qu Qı? Qis 0 Qı О 
Te Ozı Qs; Qə О Ozs О 
Ta Qa Озг Q33 О Q3 U 
Ta 0 0 0 Qa 0 Qie 
T5 Osı Оз Qs3 О Оз, О 
Tg 0 0 0 Qe, О Qas 


Consequently, spontaneous strains suffered by triglycin sulphate 
erystals as a result of spontaneous polarization along 10101 are 


г= Qu D, T2 = Usa Pi, T3=Qy.P2, rs =QsP3 


Obviously, a phase transition to ferroelectric phase in triglycin 
sulphate single crystals results in a compressional (tensile) strains 
along crystallophysical axes, and in shear strains around the axis X.. 

These spontaneous strains do not lower the symmetry of the unit 
cell (it remains monoclinic) but eliminate the mirror symmetry plane 
and additionally, turn the twofold axis inte a polar direction 
(Fig. 6.7). 

6.10. Electrostriction in quartz crystals was analyzed by study- 
ing the piezoelectric modulus induced by applying electric field to 
the working faces of a Z-cut plate as a function of field strength (the 
piezoelectric modulus was measured in difierent de fields by applying 
to the crystal a weak ac field). The results of measurements are plot- 
ted in Fig. 6.8. Find the electrostriction modulus which can be cal- 
culated from these data. Calculate the field that must be applied to 
a Z-cut quartz plate to produce the piezoelectric modulus of the 
same magnitude as in an X-cut plate. 

Solution. As follows from the matrix (d;;) for symmetry-32 crystals 
(the third row contains zero components), the piezoelectric effect 
vanishes in Z-cut quartz plates. Hence, the electric field applied to 


Fig. 6.8. Induced modulus d,, in 
a quartz plate as a function of 
strength of dc electric field. 
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the working faces of a Z-cut plate (E, — E, — 0, E; = E) induces 
only electrostriction strains. 

According to (6.36), dış = 2R33E3. 

Therefore, the data given in the problem yield the modulus R,;. 

From the slope of the experimental graph, we find R,, = 0.3 x 
x 10-12 CGSE units. 

The graph shows that in the electric field of 100 kV.cm”!, the 
piezoelectric modulus das = 5-10-19 CGSE units, that is by two 
orders of magnitude lower than the piezoelectric modulus d,, equal 
to 6.76-10-5 CGSE units. This means that for a Z-cut plate to be 
equivalent with respect to piezoelectric properties to an X-cut plate 
(i.e., to have identical piezoelectric modulus), electric field applied 
to its working faces must be of the order of 10* kV.cm-!. 


PROBLEMS 


6.11. Will a multidomain rochelle salt crystal evince the piezoelec- 
tric effect? Will it be found in a multidomain barium titanate 
crystal? 

6.12. Make use of the Fumi method to find the matrix of piezoelec- 
tric moduli of crystals belonging to class 42m. Find the matrix 
(dij) in the coordinate system X;, X;, X; rotated counterclockwise 
around the axis 4 by 45”. 

6.13. Find the number of independent piezoelectric moduli for 
barium titanate ceramic (symmetry class oom). Note. To solve this 
problem, consider not all the eighteen piezoelectric moduli but only 
those of them which compose the matrix (di;) for, say, symmetry 
class 6mm (see Table 6), since those piezoelectric moduli which va- 
nish in class 6mm also vanish in symmetry class oom. 

6.14. Find the matrix of piezoelectric moduli for texture of ro- 
chelle salt (symmetry class oo2). Note. To solve the problem, use 
the matrix of piezoelectric moduli in class 222 (see Table 6). 

6.15. Show that the crystals belonging to class 4 have the sym- 
metry axis of infinite order with respect to the piezoelectric proper- 
ties. List the symmetry classes in which the crystals have this pro- 
perty. 

6.16. Derive the expression for the longitudinal piezoelectric 
effect in quartz and sodium chlorate crystals. What are the directions 
along which the longitudinal piezoelectric effect in these crystals is 
impossible? 

6.17. A quartz parallelepiped with edges a, b, c, parallel to the 
corresponding crystallophysical axes X,, X,, X,, is subjected to a 
force F which is alternately applied along its edges. Derive the 
expression for the charge generated at the faces of the parallelepiped. 
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6.18. A stress of 10* N/cm? is applied along [0001] to a Z-cut tour- 
maline plate. Indicate the faces of the plate between which a po- 
tential difference will be generated. Find its magnitude. 

6.19. Find the strains of the edges of a 45? X-cut rochelle salt 
plate (see Fig. 6.3) when a constant electric field with strength 
10? V/cm is applied to its working faces. Is it possible to use this 
cut to generate longitudinal thickness vibrations? 

6.20. Determine the cut of a sphalerite plate required to obtain 
the maximum charge density on its working faces, when uniaxial 
tensile stress £ is applied perpendicularly to the plate surface. 

6.21. Electric field E — 2000 V/cm is applied along the plane 
diagonal of a cubic sample of ammonium dihydrophosphate, whose 
edges are oriented along crystallophysical axes. Find the magnitude 
and type of strain suffered by the cube. 

6.22. Find the absolute displacements of the edge of an X-cut 
quartz plate of 0.1 x 5 cm? (see Fig. 2.3), when an electric voltage 
of 3 kV is applied to the electrodes deposited on its working faces. 

6.23. Find the type of strain suffered by X-, Y-, and Z-cut quartz 
plates (see Fig. 2.3) in the converse piezoelectric effect when the 
electrodes are deposited on the working faces. Find the vibration 
2 that can be excited in these plates by applying ac electric 
field. 

6.24. Find the strains of the edges of a 45” Z-cut rochelle salt 
plate (see Fig. 6.3), produced by applying electric field of 105 V/em 
(the electrodes are on the vvorking faces). 

6.25. Derive the equation and calculate the magnitude of the 
piezoelectric modulus characterizing the piezoelectric excitation of 
a “rotated” X-cut quartz bar, that is, a bar whose length is at an 
arbitrary angle q to the axis X, (Fig. 6.9). Analyze the cases when 
ф = 0? and q = 90°. 

6.26. Derive the equation for the magnitude surface of the longi- 
tudinal piezoelectric effect in quartz. Make use of the polar coordi- 
nates and construct the section of this surface by the coordinate 
plane X,X,, and determine the symmetry of this section. 


Fig. 6.9. Orientation of “rotated” 
X- and Y-cut quartz bars. 
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6.27. A constant uniaxial stress £ is applied to a quartz erystal 
perpendicularly to its threefold axis. Show that when the direction 
of t is rotated around the threefold axis, the piezoelectric polariza- 
tion vector maintains constant magnitude and rotates around the 
threefold axis at twice the rotation rate but in the opposite di- 
rection. 

6.28. What should be the orientation of a sphalerite plate provid- 
ing the maximum possible strain along the applied electric field? 

6.29. What should be the direction of tensile stress with respect. 
to the axis oo in piezoelectric texture of symmetry co2, in order to 
maximize the charge density at the end faces? 

6.30. The charge density produced at the opposite faces of a Z- 
cut tourmaline plate, used as a hydrostatic pressure transducer, is 
2.5-10-8 C/cm?. Find the magnitude of hydrostatic pressure mea- 
sured with this plate. 

6.31. A rectangular parallelepiped with edges a, b, c is textured 
with the symmetry оо2, and the texture axis is given by an arbitrary 
direction n (nz, Na, n,) with respect to the edges. The parallelepiped 
is stretched along an edge by a stress t. Find the charges produced on 
the parallelepiped's faces. 

6.32. A Z-cut resorcin plate of 10 x 10 x 1 mm? is strained so 
that one of the faces perpendicular to the short edge is displaced by 
107? mm. What is the potential difference between the working faces. 
of the plate? Calculate the magnitude of electric charge on its 
working faces. 

6.33. Find the direction of the maximum longitudinal piezoelec- 
tric effect in KDP crystal. 

6.34. Find the monoclinic angle in the ferroelectric phase of 
rochelle salt, produced by spontaneous strain in the phase transition 
(P: = 0.2.107“ C/cm?). 

6.35. Find the electromechanical coupling factor of a Z-cut CdS. 
crystal for three possible vibrational modes of this cut. 

6.36. Calculate the absolute displacement of a Z-cut CdS crystal 
plate, caused by electric field. of 3-10? V/cm applied between its 
working faces. The plate thickness is 107? mm. 

6.37. Which of the piezoelectric moduli determine the piezoelec- 
tric excitation of a 45? Y-cut CdS crystal? 

6.38. What should be the orientation of a CdS crystal plate with: 
respect to the crystallophysical axes for the ac electric field, ap- 
plied to its working faces, to produce thickness shear vibrations? 

6.39. Calculate the electromechanical coupling factors of 45? X-cut. 
and L-cut rochelle salt bars (see Figs. 2.3 and 2.4). 

6.40. Find the electromechanical coupling factor of a 45? Z-cut 
and L-cut ADP crystals (see Figs. 2.3 and 2.4). 

6.41. A sphalerite plate is cut so that its working faces are perpen- 
dicular to [110]. Which of the piezoelectric moduli determine the 
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thickness shear strain of this plate if the electric field is applied to 
the working faces? 

6.42. A cubic sample of crystalline sodium chlorate has the edges 
along the directions (100). Derive the formula for the charge density 
on the faces of the sample when a tensile stress £ is along (i) [100], 
(ii) [110], and (iii) 11111. 

6.43. What should be the cut of an EDT (ethylenediamine tar- 
trate) such that the electric field applied to its working faces pro- 
duced both tensile (or compressional) strains and a shear strain? 

6.44. Find the thickness of an oscillator made of an X-cut quartz 
plate (see Fig. 2.3) operating in the thickness vibration mode and 
tuned to emitting at 30 MHz. Is it possible to make this plate emit 
3000 MHz? What should be the thickness of a Z-cut tourmaline 
plate (see Fig. 2.3) tuned to emit in the same mode at the same fre- 
quency? 

6.45. Calculate the electromechanical coupling factors of the plates 
mentioned in Problem 6.44. 

6.46. In order to measure the piezoelectric moduli of polarized 
barium titanate ceramic, a 1 X 1 x 1 cm3 cubic specimen (Fig. 6.10) 
is compressed by a force of 800 N along the axis X, (the direction of 
polarization), and then by the same force along the axis X,. The 
charge produced on the face perpendicular to X, was 14.8.10“5 C 
in the first case, and —6.15-1078 C in the second case. The third in- 
«dependent piezoelectric modulus was found on a sample of the same 
size oriented as shown in Fig. 6.10b; a force of 800 N applied to the 
face AB induced on this face the charge of 10.3-10-8 C. 

Calculate the piezoeléctric moduli of polarized barium titanate 
ceramic. 


Fig. 6.10. Orientation of specimens moduli of polarized barium 
used to determine piezoelectric titanate ceramic. 
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6.47. Measurements gave the following values of the resonance and 
antiresonance frequencies of a sphalerite 45” Z-cut plate (see Fig. 6.3): 


fa = 117 kHz and fa = 117.146 kHz 


Calculate the piezoelectric modulus of sphalerite. 

6.48. The spontaneous polarization of proper pyroelectric crystals 
can be estimated from the magnitude of piezoelectric polarization 
due to hydrostatic compression (tension), as well as from the change in 
polarization due to the change in linear dimensions of the crystal. 
Derive the relations making it possible to estimate the spontaneous 
polarization in tourmaline and lithium sulphate crystals. 

6.49. Calculate the strain in quartz bars oriented as shown in 
Fig. 6.11, in electric field applied to the lateral faces. 

6.50. Can the piezoelectric effect be observed in KDP crystals in 
the paraelectric phase? in the ferroelectric phase? Do these phases 
of KDP crystals have different piezoelectric properties? 

6.51. Calculate the electromechanical coupling factor of X-cut 
quartz for the three vibration modes of thus cut bars. 

6.52. Calculate the electromechanical coupling factor of Y-cut 
quartz for two possible vibrational modes of thus cut plates. 

6.53. Show that there is no longitudinal piezoelectric effect in 
any of the directions in the symmetry classes 422 and 622. 

6.54. Electric field with strength E is applied to the working faces 
of X-, Y-, and Z-cut rochelle salt plates (see Fig. 2.3). What strain 
eccurs in such plates? 

6.55. The crystals of tourmaline, lithium sulphate, and potassium 
tartrate belong to the polar symmetry classes and can be used as 
transducers of static or low-frequency hydrostatic pressure. Which 
ef the mentioned crystals has the maximum sensitivity to hydro- 
static pressure? 

6.56. Find all symmetry classes in which electric field applied to 
the working faces of Z-cut plates generates pure electrostriction- 
induced strain normally to the plate surface. 


Fig. 6.11. Orientation of quartz bars 
used to excite vibrations with 
non-homogeneous strains. 


Xy 
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6.57. Which of the arrangements for measuring piezoelectric 
moduli do the arrangements for measuring the electrostriction 
moduli Q, R, G and H correspond? 

6.58. At T¿ — —150?C KDP crystals undergo a transition to a 
ferroelectric phase with rhombic symmetry (class mm), with 
PS || 10011. Is this phase transition accompanied by spontaneous 
electrostriction? 

6.59. What electric field must be applied to the working faces of 
X- and Z-cut quartz plates to produce in these plates a strain of 
20.4.10-* normally to the plate surface? 

6.60. Which of the electrostriction moduli in monodomain BaTiO; 
crystals can be found from measurements of spontaneous polariza- 
tion and deformation accompanying the phase transition to the rhomb- 
ic modification (P^ is parallel to [110] of the initial cubic cell)? 
Calculate this modulus if P? ~ 30.10-? C.m-?, rg ~ 0.0029. 

6.61. A single-crystal cubic specimen of rock salt is placed in elec- 
tric field of 30 kV/cm directed along [110]. Find the type and cal- 
culate the strain suffered by the specimen. How can such strains 
be measured experimentally? 

6.62. Evaluate the electrostriction moduli of barium titanate 
from the following results of piezoelectric measurements on tetrago- 
nal-phase single crystals of BaTiO;: 


815 = 9.07.10? CGSE units, g3, — 7.07.10 * CGSE units 
823 = 19.17.1098 CGSE units, Р* = 26.10- C/m? 


6.63. Which of the electrostriction moduli of rochelle salt mono- 
domain crystals can be determined from the measurement of spon- 
taneous polarization P* (P* || [100]) and of spontaneous changes in 
unit cell parameters at the phase-transition point? 

6.64. The equilibrium shape and symmetry of domains are known 
to be determined mostly by the spontaneous deformation of the fer- 
roelectric. If the paraelectric phase of a ferroelectric does not have 
piezoelectric properties, will the shape of domains in the ferroelec- 
tric depend on the sign of spontaneous polarization? 

6.65. Find the change in the shape of the unit cell of barium tita- 
nate caused by a ferroelectric phase transition in which the spon- 
taneous polarization vector aligns with the direction [110] of the 
initial paraelectric phase (Tc = 5°C). 

6.66. Calculate the electric field strength which produces a piezo- 
electric modulus of 4.107? CGSE units in a rock salt Z-cut plate. 

6.67. Define the “reverse electrostriction" as the effect of electro- 
striction-induced polarization in a crystal subjected to mechanical 
Stress, such that squared polarization is proportional to strain. Is 
the "reverse electrostriction" effect possible? 


7. ELASTIC PROPERTIES 
OF CRYSTALS. 
HOOK'S LAW 


Crystals subjected to mechanical stress undergo strains. If the 
stress is below a limiting value called the proportionality limit, the 
Strain is reversible. 

Strain is proportional to the applied stress for sufficiently low 
stress. If a crystal is subjected to an arbitrary uniform stress [t,], 
the uniform strain it causes is such that each of ite components r)? is 
linearly related to all components of the stress tensor, that is, 


rij — Sijkiİki (i, À k, l= 1, 2, 3) (7.1) 


Equation (7.1) is the generalized form of Hook's law. Here s;j,; are 
the elastic compliances of the crystal. The whole number of complian- 
ces Sijn is 81. Hook's law can also be written in the form 


tij = CijniTail (7.2) 


where cij4, are the elastic stiffnesses of the crystal. The coefficients 
Siya and cij4; form tensors of rank four. This means that in a trans- 
formation from a coordinate system X,, X,, Xə to Xj, Xj, X; the 
coefficients siya, (Сара) are transformed to Smnop (Cmnop) according 
to the law 


Smnop == CmiCniCorC piSi ini (7.2a) 


where Cars Cay, Con, and Cp, are the direction cosines defining the 
orientation of the axes X,, X;, X; with respect to the axes X,, X,, 
X4. Each coefficient s;;,; (ciy) has a definite meaning and a magni- 
tude only with respect to a specific coordinate system fixed to the 
crystal. If this system coincides with the crystallophysical coordi- 
nate system, the coefficients are called basic. 

As the strain and stress tensors are symmetric, the components of 
the tensors Sijkı and cij,; are symmetrical pairwise with respect to 
subscripts i and j, k and l, that is 


Sijnt = Sjiki дајы = GIRI; (7.3) 
Sijkj = Sij GUIK = бум (7.4) 
Equations (7.3) and (7.4) reduce the number of independent com- 
ponents siya, and ci; down to 36. As Sijn; and cij,,; are symmetrical 


in the first two and the last two subscripts, we can use the matrix no- 
tation introduced in Sec. 6. In this notation, equations (7.1) and 


8* 
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(7.2) are written in a more compact form: 
r,==S,jt; (i, ј —1, 2, 3, 4, 5, 6) 
1, ci) (i, 7=4, 2, 3, 4, 5, 6) | 
The matrix notation results in a reduced number of terms on the 


right-hand side of Eq. (7.1), but it becomes necessary to introduce 
factors 2 and 4 according to the following rule: 


(7.5) 


Sijnt=Smn When m and n equal 1, 2, or 3 

25; jn1==Smn When m or n equals 4, 5, or 6 (7.6) 

4S:jni=Smn When m and n equal 4, 5, or 6 

Energy of a strained crystal. Work per unit volume done to pro- 
duce a small strain in a crystal is given by the formula dW —i;dr;. 


If this increment of strain is isothermal and reversible, dW can 
be set equal to the increment in free energy dy, that is, 


dy = dW = ti dri (7.7) 
If Hooke’s law holds, Eq. (7.7) takes the form 
dy = cijr; dr; 


therefore, 





dri —Cijjlj 
Differentiating both sides of the equation with respect to rj, 

we obtain 

à (də) 

rg (are) = Cis 

However, the order in which the equation is differentiated is unim- 

portant because y is a function of only the state of the body, deter- 

mined by the components of strain, so that 


ә (7.8) 
Similarly, 
Sip = Sji (7.8a) 


Since the matrices (c;;) and (Si;) are symmetrical, the number of 
independent stiffnesses and compliances is further reduced, namely, 
from 36 to 21. 

By integrating Eq. (7.7), we find that the work per unit volume 
of the crystal, required to produce strain r; (the so-called strain 
energy) is equal to 
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Constraints due to symmetry. Symmetry further reduces the num- 
ber of independent coefficients Si; and cij. 

The matrices of elastic compliances can be obtained by the direct 
inspection method making it possible to find the number of inde- 
pendent coefficients for all classes with the exception of the classes 
belonging to the trigonal and hexagonal systems, for which it is 
necessary to use the analytic method. 

The matrices (s;j) and (cij) for various crystallographic classes, 
as well as for piezoelectric textures, are listed in Table 9. 

Relations between coefficients s;; and c;;. The following formu- 
la relates the elastic compliances s;; and elastic stiffnesses ci: 


sy = aeu (7.9) 


where A^ is a determinant composed of elastic stiffnesses: 
Ci Cía Суз Ci, Cis C46 
Cig Caz Cog Con Cos C26 
C43 C23 C33 C34 C35 C36 
Ci, Con Ca, Can Cas Саб 
C15 Cas Cas Cas Css C56 
Cie C26 C36 Саб C56 Cop 


and Ac;; is a minor obtained from this determinant by crossing out 
the ith row and jth column. Likewise, 
—4)i*i As; 

c, L au (7.92) 

Young's modulus, shear modulus, and Poisson ratio. The follow- 
ing constants are often used for a description of elastic properties 
of both isotropic and anisotropic media. 

Young's modulus E, characterizing elastic properties of a medium 
in a specific direction, is defined as the ratio of the mechanical stress 
in this direction to the strain it produces in the same direction. 

The Poisson ratio v is defined as the ratio of the transverse com- 
pressional strain to the longitudinal tensile strain caused by a 
mechanical stress. The shear modulus y is defined as the ratio of shear 
stress to shear strain it causes. 

In isotropic bodies only two of the above-mentioned constants are 
independent. Elastic properties of isotropic bodies are often de- 
S^ribed using the constants A and p, called the Lame constants; the 
constants p, A, cy, and су, are related by the following formulas: 


prs (7.10) 
7 (7.41) 
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If the elastic properties of isotropic bodies are characterized by 
the matrix (s;j) (Table 9), then 


su = 1/Е, Si = —v/E (7.12) 
2 ($1 — $12) = 1/u (7.13) 


In isotropic media Young's modulus in an arbitrary direction 
X; is 
E = 5g; (7.14) 


where $5335 = C3iCajConCgiSizn1 and Cai, Cay, Con, and Cat are the 
direction cosines of the axis X; with respect to the crystallophysical 
coordinate system, and s;;,; are the basic compliances referred to 
the crystallophysical coordinate system. 

Young's modulus is a function of direction for all crystallographic 
classes, including cubic classes. 

In anisotropic media the Poisson ratio is equal to 


hh — Shk 

iza (7.15) 
and represents a measure of lateral compression parallel to X, and 
accompanied by elongation parallel to X,. 

Magnitude surfaces of elastie coefficients. As elastic properties 
of crystals cannot be represented completely by a single surface, 
the magnitude surface is usually constructed for one of the elastic 
coefficients. This surface clearly demonstrates the variation of this 
coefficient as a function of direction in the crystal. 

One practically important surface is the magnitude surface plotting 
Young's modulus as a function of direction. The radius vector of 
this surface is proportional to the magnitude of Young's modulus 
along the radius vector. 

Volumetric and linear compressibility of crystals. Volumetric 
compressibility is defined as the relative reduction of crystal's volume 
under unit hydrostatic pressure. 

The stress tensor of uniform, or hydrostatic compression is 


[thi] = 0 —p O |, or iş, 2 — pO, 
0 0 —p_ 


where Öz: is the Kronecker delta. 
The strains due to hydrostatic compression are 


rij = —PSijnt Öri = —PSijnr (7.16) 


and volumetric compression is A = AV/V = ri; = —PSjinn, where 
V is the volume of the crystal. Consequently, the volumetric com- 
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pressibility is 
A 
—p Sikh (7.17) 


The linear compressibility D is the relative reduction in the length 
of a rectilinear segment in crystal subjected to unit hydrostatic 
pressure. 

The relative change in the length of a segment in an arbitrary 
direction n (nı, Na, n) is written as r;;n;n;. This change iscaused 


by the hydrostatic pressure p, so that rinin; = —pSij,nniny. There- 
fore, the linear compressibility is 
B = Sijnnniny (7.18) 


Examples of Problems 
with Solutions 


7.1. Find the matrix of elastic stiffnesses s;; of symmetry class 222 
comprising the rochelle salt crystals. 

Solution. Independent elastic compliances si, of rochelle salt 
must be found by the direct inspection method. The compliances s;; 
are symmetrical with respect to permutations of subscripts i and j 
(Si; = sji), so that the lower half of the matrix (si;) can be omitted, 
and only the coefficients 


(Su Siz Sis Su Sis Sis 
522 Sos S24 S25 S26 

S33 S34 S35 S36 

$44, Sis 546 

$55 S56 

( Ses) 


can be considered. 
Let us write a table of subscripts corresponding to the upper 
right-hand half of the matrix (sij): 
11 12 13 14 15 16 
22 23 24 25 26 
33 34 35 36 
44 45 46 
55 56 
66 


The symmetry of the point group 222 is completely determined 
by two twofold axes coinciding with the crystallophysical axes X; 
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and X, (or by any other pair of twofold symmetry axes), and the 
third axis is generated by combination of these two. 

First consider the action of the axis 2 parallel to X4. This trans- 
formation can be written as follows: 


Х,н—Х|, X,——X, XX; 
or, more concisely, 

14 ә—1, 2——2, 3—3. 

In the four-subscript notation, the pairs of subscripts are trans- 
formed by the rule 

11 — 11, 22 — 22, 33 — 33, 

23 — —23, 31 — —31, 12 —12. 


In the two-subscript notation, used for the matrix notation, the 
transformations of subscripts have the form 


1 —1, 2 —2, 3 —3, 
4 —-—4, 5 ——5, 6 —6. 


The table of subscripts is then transformed to 


11 12 13 —14 —15 16 
22 23 —24 —25 26 
33 —34 —35 36 


44 45 —46 
55 —56 
66 


By comparing the components of this table with those of the 
original table and taking into account that in this transformation 
compliances s;; must transform into themselves, we obtain the 
following matrix: 


(Su Sin Sis O О sis) 
S22 S23 О О sos 
$33 0 О Sas 
S4, Sis О 
sss О 
Seo) 


Consider the effect of an axis 2 parallel to the crystallophysical 
axis X,: 


1—1, 2>-2 3>-3 
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The pairs of subscripts are transformed according to the rule 


11 — 11, 22 —22, 33 — 33, 

23 +23, 31 — —31, 12 — —42 
or, in the two-subscript notation, 

1—1, 2 —2, 3 —3, 

4—4, 5 -x—5, 6 — —6 

Obviously, those compliances s;; which have among the subscripts 
a single digit 5 or 6, that is, all s;, and all sig, will now vanish. 


Accordingly, we obtain the following matrix of compliances si; 
for rochelle salt: 


(Зи S2 $4 O 0 О 
Seo S3 0 О О 
$$ 0 0 0 
Sm 0 0 
$5, 0 
Ses) 


The matrix contains nine independent compliances sij. 

7.2. A quartz crystal is subjected to uniaxial compression £ 
along (i) [2110], (ii) [0001]. Find the type of elastic strain suffered 
by the crystal. 

Solution. According to the rules of selecting crystallophysical 
axes in crystals belonging to the class 32, the axis X, is chosen 
along the axis 2, and the axis X, along the axis 3 (see Table 4). 

The type of strains suffered by quartz compressed along the men- 
tioned directions will be found by applying Hook's law (7.5). 

When quartz is compressed along [2110], that is, along the axis 2 
coinciding with the axis X,, the only component, t,, of the tensor 
of mechanical stress is nonzero, and when it is compressed along 
100011, this component is £4. According to the form of the matrix 
of elastic compliances (see Table 9), we find that for compressing 


along [2110], that is, along the axis X,, the strains are 
Ty = Sibi, Ta = Sabh Ta = 8134 


that is, the strains are compressional (tensile) along the crystallo- 
physical axes (the sign of strain depends on the sign of elastic com- 
pliances), and tangential in the plane X,X,, since r, = Sut. In 
quartz sı > О, s,4 = О, sı, = О, so that quartz will experience the 
tensile strain along the axis X,, and compressional strain along the 
axes X, and Х,. 
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In the case of compression along [0001] coinciding with the sym- 
metry axis 3, we find 


Ty = Гә = Sişiş, 13 = Bafa 


that is, the strain is compressional along the axes X, and X, (since 
$13 < 0) and tensile along the axis X, (since 5,3 > О). 

7.3. (i) Find the directions corresponding to the maximum values 
of Young's modulus for cubic crystals, and the directions corre- 
sponding to the minimum values of this modulus, assuming (s, — 
— Sız — (1/2) 5,,) > 0. 

(ii) Describe the magnitude surface of Young's modulus. 

(iii What is the shape of sections of this surface by planes of 
the type (111)? 

Solution. (i) According to Eqs. (7.2a) and (7.14), the reciprocal 
of Young's modulus in an arbitrarily oriented plate is given by 


U , , 
Sag = S3333 = C3iCsjCsuC isi mi OT S3333 = NN gynnis; jq 


where Czi, Сәј, Can, and Car are the direction cosines of the direction 
of interest n (n, nz, m3) and sij,; are the elastic compliances of 
cubic crystals. 

For all classes of cubic system, the matrix (s;;) in the crystallo- 
physical coordinate system has the form (see Table 9) 


(Su Sia Sig O 0 0) 
Siz $4 Si 0 0 
Sin Siz $4 O 0 
0 0 О s, О 
0.0 0 O0 s, 
(0.0 0 0 0 su) 


Let us write the nonzero elastic compliances in the tensor notation 


Sij = 


cooo 


81111 = S2222 = S3333 
S1122 = S2233 = $1133 
S2323 = $3131 = $2121 


Substituting the nonzero elastic compliances into the expression for 
S3333 and going over to the matrix notation, we find 


$5 = S44 (C5, + Ch + С1)) + (Sin + 2512) CSC + C353, + Cn C) 
After simplifying the formulas, we obtain 

Cj, = С̧у, (1 — Cg, — Cs) = Cg, — C Cs; — CC 

Ci ə Cə, (1 ә Ca, = C) a, Ch PE Cs Cs, "I Cassa 
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And finally, 

Cis = С̧у (1 E Cs He C$) = Cs ə Ст, Су, - Ca 3 l 
By substituting the expressions for C$, C$,, and C$, into the pre- 
ceding equation, we find 

$55 = 511 — 284 (C C35 + CC, + Cs, Cà) 

AES (Su a 2812) (C3,Cós F CCS F СС: 
1 ə 2l , 
—$,—2 ( Bu — 812 —354) (C5 C3; + СС + Can) 
or 
, . 1 : 
S33 = 511 — 2 (su —Sı>— 5 ва) (nini + nini + nini) 


Hence, Young's modulus for cubic crystals is a function of direction 
and of the quantity 

(nin; + nan; + nini) 

(ii) Let us find the maximum of this quantity by using the method 
of Lagrange multipliers. Compose a function 

f= nini + nin t nini — À (ni 4 ni4- ni— 1) 
Differentiating this function with respect to nj, n; and nz, and equat- 
ing the derivatives to zero, we find 

of 





ani —njnj—^-0 
д 
AL =nitni—h=0 
2 
ö 
əy nan —A—0 


Resolving this system of equations, vve obtain 

nz +n =n +n =ni +n = Х 
Hence, ni = n; = nj = 1/3, 

Nn; - xU xU: dakı: 

Thus, there are eight directions corresponding to the maximum 
value of nin} + nini + nini 


yal 1, 4), eL 1, —1), “se 1, 1) 
va th 1, —1), ehl 1), y — 1) 
ә 1), (1-1-9) 
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This means that the maximum magnitude of Young's modulus 
corresponds to the directions of the type [111], if the quantity s,, — 
— Sı; — (1/4) sı, is positive, and this is true for all cubic crystals 
(with an exception of molybdenum crystals). 

Evidently, the minimum of Young's modulus corresponds to the 
directions of the type [100], for which the expression nin; + nni + 
+ nin; vanishes. Consequently, we conclude that the magnitude 
surface of Young's modulus is a cube with rounded corners and 
depressions at the centres of faces. 

(iii) Let us find the sections of this surface by the plane (111). 
Let a unit vector n (n,, mg, ns) be perpendicular to [111]. This means 
that nı + ng + nz = 0, that is, n3 = —(n, + nə). But ni + n; + 
+ ni = 1; hence, 


ni + nz + (n4 4- ng)? =2n] + 2n -- 2n4ng = 1 
or 


1 
ni + nic niş = = 


Taking this relation into account, we can further transform the sum 
2,2 2,42 2,2. 
nin, + nans + nin, 


ning + nina + nin = nin; + (n+ nj) (1 — ni — ni) 


y ə Ы 1 1 
= пт + HL +n — (ni L п2) —n LHS L RHS — 5 7 


As a result, we find that Young's modulus is independent of 
direction in the plane perpendicular to [111], and the sections of the 
magnitude surface of Young's modulus, perpendicular to [111], are 
circular. 

7.4. (i) Which of the elastic constants of cubic crystals can be 
determined from the measured longitudinal strain and volumetric 
compression AV/V of a crystal specimen subjected to uniaxial com- 
pression t along [100]? 

(ii) Does the volumetric compression of cubic crystals depend on 
the direction of uniaxial mechanical stress? 

Solution. (i) If a uniaxial mechanical stress acts on a cubic crystal 
along [100], this signifies that only one component of the stress 
tensor in the crystallophysical coordinate system, t, is nonzero. 
Consequently, from the measurement data on the longitudinal strain 
rı we can find, according to (7.5), the compliance sı, = r,/t,. The 
volumetric compression AV/V = rj; is then equal to (25,2 + Su) x 
X (—p) so that from the measurement data on AV/V one can find 
the compliance sis. 

(ii) Let us fix the uniaxial stress £ along a direction n (nı, ns, n3), 
arbitrary with respect to the crystallophysical coordinate system. 

We choose the direction of the axis X? of the new primed coordinate 
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system along n; the stressed state in the new coordinate system is 
represented by the tensor 


000 

[tz] =| 0 О О |, where t=¢,, 

00t_ 

Let us find the stress tensor in the crystallophysical coordinate 
system making use of the law of transformation of the components 
of a rank two tensor in a transition from the new to the original 
coordinate system: tj; = CyiC iya. In our case 

fij CaiCgjtgg = nint 
Now we shall find the change in the volume of a cubic crystal sub- 
jected to uniaxial tension in an arbitrary direction. Since AV/V — 
= Гы = Гуј + Газ +733, and 

Ty == É (Si + S112203 + S113303) 

Гәз = t (S224111 + S222203 + S223303) 

T33 = Ë (S331101 + 83322775 + 53333713) 
or, in the matrix notation, 

T4 = (suni + sions + 5,395) 

гә = £ (Sa) + S2203 + S2373) 

гә = £ (Sani + S323 + S333) 


and taking into account that for cubic crystals 


Su = 822 = $33, 912 = 913 = S23 


we obtain 


AV 
“= PL Pa L Pa 


2 2 2 2 2 2 2 2 2 
x £ (Syni + ваиз + 8493 + SiNi + Suna + S113 + Sahi Si, + 8445) 
Since n? + n? + nå = 1, we find 


AV 
-y = (Su + 2853) 


Therefore, the change produced by uniaxial stress in the volume of 
a cubic crystal is independent of the direction of tensile stress. 

7.5. The elastic compliances of quartz crystals were found by 
measuring the resonance frequency for six differently oriented spe- 
cimens shown in Fig. 7.1 
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The results of measurements are given in the Table 7.1. 


Table 7.1 
Dimension along 
Cut ; : 4 1 R 
orientation Vibrational mode the direction; mm ice veni, kHz 
X-cut Longitudinal compres- 30.04 89.215 
sion-tension 

30% X-cut same 32.18 80.52 
—30° X-cut same 20.00 168.50 
60% X-cut same 20.05 150.00 
Y -cut Face shear 1.60 1453.00 
Y -cut Thickness shear 1.05 1825.00 





Use the tabulated experimental data to calculate all independent 
elastic compliances of quartz. 

Solution. Quartz crystals belong to class 32, so that we have to 
find six independent elastic compliances (see Table 9): 


Sin, Siz, Sızı 533: Siz, and Sy 


The constant s,,, equal to sz, in the case of quartz, is found directly 
from the data for the X-cut. The equation of piezoelectric excitation 
of this cut is r, = s,,i, + dı,E,, so that the resonance frequency of 


Fig. 7.1. Orientation of specimens 
referred to in Problem 7.5. 


öz 4g Xy 
^ ^ Aş 
Аз X, 
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longitudinal vibrations of the X-cut elongated in the direction of 
X, is given by the formula / = 1/(21 V ps,,); hence, 





1 


By substituting the length of the X-cut (in cm), resonance fre- 
quency (in Hz), and the density of quartz (in g/cm?) into tlie above 
expression, we find 


$95 = 131.10714 cm?/dyne = 544, 


The equation of piezoelectric excitation of long thin specimens 
of “rotated” X-cuts whose thickness is along X,, and the length is 
in the direction of X,, is written in the form r, = Sal, + d,,E,, 
where r;, s,,, and £, denote respectively the lengthwise strain, elastic 
compliance, and mechanical stress in the "rotated" X-cuts. 

The table of direction cosines of the axes related to the edges of 
these cuts with respect to the crystallophysical axes is as follows: 


Table 7.2 
Axes | Xi | Xə | X3 
Xi 1 0 0 
Xs 0 cos Q sin q 
Xs 0 —sin © cos © 


Here q = 30° for the 302 X-cut, ф = —30° for —30? X-cut, and 
ф = 602 for the 60° X-cut. For these cuts 

Soo = 35555 = CoiCojConCoiSijnt 

= 8,4 00S* P + S33 sin* q + 25,, cos? Esin p + (25,3 + 544) sin? p cos? Ф 

(In the case of the 30? X-cut, sin ọ = 1/2, cos ф = V 3/2.) 

As the specimens of the indicated orientations have lengthwise 
compressional-tensile vibrations along the axis X,, we have s,, = 
= 1/AfRl?p. For the 30? X-cut, sí, = 139.6-10-!4cm?/dyne; for the 
—30” X-cut, sí, = 84-10-14 cm?/dyneş for the 60° X-cut, sí, = 
= 104.5.10-4 cm?/dyne. 

By subtracting the expression for s22(+30. from the expression 
for 822( 30%)» we obtain 


U U 3 Бу 
$22(-30) — 822(809) = | ys, 
This yields 
Sy, = 42.6 1071“ cm?/dyne 
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In order to calculate the other elastic compliances of quartz, 
shear moduli were found, these were calculated from the known 
resonance frequencies of thickness shear vibrations and face shear 
vibrations of Y-cut specimens. When the field is applied to the work- 
ing faces of Y-cut specimens (E, = Ea = О, E, == О), two types of 
strain are produced: r, (rış) and re (Tız). Both strains are shear 
strains, the strain r, responsible for the deformation of the crystal 
plate in the plane X,X; is called the face shear strain, and the strain 
rg responsible for the deformation of the plate in the X,X, plane 
is called the thickness shear strain, both these modes are excited with- 
out difficulties. 

By subtracting s22(30°) and s22(-30°) from s22(600),, we find 


2822(60%) — $22(30°) — $22(- 30°) == — буј + sr Sis 
whence 
Saz = 2822(60°) — İS22(-309) + S220309] + S11 + yö Su 
= 98.6 - 10714 cm?/dyne 


Now we can find 25,3 + Sı, by subtracting the terms containing the 
already determined compliances 511, S33, and s,,, from 522(302): 


1 , 5 

28,5 + Su ei (16522300 — 984; — $33 — 6 V 3 5,2) 
The substitution of the numerical values of szə(30:), $41, S33, and Sy3 
gives 

25,5 + Sı, = 167.3-107!* cm?/dyne 

The elastic stiffness cgg can be calculated from the resonance fre- 
quency of thickness shear vibrations of an Y-cut specimen, and the 
stiffness c,,, from the resonance frequency of face shear vibrations: 

Свв = 4fh (d?) p = 39- 101? dyne/cm? 

C55 = Cy, = Afh (£2) p = 57.1 -1010 dyne/cm? 

The transition from stiffnesses c;; to compliances s;; is carried 
out by using relations (7.9a) between these constants. 


Let us find the relation between stiffnesses c,, and cag and compli- 
ances sij: 


$11 — 512 č = e = Sas 
UA du RM 6 $ 66 — —779. fe... 92 
Saa ($11 — 512) — 254 2 2544 (S11 — 512) 2514 





Ca = 
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whence 
2 
$44 = . + AS ES 
^ _ 1 -L Vv. 25. Siglas 
ps (466)? Ces 
= 1 Stafa. 
(Su — 5:2) = de. | Vali Ces 


The substitution of the measured guantities into the above ex- 
pressions gives s,, = 199.3.10-14, sı) — s,, = 145.6.10-^, s, = 
= —14.10-4 cm?/dyne. 

Knowing s,,, we find s, from the relation 


2813 + Su = 167.3 - 1071* cm?/dyne 


This gives sış = —16.10-1: cm?/dyne. 

The six independent coefficients s;; for quarts are thus found from 
six measurements of resonance frequencies of crystal specimens with 
different orientations: 


see 131.10-4, s= — 14-4076, s= — 16-1071 
$33— 98.6 . 10715, $4477 — 42.6. 10715, sy, = 199.3. 40714 


As the measurements were carried out by the dynamic technique 
the calculated elastic STE refer to adiabatic conditions at con- 
stant electric field, sf (see Sec. 13). 

7.6. Elastic compliances of sphalerite were measured at room 
temperature by the dynamic technique on three differently oriented 
Z-cut bars shown in Fig. 7.2. The electrodes were applied to the 


working faces. The averaged results of measurements are listed in 
Table 7.3. 








Table 7.3 
Di i 4 

s Dimension resonance cn) | RENEE 
orientation, Vibration mode 255  İYİLİ ot 
(see Fig. 7.2) | d frequency, kHz tal 
22.5? Z-cut | 20 | 2.7 | 1.0 | Longitudinal vibra-| fn = 101.7 

tions at fundamental 

frequency 
45? Z-cut 20 | 2.7 | 1.0 | Same Ín—117 8.37 


fa — 111.146 
0? Z-cut 30 | 6.0 | 1.0 | Face shear vibra-| fn == 279 
tions at fundamental 
frequency 


9—0475 
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Making use of the listed data, calculate the elastic compliances 
of sphalerite. 


Solution. Sphalerite crystals (point symmetry group 43m) are 
characterized by three elastic compliances: 511, S12, and s,,. All these 
constants can be measured on three differently oriented bars. 

As shown in the figure, all three bars are cut perpendicularly to 
the axis Xy, that is, to one of the three equivalent crystallophysical 
axes each of which is a fourfold inversion axis. The lengths of the 
first two bars, the so-called "rotated" Z-cuts, are chosen to be larger 
than their width and thickness. Sphalerite crystals are piezoelectric, 
so that ac electric field applied to the working faces generates in 
them lengthwise compressional-tensile vibrations; the longer axis 
of the bar is taken for the axis X;. In this case, the elastic compliance 
of the plates is s,,. According to (6.23), the resonance frequency of 
longitudinal vibrations at the fundamental frequency is 


p = = 

"In = ә 

Consequently, the measured resonance frequeicies of such bars 
directly yield the compliances s,/. The orientation of the axes 
Х,, X; X; fixed to the edges of the "rotated" Z-cut bars, is given 
by the following table of direction cosines, with respect to the 
erystallophysical axes of sphalerite: 


Table 7.4 
Axes | X, | Xə | Xs 
X; cos @ sin q 0 
X; —sin © cos @ 0 
X; 0 0 1 
Fig. 7.2. Orientation of specimens 
referred to in Problem 7.6. 
4% % 
2 a X 


2252 





^ 
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The elastic compliance s,, along the length of the "rotated" Z-cut 
bars can be found from Eq. (7.2a) which, in our case, takes the form 


S11 = Sy (cost p + sint 9) + (2512 + 544) sin? q cos? 9 


The compliance s,, is found from the data on the 0? Z-cut plate 
whose length is much larger than its width. The vibrations excited 
in such a plate are the face shear vibrations. The resonance frequency 
of face shear vibrations is given by the formula 


= ty “e 
fn = > p 


where £ is the plate width. 
In cubic crystals Ces = cy, = 1/s4; hence, 


Pu = Orate 


By using these relations, as well as the experimental and reference 
data, one can calculate all elastic compliances of sphalerite. 

The values of s;, will be found from the formula for resonance 
frequencies of longitudinally vibrating "rotated" Z-cut bars: 


7 av 
whence 
82 (22.59) = 14.73. 10713 cm?/d yne 
Sq,(459) = 11.08. 10713 cm?/dyne 
On the other hand, 
Siz $4 (cost p + sini g) + (2512 + ski) sin? p cos? p 
for the 22.5” Z-cut, sin p = 0.3827, cos p = 0.9239, and si 


= 0.75s,, + 0.125 (25,2 + $11); for the 45? Z-cut, sin p = cos Ф 
= 0.7071, and sj, = 0.5511 + 0.25 (28,2 + su). 


By solving these equations for sı, and 2s,, + s,,, we find 


tll 


$4477 2541(22.59) — si 1(459) = 18.42. 10713 cm?/dyne 
2812 F 54, = 6511 (450) — 484 1(22.5) 
To find s,,, we use the data for the 0? Z-cut: 


1 = 
ви = orar 217-108 em*/dyne 


Next we find 


(7.56 — 21.7). 10-13 
HR ə I 


Sia — 7.07 -10713 cm?/dyne 


9* 
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The elastic compliances of sphalerite. are, therefore, 
six 18.42. 10713, 5,, = — 7.07.10713, s,, = 21.7. 10713 CGSE units 


PROBLEMS 


7.7. Into what groups of components, similar in their physical 
meaning, can the matrix of elastic compliances (s;;) for triclinic 
crystals be divided? 

7.8. Using Table 9, answer the following questions: 

(i What should be the symmetry of crystals undergoing shear 
strain under the action of uniform compression? 

(ii Is it possible for uniform compression to change only the 
shape of a crystal specimen without affecting its volume? 

7.9. Using the direct inspection method, show that the matrix 
(Sı) for the crystals of KDP group has six independent components. 

7.10. A compressional stress of 1500 N/cm? is applied along one 
of the twofold axes of a sodium chlorate crystal. 

Calculate the strain suffered by the crystal along the directions 
of the type [111]. 

7.11. A sodium chlorate crystal is subjected to a uniaxial tensile 
stress of 10“ N/cm? in an arbitrary direction. 

What should be the increment in temperature in order for the 
relative change in the volume of this crystal to be the same as in 
the case of the strain caused by the indicated uniaxial tension? 

7.12. As a result of the converse piezoelectric effect, an L-cut 
ADP plate (see Fig. 2.4) undergoes a compressional thickness strain 
equal to 6-10-?. Describe the stressed state of the plate in the crys- 
tallophysical coordinate system. 

7.13. Calculate the bulk compressibility of tourmaline and rochelle 
salt crystals; compare these compressibilities. 

7.14. Find Young's modulus along the crystallophysical axes 
X, and X, as well as along the length of an ADP 45° Z-cut bar (see 
Fig. 6.3). 

7.15. Derive the equation of the magnitude quadratic of the com- 
pliance s;, (the quantity reciprocal of Young's modulus) for quartz 
crystals. What is the shape of the section of this surface by the 
plane X,X,? 

7.16. Derive the equation of the magnitude quadratic of the com- 
pliance s;, (the quantity reciprocal to Young’s modulus) for wurtzite 
crystals. What can be said about the symmetry of this surface? 

7.17. An X-cut quartz plate of 1 x 1 x 0.3 cm? (see Fig. 2.3) 
is compressed by a force of 800 N, applied to the working faces of 
the plate. Find the work of deformation. 

7.48. A 1 x 1 x 1 cm? cube is cut from a quartz crystal. The 
cube is subjected to uniform compressional stress of 500 N/cm?. 
Calculate the change in the internal energy of the deformed cube. 
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7.19. Find the energy of deformation of a single crystal silicon 
cube subjected to uniaxial compression along the direction with 
direction cosines (0.705, 0.705, 0) with respect to crystallophysical 
coordinate system. The compressional stress is 400 N/cm?. 

7.20. Show that the reciprocal of compressibility in cubic crystals 
is related to elastic stifinesses by the formula 


de £11 3- 2012 
Boc 


7.21. Show that the following relation holds for crystals belonging 
to symmetry class 4/mmm: cı, — pua = 1/(S1, — 819). 

7.22. Show that in cubic crystals the elastic stiffness c,, is related 
to the elastic compliances sı, and s), by the formula 


udi 5113-512 
2s (511— 512) (511 + 2512) 


7.23. Which of the elastic compliances can be found from measure- 
ments of the bulk compression AV/V and of the longitudinal strain 
of a wurtzite specimen compressed along [0001]? 

7.24. A single-crystal silicon specimen is subjected to compres- 
sional stress 1.5.10? N/cm? along [100]; the longitudinal strain 
produced in the specimen was 1.13-10-*. The specimen was then 
subjected to hydrostatic pressure of 104 N/cm?; this generated a rela- 
tive reduction of volume of 1.1-10-?. Which of the constants sü 
can be found from these experimental results?) 

7.25. Two specimens shaped into elongated parallelepipeds with 
square cross section vvere made from polarized barium titanate cera- 
mic in order to measure its elastic constants (Fig. 7.3). In both cases 
the axis of polarization of the ceramic was the axis X,, and the uni- 
axial compressional stress acted along the normal to the square 
cross section of the specimens. Which of the constants characterizing 
the elastic properties of the ceramic can be calculated from the 
measured longitudinal strain and volumetric compression of the 
specimens? 

7.26. Which of the elastic constants of quartz can be calculated 
from the measurements of strain suffered by the edges of a bar, loaded 
lengthwise, whose geometry is shown in Fig. 7.3 on the left? 

7.27. The constants necessary to characterize the elastic properties 
of a cubic crystal were found by measuring the resonance Írequencies 
of three specimens with different orientations, as shown in Fig. 7.2. 

The averaged measurement data are listed in Table 7.5. 

Find which of the coefficients can be determined from the mehsure- 
ment data, and calculate their values. | 


134 Problems in Crystal Physics 





Table 7.5 
Dimensions, mm Resonance 
Cut orientation onun ии Vibrational mode frequency, 
1 | t | d kHz 
22.5% Z-cut 20.1 | 2.69 | 1.0 | Longitudinal vibra- 95.976 
tions at fundamental 
frequency 
459 Z-cut 20.38| 2.7 1.01 | Same 89.205 
0? Z-cut 29.9 | 6.02 | 1.01 | Face shear vibrations 180.398 


at fundamental frequ- 
ency 


7.28. Show that the relative change in volume, AV/V, of a cubic 
crystal is independent of the direction of uniaxial tension. 

7.29. Show that the plane (0001) in crystals belonging to sym- 
metry class 6mm is the plane of elastic isotropy with respect to the 
elastic properties. 

7.30. Show that with respect to elastic properties, crystals belong- 
ing to the hexagonal system have a symmetry axis of infinite order. 

7.31. Show that with respect to elastic properties, the symmetry 
axis 2 is equivalent to a symmetry plane perpendicular to this axis. 

7.32. Find the maximum values of admissible elastic compres- 
sional strains for KCl if the corresponding elastic limit (proportiona- 
lity limit) for uniaxial compression along [100] is 800 N/cm?. 

7.33. Find the maximum admissible values of electric fields used 
to excite a piezoelectric transducer made of KDP crystal if the 
mechanical strength of this crystal is 120 N/cm?. Analyze the L-cut. 


Fig. 7.3. Orientation of specimens 
referred to in Problem 7.25. 


23 
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7.34. Calculate the stresses acting in a 45” Z-cut rochelle salt 
plate (Fig. 6.3) in the electric field of 10? V/cm applied to its working 
faces. 

7.35. Which of the elastic compliances of ADP crystals can be 
found by measuring the resonance frequency of longitudinally vib- 
rating 22.5” X-, 45” X-, and 67.5” X-cut bars? 

7.36. A single-crystal silicon specimen is compressed by a stress 
1.5-107 N/m? along [100]; the longitudinal strain thus produced was 
1.13-10-*. The specimen was then subjected to hydrostatic pressure 
of 107 N/m?, and the relative change in volume was 1.1-10-?. Which 
of the compliances s;; can be found from these measurements? 

7.94. Find the strains of specimens made of polarized barium 
titanate ceramic, whose orientation is shown in Fig. 6.7, under the 
action of stresses given in Problem 6.46. 

7.88. Derive the expression for the temperature coefficient of 
frequency of cubic crystals. Analyze the derived expression and 
determine the cases in which zero temperature coefficient of frequency 
fr is possible in cubic piezoelectric materials (for solving Prob- 
lems 7.38-7.43, see Sec. 6). 

7.39. Calculate the temperature coefficient of frequency for 
a longitudinally vibrating X-cut quartz bar. 

7.40. Find the relative change in the resonance frequency of an 
7 quartz bar caused by heating it to 60”C. The bar length is 

mm. 

7.41. Find the admissible temperature variations for a longitu- 
dinally vibrating X-cut quartz oscillator if the relative variation 
of its frequency, Af/f, must not exceed 10-*. 

7.42. A normal to the working face of an X-cut quartz bar lies 
in the coordinate plane X,X, and is at the angle of 5” to the axis X,. 
Find the temperature coefficient of frequency for this oscillator. 

7.43. Calculate the relative variation of resonance frequency of 
the oscillator described in Problem 7.42 in the —60°-+60°C tem- 
perature range. 


8, PIEZORESISTIVITY 
IN SEMICONDUCTOR CRYSTALS 


Piezoresistivity constitutes a variation in the electric resistivity 
of crystals, produced by applied mechanical stresses. This effect 
is to a smaller or larger extent inherent to most crystals, and is 
maximal in semiconductors. 

In the absence of mechanical stresses, Ohm's law for crystals is 


Ei = Puja (8.1) 


where E; and /, are the components of the electric field vector and 
the current density, respectively, and p;,are the components of the 
resistivity tensor in the absence of mechanical stresses. 

When mechanical stresses act on a crystal, its resistivity is 
changed, and Ohm's law takes the form 


E; = (pu + Api) ht (8.2) 

If mechanical stresses are small, the increment [Ap;¡] to the resistiv- 
ity tensor is a linear function of stress, that is 

Ари = Pitmntmn (8.3) 
where Pi;mn are the coefficients forming a rank four tensor. 

Equation (8.2) now takes the form 

Eş = (ри + Pimntmn) ji! 


Usually the piezoresistive properties of crystals are described by 
the tensor of piezoresistivities Ipımn which is related to the tensor 
Piim: 


Pitmn r Piklİkimn (8.4) 
so that the eguation of piezoresistivity takes the form 
Е,= PİR (Sai + llin faa) À (8.5) 


In the crystals of cubic system comprising most of the semiconductor 
crystals employed as piezoresistors, pi, = p°6:, and 


Еһ = p? (Ôn + Dastan) Ji (8.6) 


Another aspect of piezoresistivity, namely, the dependence of re- 
sistivity on strain, rp, is described by the equation 


Ej = pla (бу + mai pgr pe) Ji (8.7) 
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The components of the tensor of elastoresistivity, Mpıpg, are related 
to the components of the tensor of piezoresistivity: 


Mripg = İk imn mn pg: Ims T si pgSpgmn (8.8) 


in which can pg are the elastic stifinesses, and Spgmn are the elastic 
compliances. 

Matrix notation. As the tensors [Pr], [tmn], and [rpg] are symmetrical 
in subscripts, the components of the tensors of piezoresistivities. 
and elastoresistivities are symmetrical in the first and second pairs 
of subscripts: 


Hama = Mikmn — UT = Пукмт (8.9) 


These tensors сап be written in the two-subscript notation: usually 
II, are related to Il; ima as follows: 


П -| Пал (Х= 1, ..., 6, p=1, 2, 3) 

Mİ Sivas s= 1, ..., 6, p=4, 5, 6) 
and m,, to map by 

may = mppg (A — 1, ..., б v=1,..., 6) (8.11) 


Crystal symmetry and the number of independent piezoresistivities. 
By virtue of the symmetry of the coefficients II,, and my, with 
respect to u and v, the number of independent coefficients in the 
general case is 36. The symmetry of a crystal reduces this number. 
The matrices of piezoresistivities in crystals belonging to different 
erystallographic classes and the values of piezoresistivities in a num- 
ber of semiconductors crystals are listed in Tables 10 and 14. 

Longitudinal, transverse, and shear piezoresistivity. Let a uniaxial 
mechanical stress act on a crystal evincing piezoresistivity. 

If the directions of the current and electric field coincide with 
that of the mechanical stress (Fig. 8.1a), the change induced in the 
resistivity of the crystal is called the longitudinal piezoresistive 
effect. 

If the directions of the current and the field are perpendicular to 
the direction of the mechanical stress (Fig. 8.15), this effect is called 
transverse. Thus, for example, in the case of uniaxial stress along 
the axis X, the coefficient II,, represents the longitudinal effect, 
and the coefficients II,, and I[,4 represent the transverse effects. 

A change in the resistivity of a crystal produced by shear stresses 
is called the shear piezoresistive effect. The shear coefficients П,,, 
Ilz,, Iz, describe the variation of resistivity produced by a shear 
stress t, in the case when the directions of the electric field and cur- 
rent coincide; the coefficient JI,, characterizes the change in resistiv- 
ity induced by the same stress £, in the case when the field is parallel 
to the axis X,, and the current density, to the axis X;. 


(8.10) 
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Piezoresistive effect as a function of direction in the crystal. In most 
cases the maximum value of the longitudinal, transverse, or shear 
piezoresistive effect is not related to the direction of crystallophysical 
àxes. In order to find the directions corresponding to the extremal 


values of piezoresistivities, we can use the appropriate transforma- 
tion law: 


Ik, — CimC jn Ca pCigllmnpg (8.12) 


and analyze this expression for extrema. Here Cim, Cjn, Crp, and 
C ış are the direction cosines defining the orientation of the axes 
X,, X,, X; with respect to the crystallophysical axes with which 
the constants ll pg are related. 

Transducers operating in the longitudinal, transverse, and shear 
piezoresistivity modes. Single-crystal transducers of this type are 
thin oriented rods or bars whose length lies along the direction of the 
maximum longitudinal piezoresistivity for a given crystal (Fig. 8.2). 
Assume that a specimen whose length direction n coincides with 
the direction X, is subjected to a mechanical stress. If j, = j¿= О, 


E;—j Tto (8.13) 
Since E, — j, (p + Ap), 


Ap/p ə Ut, or Ap/p = Data (8.14) 


where II, is the magnitude of the longitudinal piezoresistivity 
along n. As follows from (8.14), the constant II, can be termed the 
voltage sensitivity factor (II, = Ap/pt). 


Fig. 8.1. Schematic representation of 
the longitudinal and transverse 
piezoresistivity effect. 


Z Z Z 
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One of the most important characteristics of the discussed trans- 
ducers is the stress sensitivity factor K defined by 


AR 


where T and r are the increment in resistivity and strain, respectiv- 


ely, measured lengthwise. 

As follows from (8.15), the factor K characterizes the sensitivity 
of a transducer to strain. 

Taking Hook's law into account, we find that 


AR 
K= Rt,s = Поҝ̆а 


nn 





where İn is the stress acting along the length of the transducer, that 
is, along n, and s, and E, are the elastic compliance and Young's 
modulus, respectively, along the length of the transducer. 

For crystals belonging to the cubic system, 


Sn = 54 — 2 (su — sis + Sak ) (rd + niri + nin) (8.16) 


Since for semiconductor crystals П,, +0, the crystals can be 
used to measure shear stresses and torques. 

Transducers for measuring strains in a free surface are based on 
the transverse and shear effects. A schematic representation of such 
a transducer is shown in Fig. 8.3. Three measurements are required 
for a complete determination of strains: measurement of resistivity 
in two perpendicular directions (for example, along X, and X;), 
provided the currents in transverse directions are zero, and measure- 


Fig. 8.2. Semiconductor stress Fig. 8.3. Stress transducer measuring 
transducer operating in the the sum of stresses in a plane. 
longitudinal piezoelectricity mode. 
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ment, say, of V;/I; for I, = 0. Evidently, the results of these three 
measurements can yield strains in two perpendicular directions and 
a shear strain in the plane tangent to the surface. 


Examples of Problems 
with Solutions 


8.1. Relative strains in various structural elements are usually 
measured with germanium or silicon transducers made of thin 
oriented rods operating in the longitudinal piezoresistivity mode: 
Derive the expression for the longitudinal piezoresistivity of such 
transducers with an arbitrary orientation. What should be the 
orientation of p- and n-type germanium transducers and n-type 
silicon transducers giving the maximum longitudinal effect? 

Solution. Let n (m, na, m3) lie lengthwise of the transducer. 
Directing the axis X, along n, we find from (8.12) that the longitu- 
dinal piezoresistivity is given by the constant 


Ha = П = Пул = 0,0,05 Cl; a nn jnn M; ai 


By substituting the nonzero constants IT;;,, for symmetry class 
m3m (comprising germanium and silicon crystals) into the above 
expression, we obtain 


IH, = (nj + ng + nə) H4 +2 (1, + Maa) (nin, + nin? + nin} 
where П,, = 2Пәзәз = 213131 = 2IT os. i 
Raising the expression nj + n; + nj = 1 to the second power, we 
find i 

nj + n5 4- n$ = 1 — 2 (nin; + nin? + nənə) 

Taking this into account, we can write for IL, 

IT, = П,, — 2 (IT, — П,, — LA (ning + nani + nzn) 

= П,, — 211, (nin; + nin? + njn}) 
where Ta == Th, — Il, “es II. 
In order to find the range of variation of II{,, it is necessary to find 
the range of variation of (nin; + nani + тп). This expression 
varies from O to 1/3, so that II;, varies from I, to II; — Ma. 
The extremum П,, = H, corresponds to three directions {100}, 
and the extremum Ih = IL, — = HA corresponds to eight directions. 
The maximum and minimum values of II;, depend on the signs of 
П., and Пд. For p- and n-type germanium transducers the maximum 


values of IT,, correspond to directions (111), and for n-type silicon 
transducers, to the directions (100) (see Table 14). 
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Therefore, n- and p-type germanium transducers must be oriented 
along (111) and n-type silicon transducers, along (100). 

8.2. Calculate the change in the resistivity of a filament-shaped 
n-type silicon piezoresistive transducer of 6 x 1 x 1 mm?, oriented 
along [100] and operating in the longitudinal piezoresistivity mode, 
for a 0.0596 strain (i) as a result of the change in resistivity, and 
(ii) as a result of changing geometrical dimensions. 

Calculate the stress sensitivity factor and the output signal for 
a 0.0596 strain, if the dc current through the transducer is 5 A. 
` Solution. (i) All stresses, with the exception of the longitudinal 
Stress t,, vanish in a semiconductor stress transducer shaped into 
a thin rod oriented along [100]. Strains corresponding to this stress 
are 


Ty = Sula Га = Safi T3 = 8311 


The transducer operates in the longitudinal effect mode, so that 
J, = Ја = 0, E, = E, = 0, and according to (8.6) 


Eylo=j,(A+ I4) =/, (142 Hara ) 


$11 
The relative change in the resistivity of the transducer is 
Ap/p = Пу = Marisa 


For n-type silicon, p = 11.7 ohm. cm, M, = 102.2-10-12 cm?/dyne, 
$y, = 0.768.10-1? cm?/dyne, and for the strain r, = 5-10-4, AR/R = 
— Ap/p — 0.665. 

(ii) The relative change in the resistance of a piezoresistivity 
transducer due to a change in its dimensions is 


AR 2o 821721 m ENS 2519 
R “(1 Bp | = (1 Ја 

The first term in the parentheses appears as a result of elongation 
of the specimen, and the term (—s,, + s31)/s¡, appears as a result 
of a change in the cross-sectional area; numerically 


AR 0.428 m 

= (1 5. ose) 5-107*— 0.008 

The total change in the resistance of a filament-shaped piezoresistive 
ity transducer oriented along [100] is 


= (1 —2s,9/51 + Hu) ry = Ty 


As follows from the calculations for thin silicon transducers, the 
main contribution to the resistance increment (99% in the present 
case) results from a change in its resistivity. The same is true for 
other semiconductor piezoresistance transducers of this type. 
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The P sensitivity factor of the transducer is 
— Sie 1 pun 1 əə ər 

The output d for 5-10-* strain is 

IV| - IAR IR API pee TAX Iu, 23V 


8.3. Derive the expression S calculating the transverse piezo- 
resistivity effect in semiconductor crystals belonging to symmetry 
classes m3m and 43m, in an arbitrary direction. Find extremal 
values of transverse piezoresistivities, and the extremal directions 


corresponding to them. 
Solution. The transverse piezoresistivity is described by coeffi- 


cients Il;,, where i Æ 1, i, j = 1, 2, 3. 

If the mechanical stress acts along the axis X,, and the current 
density and field vectors are parallel to the axis X, the effect is 
represented by the coefficient 11,,. Consider the case when a uniaxial 
mechanical stress acts in the direction n (ni nə, ng) || X,, and the 
current and field are in the direction 1 (l, 75, l3) || X,. In this case 


Ii = 4122 = 1 ib Marl; ai Ha (nili + nil, + nl?) 
Tao (mah + nali + nils + nali + nala + nsl) 
-- 2П,, (Nanglalg + тапа + nns) 
In order to simplify the expression for II;,, make use of the squared 
condition of orthogonality of the vectors n and l: 
(ali + sls + nl) 0 or nili + nila nil: 
T 2 (тпаһ Һу + n4n3l4l5 + nonglal3) —0 
and of the fact that n and l are unit vectors: 
(n)--n3--n3) (4-43 
With these relations taken into account, we find the following 
expression for II,,: 
Hi, = Wye + HA (nili + nal; #7315), where HA = П,, — IT, — Hi, 
The extremum values of П,, are determined by the sum nil? + 


+ nil + nj, whose minimum is apparently zero. This corresponds 
to the following directions of n and 1: 


n I n 1 
(1, 0, 0) (0, 75, la) (0, no, n3) (1, О, О) 
(0, 1, О) (A, О, l3) or (nı, О, m3) (0, 1, О) 
(0, 0, 1) (A, 25, О) (rj, nə, О) (0, О, 1) 
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To find the maximum value of the sum nili + nilo + nilo, we 
use the method of the Lagrange multipliers, constructing a function 


= (nå + nl; nl) — M (n3 + n; 4- n3— 1) 
—Ag (+ 7 +1¿—1)-—-4 (41, + nəlş + nala) 
By differentiating f with respect to n; and l; and equating the 
derivatives to zero, we obtain 
ô 
7 =2m — 2n, —Al; =0 


of 
a T — Zli —An;= 0 


Multiplying öf/ön: by ni, 0f/0l; by li, and comparing the obtained 
expressions, we find nj = lí, or n; = --İ;. The expression 711, + 
+ nala + Hala = О now takes the form 


coniun n3=0 


The choice of only positive or only negative signs with all n,, 
Na, ng does not satisfy the normalization of the vector n. Consider 
one of the six remaining combinations of signs, for instance, HZ — 
— n + ni = О. By subtracting this equality from the normalization 
condition for n, we find 


=> 
wl 


was n 
iy mak os 


In addition, 


n= (ni +55 na), 1= (ni vg: ns) 


and nal + nl + onj$ = nt + 1/4 + nj. Taking into account that 
ni += 1/2, we find that the maximum of IIj, corresponds to 


1 1 1 1 
the directions of the type n (7z (17) 0). 173» 000) 


(there are six such directions altogether) and is equal to —1/2. The 
transverse effect coefficient varies, therefore, from II, to Mi + 
+(1/2) (II, — Iı, — His), and its maximum and minimum values 
depend on the sign of (II, — Thy» — Ty). > M 

8.4. Single-crystal p-PbTe specimens with carrier concentration 
1-3-1018 cm”? and cross section 10-2 cm? were prepared to determine 
piezoresistivities (symmetry class m3m). The orientation of the cuts 
and the schematic of the experiment are shown in Fig. 8.1. When 
the specimens were compressed by 9.8 N, the de resistivity of the 
first, second, and third specimens (Figs. 8.1a, b and c, respectively) 
decreased by 0.2496, 0.1596, and 1.2796, respectively. Calculate 
the piezoresistivities of p-PbTe crystals. 
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Solution. As shown by Fig. 8.1, the effects used are the longitud- 
inal effect in the first and third specimens (the directions of field and 
current coincide with that of the mechanical stress), and the trans- 
verse effect in the case of the second specimen (field and current 
are perpendicular to the stress). 

The piezoresistive properties of lead telluride are described by 
three independent coefficients IMi, Mia, and II,, while resistivity 
is a scalar. In the first specimen (Fig. 8.1a) 1, = —£, t, = t4 = О, 
jı = j, ja € İş 0, E, = E, E, = E, = О, so that the equation 
of piezoresistance takes the form 


. A 
E, == p (1+ Hd) =p + Ap, ZE —Mut, 


whence 
(—Ар/ор) (—Ap/p) _ 24.107* m 
202 x: o a an 
In the second specimen (Fig. 8.15) t, = —t, 1, = 24 = Ü, 1, = Í, 


ji j4 = 0, E, = E, E, = Е, = 0, and the equation of piezo- 
resistance takes the 7 


E. =p (1-+ Maty), SE Ha, П,, = = = 15.407? cm/dyne 





‘i: an third specimen izə 8.1c) the equation of piezoresistance 
takes the form 


AL p L Had 


PS l is the direction of the length of the sample defined by direce 
tion cosines (1/V 2, 1/V 2, 0). Therefore, according to (8.12), II; = 


= Z (Hu + I + Hu), and 


Ap İM iliş HE, 
p 2 t | 


IL, + Wye m, = 24582 — 25410712 em?/dyne 


This yields IL, = 215.10-12 cm?/dyne. 

8.5. Shear stresses and torques can be measured by semiconductor 
transducers operating in the shear piezoresistance mode. Derive the 
equation of this effect in an arbitrary direction in semiconductor 
crystals belonging to symmetry classes m3m, 43m. Find the extremal 
values of the effect, and the directions corresponding to these extrema. 

Solution. The shear piezoresistance is described by the constants 
II; (1= 1, 2, 3, ј = 4, 5, 6, and i, j = 4, 5, 6). 

If the electric field and electric current are parallel, the shear 
stress, for instance t,, affects the resistance of a semiconductor via 
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the coefficients IT,,, II,,, and II3,. On the other hand, the same shear 
stress t, affects the ratio of the field along the axis X4 to the current 
density along the axis X, via the constant IL,. In semiconductor 
crystals belonging to symmetry classes m3m and 43m, all constants 
of the first type (II,,, Haz, and П..), are zero so that in these crystals 
the piezoresistance effect is determined by nonzero and equal coef- 
ficients 


IL, mə Пә — Ies 


Consequently, the magnitude of the piezoresistance effect in the 
crystals belonging to the indicated symmetry classes in arbitrary 
direction is determined by the constant II;, along this direction. 
Consider the cases in which the mechanical shear stress t; (t, and 
t) is along the directions X; || n (n4, nəş, nə) and X; || 1 (A, la, 75), 
the field strength is along the axis X, and the current density along 
the axis Xə. Then 
Il, 
2 





== [Doge == Mil Mp lll; ipi 2355 (n; 
+ nil + nil L nil + nil?) 
+ 211,555 (ала. + gn, l3l, + ninal, lo) 
+ Dhun (Mil; + nala + nals) — 211,122 (nina + lila + nals) 
— Magos (nili + nala + nala) = Hoses + UH — 2115553 — Hi 122) 
x (138433438) Da L HA (13124 3840313), 
Hə — IL, + 2П (nili ni + nal) 


Looking for extrema of II;, (see Problem 8.3), we find that the first 
extremum, equal to II,,, corresponds to n of the type (1, О, О) 
and to 1 of the type (0, l,, İş), as well as to 1 of the type (1, 0, 0) 
and n of the type (О, na, n). 

The second extremum of II;, is equal to IL, + Пд = П,, — Is, 
and corresponds to the directions of n of the type (1/V 2, 1/V 2, 0) 
and directions of 1 of the type (1// 2, —1/V 2, О). 

As a result, the coefficients II;, vary as functions of the direction 
of shear stress in the range from İL, to Iı — 11),, and the minimum 
and maximum values of II;, depend on the magnitudes and signs 
of piezoresistances in different crystals. 

8.6. A technology of manufacturing semiconductor piezoresistive 
transducers that gained wide acceptance in recent years is the growth 
of germanium dendrite ribbon in the direction [211] on special seeds. 
The main advantage of this technology is the simple manufacturing 
process requiring only cutting the ribbon into transducers and 
providing the necessary leads. Calculate the stress sensitivity factor 


10—0475 
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of transducers made of n-germanium dendrite ribbon operating in 
the longitudinal piezoresistance mode and used for (i) measuring 
strains, and (ii) for measuring stress, compare this sensitivity to that 
of transducers cut along 11111. 

Solution. (i) The stress sensitivity factors of a transducer prepared 
for measuring strain in the longitudinal piezoresistive mode is 
defined as follows: 


AR 
gs dli 


where Il, and E, stand for the piezoresistance and Young's modulus 
along transducer's length. 


In a dendrite ribbon transducer 1 || 12111, (1, = 2/V 6, 1, =], = 


— 1/V 6), and the values of II, and E, are found from equations 
(8.12) and (8.17), respectively: 


Th = Mi Hi +4 (EL, + Wye — H) = — 73.8- 1072 cm?/dyne 


1 
m $41 — 0.5 (811 —513 — 0.9544) 


K=12111£12111= — 101 


(ii) The stress sensitivity factor of a transducer for measuring 
stress is equal to the magnitude of piezoresistance along the trans- 
ducer's axis, that is 


Mi211= — 73.8. 1071? em?/dyne 


In an n-germanium transducer cut along [111], rat = (1/3) II; + 
+ (2/3) (П,, — IL,) = —96.84-10-12 cm?/dyne. 

A comparison of these constants shows that the sensitivity factors 
of stress and strain transducers made of n-germanium dendrite 
ribbon are lower by a factor of 1, 3, and 1.75, respectively, than those 
of transducers cut along [111]. 

8.7. Longitudinal strains in design members of aircraft structures 
were measured with a p-silicon transducer 6 x 0.5 x 1 mm?, orient- 
ed along [111]. The transducer was connected in an electric circuit 
supplying it with a direct current of 0.02 A, and with counter voltage 
across reference transducer (Fig. 8.4). What was the strain in the 
tested member of the structure if the output signal was 0.63 V? 


= 1.37.1012 dyne/cm? 


Fig. 8.4. Schematic of a silicon 
Stress transducer for measuring 
longitudinal strain. 





— 
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Solution. If the circuit, used for measurements is that given 
in Fig. 8.4, then at zero strain of the active transducer we have 


IH, = 1,В,, that is, Vout = 0 


When the active transducer 1s strained, its resistance changes by 
AR,, so that 


Vout = 1, (Ry + AR) pu IR, D 1181 ap Afi) mu IR, = TAR, 


Therefore, the output signal is proportional to the increment in 
resistance. According to (8.15), 


L a 
АН, = RrKpii p тПалҜ̆ила 


мһепсе 


Vout 


Y = F 
Тора Nyy 1111] 


The piezoresistance and Young's modulus along [111] are found 
from relations (8.12) and (8.17), respectively, and for p-silicon are 
Muy = 93.53.1071? cm?/dyne, Eyn) = 1.88.1071? dyne/cm?, r = 
= 2.06-10-4. 

8.8. An n-germanium piezoresistive transducer, measuring the 
sum of principal stresses in a plane, is shown in Fig. 8.5. 

The transducer plane is oriented along (111), and the electric 
current is passed normally to this plane. What was the measured 
strain if the relative change in the transducer’s resistarice was 0.12%? 

Solution. If the current and electric field strength in the trans- 
ducer lie along n, the increment in the resistance of the transducer 
due to the stresses 1141 is given by the formula AR/R = ninjllijs itai. 


In our case n — (1/V 3, 1/V 3, 1/V 3), 


AR 1 
R — 3 ta (Is — Moor + Masa: + 20 ont + 211,3, 


1 2 
"m 214,1) = lu Lh 4-to + ta) + 3 Has (f + 12 + ta) 
+ $ a (€, + És + te) 


Fig. 8.5. Schematic of a germanium 
stress transducer for measuring the 
sum of principal stresses in a plane. 





10* 
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The strains are in the plane of the plate, so that t;,n, = 0. Hence, 
li + Lis + Lis = 0, that is, 


he + tig = —tu te + ts = —ty 

ter + fag = —İzg Or tg +t, = —İş 

İşi + fz32 = —İşş ts + t, = —ts 
whence 


2 (ig cis L Һ) = —(t, + ta + ts) 
Substituting £, + £j + fs into the expression for AR/R, we find 


4 
AB = (IL, L 211, — TI) (ti + t2 +t) 

Denote the principal stresses in the plane of the plate by £, and t,. 
Since tı + ta + t; is the trace of the tensor of stress suffered by 
the plate, it is equal to the sum of eigenvalues of the tensor, that 
is, ta + İb. 

In n-type germanium Il, + 2П,, — IL, = 123.2- 10-1? cm?/dyne, 
so that 

> SAR ani 

fesli R (I, +21 12 — Пал) oli 

8.9. One of the practical applications of semiconductor piezo- 
resistive transducers is to measure pressure. Which of semiconductor 
crystal materials, p-Ge, p-PbTe, or p-InSb, has the maximum sen- 
sitivity in sensors of hydrostatic pressure? 

Solution. The sensitivity of a semiconductor transducer of hydro- 
static pressure, based on the piezoresistance effect, is defined as 
the ratio of the relative change of resistance of a specimen, AR/R, 
due to hydrostatic pressure, to this pressure, that is 


AR 
Uae = — (ly, + 2113) 
Consequently, the sensitivity of p-Ge is 2.7, for p-PbTe, 115, 

and for p-InSb, 300, in units of 10717 cm?/dyne. The sensitivity of 

a p-InSb pressure transducer is thus three times that of a p-PbTe 

transducer, and 100 times that of a p-Ge transducer. 


PROBLEMS 


8.10. Calculate the change in the resistance of an indium anti- 
monide crystal specimen subjected to hydrostatic pressure of 107 Pa. 

8.11. An n-silicon piezoresistive transducer, shown in Fig. 8.5, 
was used to measure the principal stresses in a plane. The current 
is passed normally to the transducer plane parallel to (100). 
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What is the sum of the measured stresses if the resistance of the 
transducer was 0.11%? 

8.12. Calculate the stress sensitivity factor of a p-silicon stress 
transducer cut along [111], operating in the mode of (i) longitudinal 
piezoresistance and (ii) transverse piezoresistance measured along 
[110]. 

8.13. Calculate the minimum strain measurable by a semiconduc- 
tor transducer with the stress sensitivity factor 50 and the resistance 
100 ohm, if the thermal noise voltage of this transducer Vr œ 
œ 1.3-10-? V, and the output signal must exceed the noise voltage 
by a factor of 10. 

Assume that the current through the transducer is equal to 0.01 A. 

8.14. Piezoresistances of n-Ge single crystals with resistivity 
9.9.10-? ohm were measured on three specimens of 6 x 1 x 1 mm. 
The cuts and the schematic of the experiment are shown in Fig. 8.1. 
A uniaxial compressive stress of 10? Pa increased the resistances 
of the first, second, and third specimens (Figs. 8.1a, b, and c, res- 
pectively) by 0.279, 0.279, and 4.37 ohm, respectively. 

Calculate piezoresistivities of these single crystals. 

8.15. Compare the output signals generated by a metal and a semi- 
conductor transducers operating at a 0.0596 strain in a circuit shown 
in Fig. 8.4, if the transducer current is 20 mA. For the metal trans- 
ducer the stress sensitivity factor is K — 2, and R — 120 ohm. For 
the semiconductor transducer made of n-Ge and oriented along 
11111 R — 350 ohm. 

8.16. The resistance of a semiconductor transducer of hydrostatic 
pressure, made of p-InSb, changed by 3.24 ohm. The transducer size 
is 1.6 x 1 x 0.8 mm?. Calculate the corresponding pressure. 

8.17. Compare the stress sensitivity factor of a long thin stress 
transducer made of p-Si oriented along [111], with those of trans- 
mus made of;the same material and oriented along[100] and 

8.18. Find the range of possible variation of the coefficient deter- 
mining the shear piezoresistance in germanium and silicon crystals 
with p-type conductivity. 

8.19. Before piezoresistance of semiconductor crystals was dis- 
covered, metal stress transducers with stress sensitivity factor from 2 
to 4 were widely used in measurement instruments for stress analysis. 
Calculate the range of stress sensitivity factors for p-type silicon 
and germanium stress transducers operating in the longitudinal 
piezoresistance mode, and compare it with the stress sensitivity 
factor of metal transducers. 

8.20. Calculate elastoresistances of silicon crystals. 

8.21. Calculate the mechanical stress measurable by a thin p-Si 
stress transducer oriented along [111], if the output signal level 
exceeding by a factor of 10 the voltage of thermal noise in such 
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a transducer is 1.3. 107? V. The transducer resistance is 100 ohm, and 
the current through the transducer is 10 mA. 

8.22. A thin p-Ge transducer oriented along [111] and a metal 
transducer operate under 8-10-* strain in a circuit shown in Fig. 8.4. 
Calculate the output signal for both transducers, for transducer 
resistance 25 ohm, transducer current 20 mA, and metal trans- 
ducer's sensitivity factor 2. 

8.23. A p-Si filament stress transducer oriented along [111], with 
dimensions 15 x 1 x 0.5 mm?, was glued to an aircraft element 
to test its strain in the course of strength tests. What was the strain 
in the element if the maximum increment of the transducer's resist- 
ance was 2.44 ohm? 

8.24. Pressure in a high-temperature medium was measured with 
an n-Si transducer. Calculate the pressure in the medium if the 
transducer's resistance increment was 0.09%. 

8.25. Calculate the range of values of the stress sensitivity factor 
for n-Si wire transducers, on the basis of the extreme values of piezo- 
resistance. 

8.26. Which of the piezoresistances of rutile (symmetry class 
FL can be found in an experiment schematically shown in 

ig. 8.1? 


9. OPTICAL PROPERTIES 
OF CRYSTALS 


The main feature of the propagation of light through crystals, 
as compared to its propagation through isotropic media, is the 
existence of birefringence, also called double refraction: in the 
general case, not one but two light waves polarized in mutually 
perpendicular planes propagate along any direction in a crystal; 
these waves have diferent velocities and, consequently, different 
indices of refraction. This phenomenon is caused by the dielectric 
anisotropy of crystals. For light, the refractive index n = Y en = 
= civ, where e is the relative dielectric permittivity, u is the mag- 
netic permeability, and c and v are the light velocities in the vacuum 
and in the medium. For a transparent nonconducting medium we 
can safely assume that in the range of optical frequencies u ~ 1 
so that n ~ V s. 

In isotropic media the dielectric permittivity, and with it, re- 
fractive index are independent of the direction: D — £E, and the 
vectors D and E are collinear. In anisotropic media, D; = pb, 
where £i; is a rank two tensor. In the general case, the vectors D 
and E have different directions. 

All the peculiarities in light propagation through crystals follow 
from the solution of the Maxwell equations, taking into account 
the above matter equation, D; = &;;E;, or the equation 


E, = NkmD m (9.1) 


The vectors D, H, and m are mutually orthogonal. In other words, 
the vectors D and H are in the wave front plane perpendicular to m, 
which means that light waves are transverse. The vectors H and E 
are also orthogonal, but E is not parallel to D and lies in a plane 
perpendicular to the wavefront, at a certain angle to it (Fig. 9.1). 

By using the Maxwell equations and the matter equation in the 
form E; = n:/D), we can derive a system of equations which enable 
us to find the refractive indices and directions of the vectors D 
for different directions m of light propagation through a crystal, 
provided the dielectric impermeability of the crystal nı, is known. 

The Maxwell equations yield the following relation between the 
vectors m, E, and D for a plane light wave propagating along m: 


n?m x (m x E) = —D 
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Removing the brackets in the triple vector product and taking into 
account the mutual orientation of the vectors E, D, and m, we find 


E—m (m-E) = D (9.2) 


The left-hand side of (9.2) involves the component of E lying 
in the wavefront plane, that is, the component of E parallel to D 
(Fig. 9.1). In the coordinate form, we can rewrite (9.2), taking into 
account (9.1), as 


1 
(n5 — MiM Min) Ру=— Dr (9.3) 


Equation (9.3) is a system of three equations in unknown com- 
ponents of D, that is, D,, D,, D,, which has a nontrivial solution 
for a certain value of n determined from the condition of compati- 
bility of the system (9.3), namely, the condition of zero determinant 
of the system. 

Equations (9.3) thus yield the refractive indices of light waves, n, 
and the orientation of the vectors D with respect to coordinate system 
in which the tensor (ij) is given. 

Consider the system (9.3) in the coordinate system X,, X,, Xy 
chosen so that the axis X, is parallel to m, and the axes X, and X; 
lie in the wavefront plane. In this frame we have D (D,, Da, О), 
m (0, 0, mə), and equations (9.3) take the form 


(n4 — n?) D, + n5 D; =0 
12D, + (иә — n?) О, = 
where n”? are the eigenvalues of a two-dimensional tensor 


Mia Me (9.4) 








Me Ne 


Fig. 9.1. Mutual arrangement of 
vectors D, E, H, m, and S in the case 
of light propagation in an 
anisotropic medium. 
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and can be found from the condition 
—n? 
Th: Nhe a =( 
Nhe Tl22 n 


This gives (see the solution to Problem 4.3) 
1 a NƏL TENET. 
"22, =т [( + 922) + V (ni — Noo)? + (2012)) 


We thus find that two waves propagate in the direction m, witk 
refractive indices na) and n;a expressible in terms of the components 
of the tensor ni, in the chosen coordinate system X,, X,, X,. The 
velocities of these waves are 


Ра) = C/nqy, Dran = Ceg 


Clearly, as the direction m changes, so change mq) and 72), Vay 
and Va since for any new direction m, that is, in a new coordinate 
system, the components of the tensor ni? of the crystal will change 
accordingly. 

Each eigenvalue n-? corresponds to an eigenvector D. Let us find 
the eigenvector D'? for a wave propagating at a velocity vq: 


(nu — ri) DP + s ОЈ? =0, MDP (ias —n3)D?-—0 (9.5) 


If the coordinate axes X, and X, are chosen so that nms = O and 
m > "as, equations (9.5) yield that D© is parallel to X, since 
only the component D(? of D© does not vanish. For a wave with 
induction ОС) the refractive index nç) = 1/V nı. The same argu- 
ments show that D? is parallel to X,, and nan = 1/V nəş. 

The problem of finding the refractive indices and the directions. 
of induction vectors D® and D? for two waves propagating along m 
is thus rephrased to reducing to principal axis the two-dimensional 
tensor in the coordinate plane X,, X, coinciding with the wavefront 
plane (see Problem 4.3). 

The above arguments become geometrically clear if we use the 
representation surface of the tensor of dielectric impermeability Nij, 
also called the index ellipsoid, or optical indicatrix (Fig. 9.2). The 


Fig. 9.2. Construction of index 
ellipsoid of a crystal. 
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equation of the index ellipsoid is 
NijTiTj = 1 (9.6) 


This surface is an ellipsoid with the following important property: 
the central section perpendicular to m is an ellipse. The refractive 
indices of two waves propagating along m, na) and nia, are given 
by the lengths of the semiaxes of this ellipse, and the directions of 
these semiaxes give the directions of oscillation of the vectors D'b 
and D? for each of the two waves. 

In the lowest-symmetry crystals the rank two tensor characterizing 
a property of a crystal (in the present case it is the tensor of dielectric 
impermeability [n;;]) has three independent components; in the medi- 
um-symmetry crystals it has two, and in the highest-symmetry 
crystals only one independent component. The quantities 1111, Noo: 
and nz; are essentially positive, so that the index ellipsoid for the 
lowest-symmetry crystals is a triaxial ellipsoid 


2 2 2 
T4423 7-112225 2-113325 — 1 


‘or 
2 2 2 
x z z 
1: 72 3 
ni ni n3 


where n, = 1/V nış, n; = 1/Y Nog, and nz = 1/Y nz, are the so-called 
principal refractive indices of the crystal. 

In medium-symmetry crystals n,, = məş, so that the index ellip- 
:soid is an ellipsoid of revolution: 


2.1 2 2 
mü (7, 22) + 033525 = 1 





“OT 
2 "2 2 
ritas + 23 = 1 
ni ng 


In the highest-symmetry group of crystals the index ellipsoid 
«degenerates into a sphere: 


ma (z2 L 222-22) = 1 or pent 1 


If one of the sections of the index ellipsoid is a circle, this means 
that in the direction perpendicular to this section the propagating 
waves have identical phase velocities and identical refractive in- 
dices, and the direction of oscillations of the vector D is not de- 
fined. Only one wave with a velocity determined by the radius of 
the circular section of the index ellipsoid propagates in this direc- 
tion, that is, birefringence is absént. This direction is called the 
optical axis of the crystal. 

A triaxial ellipsoid has two circular sections whose radius is equa! 
to the medium-magnitude semiaxis of the ellipsoid (Fig. 9.3). Con- 
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sequently, the lowest-symmetry crystals have two optical axes, and 
are called optically biaxial. The following notation for refractive 
indices is usual: N, is the maximum, N, is the minimum, and 
Nm is the medium refractive index. Light propagating along an 
optical axis has the refractive index Nm. The optical axes lie in the 
plane of the ellipsoid determined by its semiaxes N, and Ny; this 
plane is referred to as the plane of optical axes. The acute angle 
between the optical axes is called the optical axes angle and is 
denoted by 2V (Fig. 9.4). 

An ellipsoid of revolution has a single central circular section 
perpendicular to its symmetry axes of indefinite order. The direction 
of this axis coincides with the optical axis of the crystal. The medium- 
symmetry crystals thus have a single optical axis, and are said to be 
optically uniaxial. The direction of the optical axis is that of the 
symmetry axis of maximum order. All other central sections of the 
ellipsoid of revolution necessarily have one semiaxis equal to the 
radius of the circular section (Fig. 9.5). The length of the other 
semiaxes varies from the radius of the circular section to the length 
of the semiaxis in the direction of the infinite-fold symmetry axis of 
the ellipsoid of revolution. This means that one wave in the uniaxial 
crystal has the same refractive index independent of the direction 
of propagation; this wave is said to be ordinary, and its refractive 
index is denoted by N,. The refractive index of the other wave 
depends on the direction of propagation, and varies from Ne to Ne- 
This wave is called extraordinary. 

By convention, uniaxial crystals are subsummed into optically 
positive (Ne > No) and optically negative (No > Ne). The differ- 
ence An = N, — N, is a measure of birefringence of a crystal, and 
gives one of its most important optical characteristics. 

The optical indicatrix of cubic crystals is a sphere. Any of its 
central sections is a circle. Consequently, only one wave propagates 


Fig. 9.3. Index ellipsoid of a Fig. 9.4. Index ellipsoid of a 
biaxial crystal. biaxial crystal, with a given angle 
between optic axes. 
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through cubic crystals in any direction, and its refractive index is 
independent of direction and equal to the radius of the sphere. Cubic 
crystals behave as isotropic media with respect to light propagation. 

In biaxial crystals, the refractive index of each of the two waves 
depends on direction, therefore, both waves are extraordinary. 
A biaxial crystal i is said to be positive when Vz, — Nm > A, — Np, 
that is, N, is the bisector of the acute angle 2V. Biaxial “crystals 
in which the bisector of the acute angle is JV, are said to be optically 
negative. 

In addition to birefringence, dielectric anisotropy of crystals 
results in another important feature of optical phenomena in crystals: 
in the general case, the direction of the normal to the wavefront, 
that is, the direction of propagation of the wavefront or of the phase 
of oscillations does not coincide with the direction of the light 
beam, that is, with the direction of energy propagation of the light 
wave. Consequently, the phase and wave velocity and the correspond- 
ing refractive indices for the wave and the beam become different. 

Indeed, the propagation of energy in an electromagnetic wave is 
described by the Pointing vector: 


1 
5-- EXH 


The vector H lies in the wavefront plane, and E does not, so that 
the vector product of these vectors, S, is not parallel to m but lies 
in the plane of the vectors D and E. Two waves, one with D® and 
another with D), propagate along m, so that two beams 50) and S( 
propagate at angles o and $ to m (Fig. 9.6). 

These angles are equal to the angles between the vectors D and E 
and can be calculated by the formulas 


D().E(2) 
DOES] 


Fig. 9.5. Index ellipsoid of a 
uniaxial crystal. 


DQ). EQ) 
DO [EO] 


cos a = , cosp— 
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Correspondingly, the velocity of light wave propagation along one 
of the beams is u = v/cos a. We may introduce a quantity q = u/c, 
reciprocal of the refractive index for the beam and related to the 
refractive index of the wave, n, by the formula 


q = 1/(n cos a) 


The quantity q for the second beam with the wave normal m is 
defined in a similar manner. 


Examples of Problems 
with Solutions 


9.1. Find the angle between the normal to the wavefront and the 
beam for a light wave propagating in the direction m (mı, mə, mə) 
if the dielectric impermeability of the crystal is 


“m0 07 
[n;j]-| 0 m О 
-0 О nə. 


Plan of Solution. The graphic solution of this problem, using 
the index ellipsoid, goes through the following stages: 

(i) Construction of the section of the index ellipsoid, perpendicular 
to m. 

(ii) Calculation of the lengths and directions of semiaxes of the 
obtained elliptical section. 

The lengths of semiaxes will give the values of refractive indices, 
nay and n:an: of the two waves, and the directions of semiaxes will 
give the directions of the vectors ВӘ) and D? of these waves 
(Fig. 9.7). 

The index ellipsoid will not be required at the further stages in 
the solution. 

Equation E; = n:/D?, will give the direction of the vectors Е0) 
and E? for each of the vectors D. For each wave propagating 
along m at its specific velocity, we find a specific angle between 


Fig. 9.6. Mutual arrangement of the 
wavefront normal m of light wave 
and two vectors 50) and s(2 of the 
rays corresponding to the light wave. 
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the vectors D and E, and correspondingly, two directions of light 
beam propagation, 80) and s. 

The analytical solution of this problem follows a similar pro- 
gramme. 

(i) To construct the section of the index ellipsoid, perpendicular 
to m, a coordinate system X;, Xj, X, such that X; is parallel 
to m, and X, and X; satisfy the conditions of orthogonality and 
right-handedness of the coordinate system, is chosen. 

(ii) The matrix of transition from Xı, X,, X, to Xj, Xj, X; 
is found. 

(iii) nj; and the section of the ellipsoid, perpendicular to X;, 
whose equation is written in terms of the components of a two- 
dimensional tensor 


La a 

Nos "ss 

is found in the new coordinate system; this tensor is reduced to the 
principal axes, that is, its principal values are found, making it 
possible to find the refractive indices of the two waves and the direc- 
tions of semiaxes, that is, the directions of the vectors D® and D? 
with respect to the coordinate system X,, X,, Xj. 

(iv) The vectors EC) and E© are then found: 


EY = nə Dy? 
EP — məb)” 
(v) The angle betveen the beam and the normal to the vavefront, 
q, is equal to the angle between the vectors E and D so that 
Е0).р0) 
cos P= TEM] [DOO] 


Likewise, the value of q, is found. 
Solution. (i) Let us find the unit vectors y(D, y%, y? of the 
coordinate system Xj, X,, X.. By virtue of the conditions imposed 


Fig. 9.7. Construction of the section 
of index ellipsoid perpendicular to 
wavefront normal m. 
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on the choice of the frame X;, X;, Xj, уб) = (mı, Mz, ma), y? is 
chosen to be orthogonal to yo, and PI to be orthogonal to yü) 
and y%. As a result, 


yo = (m4, тә, mə) 
y® = (1, О, 0) + yo) 
y = (О, 1, 0) + pry + payo 
where u, Uy, and p, are numerical factors found from the constraints 
ус). уб) = 0, ybD.y$6 = 0, y. y = 0 
For y% we find the value of y: 
уд.уб)=ти -- ру. уб) =0 


s ЛИФ ə 
B= yayi = 1 
For y€) we find u, and uş: 


y? ey) =M, + pay? ey) + py? yO —0 








= Ing: vm 
hi yoyo — M2 
. | 2. — mim, mim, 
yəyə — mam, + pay). yP H Hay? yO, p= Sanya; = Tome 
As a result, 
y = (та, m ms) 
y? =(1—m mi; — MMs; — татә) 
: mimi mim?m3 
уд) = ( —тут + mms; 1— mi— TPT Hama e) 


After normalizing each of the vectors y to unity, we find: 
y" = (my; m3; my) 
(2) = 1— m; ua = ас. 
3 (V 5 y 1—mi V 1—mi ) 
as ——] 
Vi-m ” yi—nmi 
Correspondingly, the matrix of transition from X,, X,, X, to 
Xi, Х,, X, is 


y (8) = (0: 


m, Ma m3 

m,ms m4ms 

Cy=| Vi-m ^ vi-m Vi-mi 
ms Ma 


0 V1 — mi V 1—m? 
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“The determinant of this matrix equals —1. Hence, the transforma- 
tion by means of the matrix Ст, transforms the right-handed system 
into a left-handed one. To keep the system Xj, X, X, right-handed, 

we commute the subscripts in the coordinate axes x and Xj, thus 
<ommuting the second and third rows of the matrix Ci ih Denoting 


J= V1— m, — mi, we finally obtain 





m, mə mə 
qa. Zə 
Ci;— B ј j 
. Туту Туту 
İ İ f 


(ii). Let us transform the tensor [n;;] to the new coordinate system 
via the formula 


[nis] =CinC mii 











‘This gives 
[ni] = 
| mèn, + mme + mM, m s — — ə Ns fm, — — mə 3 ns 1 
Tin +n ә ә Ne ә 
AR fy c un син | 





“To simplify the formulas, introduce the notations 
[^ b 
LD c 


for the two-dimensional tensor 





ә he q, za "İl uu (n5 — 5 
| seen . po +2 L as HL 


and transform this tensor to the 2 axes by thejmethod de- 
scribed in Problem 4.3: 


E M — 4 (a+c) 4 ae —b 0 
b cal” a, Leto VE 





Note that M = n, where n, is the refractive index of one of the 
waves propagating along m, A, = nj, where n is the refractive 
index of the other wave. i 
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The refractive indices nj) and n;a can be expressed in terms of 
the basic values of dielectric impermeability, nı, Nz, and nz, and 
the direction cosines of the wave propagation direction, that is, 
the components of the vector m. 

The directions of eigenvectors d@) and d? of the two-dimensional 
tensor will be found from the conditions 

midi” = adi”, d = hadi” 

ad;P + bds? = Ad), bdşb edə” = Adə” 

(a — A.) dg? — baş” —0, bab + (c— A) dg? = 0 


which gives 








di b dae sha 

dəq, CIE 
Let 

b. and dY=14, then d, = — b/(a — Àj) 

dU a—h gi iş 2 / 1 
Finally, this gives the vector 402: 

2b 
di) q 
| (a —e)—-V/ (ae ao? ) 


The components of d? can be found from the condition of ortho- 
gonality of the vectors d®, d©, and m: 


do = (0, 1, =) 
(a —c) + Y (a—c)? + 4b? 
Now that the directions of the vectors D® and D© of the light 
waves are known, we find in the coordinate system Xj, Xj, Xy: 


D D (22 (2) 
EP = О), EP = 10) 


and finally 
E@).D@) E(?).D(2) 


cos Pi = TEM] DH]? 999:— TEGTİDO 


9.2. Find the angle between the normal to the wavefront m and 
the beam direction s for light waves propagating in a LiNbO, crystal 
in a direction at 30° to the optic axis of the crystal. 

Solution. A section of the index ellipsoid of the crystal by the 
coordinate plane X,X, is given in Fig. 9.8. We are solving for the 
direction m lying in this plane. As the symmetry axis 3 is a sym- 
metry axis of infinite order with respect to the optical properties, 
the result obtained will be valid for all directions generated from m 
by rotating around X,, and forming a continuous cone of directions. 

To solve the problem, we shall use the results of Problem 9.1. 
It is clear from Fig. 9.8 that m — m (sin 0, 0, cos 0). The matrix 


11—0475 
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of transition from X,, Xs X; to Xj, Xj, X, is 
sing 0 cos 0 
Ci=| 0 1 0 
cos0 0 —-sin8 


In the X,, X;, X; coordinate system the tensor [njj] is: 
sin? 0n, + cos? 01; 0 sin 6 соз 0y, —cos 0 sin 015 | 
[nij] = 0 Ni 0 
_sin8 cos 8n,— cos O sin Ӧтјз О cos? On, + sin? 0113 
As follows from the solution to Problem 9.1, d@ = (О, О, 1). Let 
| D? | = 1. Then we obtain for ED; 
E" = (sin 0 cos ön, — cos 0 sin Ong) 
EP =0 
EP = (cos? Ön, + sin? Ons) 
For q we now find 
Е0).р0) 
EO] |DO] 
cos? On, +sin? On, 
— (sin? 0 cos? On? + cos? 0 sin? 0712 + cos? On? + sin? 01$)! /? 
cos? 0n, + sin? On; 
— Th? (cost 0 + sin? 0 cos? 6) + nå (sin? 0+ sin? 0 cos? 0)11/2 


For LiNbO, we find nı = 0.023, n, = 0.030, 0 = 30°, cos q, = 
= 0.992, q, = 6”, 42) = (0, 1, 0), and EO = (0, n,D,, О). The 
vectors EO and DO» are collinear: cos p, = 1, Ф = 

We thus see that for a wave with the plane of oscillations coin- 
ciding with the plane of the drawing, that is, for the extraordinary 
wave, the directions m and s do not coincide and are at an angle q. 


COS Ф, = 


x. Fig. 9.8. Section of index ellipsoid 
Ы of a crystal by the coordinate 


R plane X,X;. 


9. Optical Properties of Crystals 163 


For a wave with the plane of oscillations perpendicular to that of 
the drawing, that is, for the ordinary wave, ọ = O and m ||s. In 
optically biaxial crystals both waves would be extraordinary, and 
the angles p, and p, would be nonzero and not equal to each other. 

9.3. Calculate the birefringence of an Z-cut rochelle salt plate. 
Calculate the thickness of a plate creating the optical path difference 
equal to a half-wavelength for A = 0.63 um. 

Solution. Quantitatively, birefringence of a crystal plate is 
defined as the difference between refractive indices n, and n, of two 
waves propagating normally to the plate: 


An = n, — ng 

The principal dielectric impermeabilities of rochelle salt are 
m= = = 0.4462, m= —0.4704, hə =0.4505 

As the birefringence must be found for the L-cut (see Fig. 2.4), we 


have m (1/3, 1/3, 1/1/3). 
To move further, we shall use the results of Problem 9.1: 


из (040) A Ça (040) —V/ (a—o FE 
1 7 2 , 254 a ee Ee 


where a, b, and c are the components of the two-dimensional tensor 
which in our case takes the form 


0.460 — sə 
— 0.005 0.365 


Substituting the values of a, b, and c into the formulas for n, 
and n,, we find these indices and birefringence An = 0.181. 

For a given birefringence of a plate, An, the path difference be- 
tween light waves transmitted through a plate of thickness d is 


T = An-d 


In our case Г = A/2 = 0.5.63.10-6 cm. Consequently, the required 
plate thickness is 4 = 16.5-10-9 cm. 

9.4. Find the angle of refraction r of the extraordinary wave in 
a calcite crystal plate for light incident at the plate at an angle 
of 30?. The cut of the plate is such that the optical axis is at an 
angle of 15? to the normal to the plate, and lies in the plane of in- 
cidence. 

Solution. This problem can be solved by using the Huygens con- 
struction. Let us make use of the momentum conservation of a light 
wave in the course of refraction. The vector k of a light wave is the 
momentum of the corresponding photon, and must be conserved under 
refraction. Consequently, the component of k parallel to the inter- 
face is continuous on this interface. 


11* 
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In order to determine the angle r, draw a circle centred at the 
incidence point P, with the radius k,, where k, is the wave vector 
of the incident wave, and an ellipse centred at the same point repre- 
senting the locus of the tips of wave vectors for different directions 
of light propagation in the crystal (see Fig. 9.9). In order to find 
the directions of refracted waves, extend the incident wave to its 
intersection with the circle, and then draw through this intersection 
point a perpendicular to the interface. 

The line connecting the point P with the point of intersection 
of the perpendicular and the ellipse gives the direction of the refracted 
wave. Indeed, both of the thus constructed vectors k, and k, have 
identical components parallel to the crystal surface. 

Note that since k = (0/c)nm, the above-constructed ellipse can 
be considered as the section of the index ellipsoid by the light inci- 
dence plane, rotated by 90? with respect to the perpendicular to the 
incidence plane. Let us write the equation of the section using the 
principal axes of the surface as coordinate axes: i 


1:2, + 1:23 1 
Let us transform the coordinate system so that the axis X; be parallel 
to the crystal surface. This transformation corresponds to rotating 
the coordinate axes by an angle a between the optic axis of the 
crystal and the normal to the plate surface. 

The corresponding matrix of transformation is 


1 0 0 
C;;—|0 cosa — 5110, 
O sina cos О 


In the new coordinate system the sought section of the index ellipsoid 
will have the equation 


(cos? anè + sin? ani) z, + (sin? anë + cos? aa) 23” 
-+ (nå — nå) sin 2az,z;=1 (9.7) 


Fig. 9.9. Section of index 
ellipsoid of a crystal by the 
incidence plane. 
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As follows from Fig. 9.9, cot r = z;/x;, and sini = z, By sub- 
stituting this into (9.7), we find 
(sin? an; + cos? an) cot? r + (n; — n3) sin 2a cot r 
+ (cos? an; + sin? oj) — 1/sin? i = 0 
(n3— n3) sin 2a + V n2 sin? &/sin?i + ni cos? &/sin? i — nèn? 
2 (sin? 2112 + cos? am) 


At the conditions given in the problem, we obtain for the refrac- 
tion of light by calcite plate 


cot r = 2.764, r = 19?7'. 


cotr= 


9.5. An optical system is formed by a polarizer, a crystal, and 
an analyzer (Fig. 9.10). Find the intensity of the light transmitted 
through this system if the planes of oscillation in the analyzer 
and the polarizer are at an angle y, and the plane of oscillations in 
the crystal is at angles o and f to the corresponding planes in the 
polarizer and analyzer. 

Find the mutual arrangement of the polarizer, analyzer, and crystal 
providing the maximum intensity of the transmitted light, and 
that for the minimum intensity of the transmitted light. 

Solution. Figure 9.10 shows the section of the index ellipsoid 
by the surface of the crystal plate which is perpendicular to the 
incident wave coming from the polarizer; J and IJ denote the direc- 
tions of semiaxes of this section, and hence, the directions of oscilla- 
tions in the crystal. 

Let n, and n, be the refractive indices for waves with oscillation 
directions J and 77, respectively. After the passage through a d-thick 
plate the two waves gain a phase difference 


Pa A d (n, — ny) 

The intensity of light leaving the analyzer is 

I = (0A? + (04-15 —2 (OA), (043) cos © 

SRL. es dar 


intensity of light transmitted by the 
analyzer-polarizer system. 
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where OA, and OA, are the amplitudes of the transmitted waves, 
and can be expressed in terms of the amplitudes of light transmitted 
through the polarizer and the amplitudes of light in the crystal, 
OM, and OM,. 

Denote the intensity of the light transmitted through the'polarizer 
by OP. Then ОР = VI, OM, = VI, cos a, OM, = V T, sin a, 
OA, = VI, cosa cos B, OA, = V I, sin a sin f 

After substituting these expressions into the formula for the output 
intensity, we find 


I = 1, cos? y + 1, sin 2a sin 2p sin? -— 


In crossed Nicol prisms, J = 1, sin? 2a sin? Y > . İn this case the 


maximum light intensity is observed for the d thickness cor- 
responding to the phase difference q = n. When the crystal is 
rotated 360? around the normal to the plate, the total extinction 
will be observed four times, and total transparency four times. 
If, however, ф = 2x for any setting of the plate, that is, for any o, 
the screen will never be illuminated. 

If the analyzer and polarizer are parallel, 


I= 1,—1, sin? 2a sin? + 


The maximum transparency of the plate in crossed Nicol prisms 
will correspond to extinction in parallel Nicols. 


PROBLEMS 


9.6. Calculate birefringence in a quartz plate cut parallel to the 
optic axis of the crystal. Find the phase difference between the or- 
dinary and extraordinary wavelengths for A = 5.9-1073 cm, for the 
plate thickness 0.4 mm. 

9.7. What is the birefringence of quartz along the normal to the 
face of a rhombohedron? The rhombohedron face (1011) is at an 
angle of 142° to the prism face (1010). 

9.8. Find the optical sign of a rhombic crystal if the X-cut plate 
has the birefringence 0.019, and the Y-cut plate, 0.036. 

9.9. Calculate the thickness of a calcite plate cleaved along the 
cleavage plane (1011) providing the path difference T = 1000 nm. 

9.10. What should be the orientation of a gypsum plate to provide 
maximum path difference at the minimum thickness? Calculate 
the plate thickness making it a quarter-wave plate for the light with 
A = 5.46-1075 cm. 

9.11. Calculate the thickness of an X-cut calcite plate capable 
of compensating for the natural birefringence of lithium iodate plate 
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1 mm thick, cut at an angle of 28.9” to the axis X,. The light wave- 
length is A — 0.43 um. 

9.12. What pattern will be observed on the screen if a narrow non- 
polarized beam passes through two identical calcite plates cleaved 
along cleavage planes, when the plates have (i) parallel optic 
axes? (ii) the second plate is rotated around the normal to the plate 
by 45? with respect to the initial position? (iii) by 90% (iv) by 180”? 

9.13. Find the angle between the wavefront normal and the extra- 
ordinary beam when the light wave propagates at an angle of 60” 
to the optic axis of a tourmaline crystal. 

9.14. Find the "beam displacement"* in the case of light propa- 
gation along the synchronism direction in a KDP crystal, for the 
plate thickness 8 mm, and the synchronism direction at 49” to the 
axis 4. 

9.15. Find the angle of maximum separation of the ordinary and 
extraordinary waves in calcite. What is the crystallographic direc- 
tion for which this angle is realized? 

9.16. Compare the values of maximum birefringence and maximum 
angular separation of the ordinary and extraordinary waves in 
quartz, calcite, saltpeter, and rutile crystals. 

9.17. Find the orientation of a plate with respect to the optic 
axis in an optically uniaxial crystal, for which the refracted extra- 
ordinary beam is in the same plane with the incident beam and the 
normal to the surface, that is, in the incidence plane. What is the 
plate orientation when the beam is out of the incidence plane? 

9.18. What pattern will be observed on a screen when a narrow 
non-polarized light beam is transmitted through a cleaved calcite 
plate? What will happen when the plate is rotated around the normal 
to its surface? Obtain the answers by using the Huygens construc- 
tion. 

9.19. Find the distance on the screen between two beams formed 
after the light beam passes through a 2 mm thick cleaved calcite 
plate. 

9.20. Find the intensity of light transmitted through a polarizer- 
crystal-analyzer system if the polarizer and analyzer are crossed, 
and the plate cut from a KDP crystal parallel to its optic axis is 
oriented with the optic axis at 45? to the plane of oscillations in the 
polarizer. The plate thickness is 5 mm, 4 — 0.54 um (in Problems 
9.20 through 9.25 neglect the absorption of light in crystals). 

9.21. Find the orientation of the plate in Problem 9.20, giving 
the maximum intensity of the transmitted light. 

9.22. Calculate the thickness of a plate cut from a tourmaline 
crystal parallel to its optic axis, for which the intensity of light trans- 
mitted through the polarizer-crystal-analyzer system is independent 


* On beam displacement, see Sec. 12, p. 214. 
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of the angle of rotation of the plate around the direction  perpen- 
dicular to its surface. Assume A — 0.43 um 

9.23. The intensity of light is diminished when the beam is trans- 
mitted through a polarizer and analyzer rotated to form an angle 
q between the respective polarization planes. Find the relative error 
in determining light intensity produced by an error Aq in measur- 
ing the angle between the polarizer and analyzer oscillation planes. 

9.24. Calculate the ratio of intensities of the ordinary and extra- 
ordinary beams traversing successively two cleaved calcite plates of 
identical thickness, rotated with respect to each other by 90°. 

9.25. Calculate intensity of light transmitted through a polarizer- 
crystal-analyzer system if the polarizer and analyzer are crossed, 
and the crystal is a rochelle salt cube cut with the edges parallel to 
the symmetry axes 2, with the edge length of 1 cm. Consider the 
cases of light incident on the specimen's face coinciding with the 
plane of optic axes, and on the face perpendicular to the bisector 
of the angle between the optic axes. Denote the incident light inten- 
sity by J), and assume A = 1.06 um. 

9.26. A narrow light beam is incident at a glancing angle on an 
ammonium sulphate crystal plate cut parallel to the optic axis. 
The ordinary and extraordinary beams emerging from the plate are 
um by 1.75 mm. Find the plate thickness. Vy = 1.525, Ne = 
= 1.479. 

9.27. Show that in a plate cut from a uniaxial crystal with the 
optic axis perpendicular to the refracting surface, the refracted beams 
and the optic axis lie in the same plane. 

9.28. What is the difference between the principles of beam sepa- 
ration in the Wollaston and Rochon prisms (Fig. 9.11)? 

9.29. A Wollaston prism is cut from calcite. The refraction 
angle of the prism is 15”. Find the beam separation angle produced 
by this prism. 

9.30. Calculate the refraction angle of a Rochon prism giving the 
beam separation angle 5”. 


Fig. 9.11. (a) Rochon prism, and 
(b)iWallastone prism. 
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9.31. What is the beam separation angle in a Wollaston prism 
with the refraction angle 30%? 

9.32. Find the maximum angle between the beam and the wave- 
front normal in crystalline lithium niobate. 

9.33. A thin calcite plate cut parallel to the optic axis is placed 
between the crossed polarizer and analyzer. The plate can be rotated 
around the normal to its surface. Find the rotation angle correspond- 
ingto the maximum intensity of light transmitted by the system. 

9.34. Calculate the plate thickness which transforms the white 
light transmitted through the system described in Problem 9.33 
into the red light. What effect will be observed if the polarizer and 
analyzer are rotated synchronously? 

9.35. Calculate the thickness of calcite and ‘quartz plates which 
can be used as quarter-wave plates for red, green, and violet light 
(neglect the dispersion of light). 

9.36. Calculate exactly the necessary thickness of a quarter-wave 
calcite plate for A — 889 nm, under the constraint that d > 1 mm. 

9.37. Indicate the difference produced by rotating, between an 
analyzer and a polarizer (see Problem 9.5), (i) a single-crystal mica 
plate, and (ii) a stack of randomly oriented mica plates with the 
aggregate thickness equal to that of the single-crystal plate. 

9.38. What is the reason for coloring of a thin birefringent plate 
placed between crossed Nicols and illuminated by white light? 

9.39. Calculate the optic sign of a biaxial crystal if N, — Nm = 
= 0.036, N, — Ap = 0.019. 


10. PIEZOOPTICAL PROPERTIES 
OF CRYSTALS 


The piezooptical effect (photoelasticity) consists in changes in 
the optical properties of crystals produced by static or alternating 
external mechanical stresses, and is described in terms of changes 
in the index ellipsoid. 

When a crystal is placed in a mechanical stress field, the shape 
and orientation of the index ellipsoid are changed, and in the general 
case the new principal axes deviate from those of the original ellip- 
soid. The general equation of the index ellipsoid in an arbitrary 
coordinate system X,, X,, X,, whose origin coincides with that 
of the main (crystallophysical) coordinate system, can be written 
in the following form: 


Tac; + N2223 + 13325 + 2N 230203 + 2052423 +29 122,0, = 1 (10.1) 


An applied mechanical stress produces changes Ani; in dielectric 
impermeability (polarization constants, as the coefficients of the 
tensor of dielectric impermeability are usually termed in the liter- 
ature dealing with the piezooptic, elastooptic, and electrooptic 
effects): 


AT; =i — ni, (10.2) 


To the accuracy of first-order terms, the increments in the dielectric 
impermeability tensor components are proportional to mechanical 
Stresses: 


Ani; = тијмыба : (10.3) 
These increments can also be expressed in terms of strains: 
Ani; = Dijki hi (10.4) 


Such a change in the optical indicatrix of the crystal due to straining 
is called the elastooptical effect. The coefficients лаја and Pijri 
form a rank four tensor, and are called the piezooptical and elastoop- 
tical constants, respectively. As 


Ani; = Ayy, tri = tim 
we find for zero bulk moments 


Nijht = Njikl = Јијаһ = yl 
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Matrix Notation 


In the matrix notation Eqs. (10.3) and (10.4) can be rewritten 
in the form 


Anm = Лапаба (10.5) 
Anm = Pmntn (10.6) 
where 


Tas = Nijnt if n = 1, 2, or 3 
Лип 2miaidi = 4, 5, or 6 


and Pmn are dimensionless elastooptical coefficients, and P,,, = 
= Pijpı for all m and n. In the general case 


Nmn # Tam Pin Æ Pam 


The piezooptical and elastooptical coefficients are related by the fol- 
lowing formulas: 

Руһ = MmrCrny Amn = PmrSrn (10.7) 
where cr, are elastic stiffnesses and s,, are elastic compliances. 

Matrices (1t;;) and (P;;) for crystals belonging to various crystal- 
lographic classes are listed in Table 11. 

The piezooptical and elastooptical effects are observed in crystals 
of all symmetries because the elastooptical and piezooptical coeffi- 
cients are components of the even-rank tensor. 


To solve specific problems, it is convenient to represent equations 
(10.5) and (10.6) by the following table. 


Table 10.1 

| ty | te | İş | ta | ts | iş 
Anı Лал Tie Лиз Tia Tis Лав 
An; Toy Taş T23 Tog Tos Tos 
An: Ла: T32 Лаз Лав Лав Лав 
Ала Ла To Tag Taa Tas Tas 
An; Ли Tse Ts T4 Ts Tse 
Ans ur Tez Tes Tes Tes Tes 


Longitudinal 
and Transverse 
Piezooptical Effect 


The longitudinal and transverse effects are very important for 
practical applications. The longitudinal piezooptical effect is the 
effect of induced birefringence, observed in the direction of applica- 
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Fig. 10.1. Schematic ura m 


of the (a) longitudinal and 
transverse piezooptical effect. 


Light 





(a) (6) 


tion of a uniaxial mechanical stress (the mechanical stress and light 
propagation directions are parallel) (Fig. 10.12). 

The transverse piezooptical effect is the effect observed in the 
direction perpendicular to a uniaxial mechanical stress (Fig. 10.15). 


Examples of Problems 
with Solutions 


10.1. A mechanical stress is applied along a fourfold axis to 
a 1 x 1 x1cm*cubic specimen of rock salt cleaved along the planes 
(100). Calculate this stress if the path difference for the ordinary 
and extraordinary beams with wavelength 5890 Á, measured along 
11001, was found to be 10.2.1075 cm. 

Solution. The symmetry of rock salt is m3m (see Table 14); 
hence, at zero stress the index ellipsoid of this cube degenerates to 
a sphere 


No (2i + 23 d- 23) = 1 
where n, = 1/n. In the case of uniaxial tension of a cube along 
[100], the mechanical stress tensor has a single component 1, = t. 


The corresponding increments of the components of the dielectric 
impermeability tensor are 


An, = nnt 
Апа = An; = Sat 
An, = Ans = Ang = О 
The equation of the modified index ellipsoid takes the form 
(Mo + Ani):z? + (Mo + Ane) 23+ (no + Ans) 22 == 1 
or 
1523 + Ne (t+ 23) = 1 


10. Piezooptical Properties of Crystals 173 


Since n, = N; = Ne = 0, the axes of this index ellipsoid coincide 
with the crystallophysical axes X,, X,, Xy; this means that a ten- 
sion along [100] only deforms but does not rotate the axes of the 
index ellipsoid in rock salt. 

Let us find the three principal refractive indices: 








1 1 1 1 
hp———— —-һ-ҝи-— =——=–=———–—ҝ- 
Vm Vintin Vm Vİ1HAn:/no 
——| 1 An )= b 4 Anı 
Yn 2008 Vm 2 n Vm 


1 1 
= Мо — y NoAnı—No— y Nena 
Similarly, 
n, =n =N, — + Nin 


Hence, the optical indicatrix of rock salt extended along [100] 
becomes an ellipsoid of revolution, and a rock salt cube behaves 
as a uniaxial crystal. 

The same result can be derived from the Curie principle (see Prob- 
lem 2.3). 

The birefringence for light beams propagating along [010] is given 
by the relation 


1 
An=n,—n3 = — 5 No (Лу — T12) É 
whence 
" -5. 
P 2 — EE AA 5409 Pa 
3 N3 (та—ли)4 3 (1.51)2-1.24-10-11.4 


10.2. A photoelastic germanium  birefringence modulator used 
to modulate radiation in the infrared range is oriented with the 
axis [111] in the direction of uniaxial mechanical stress. Calculate 
the maximum birefringence induced by mechanical stress along 
[111]. What mode, longitudinal or transverse, must be chosen 
for this modulator? 

Solution. The equation of index ellipsoid of unstressed m3m 
crystal is 


7 (zj 4- 75-475) = 1 


In the crystallophysical coordinate system a uniaxial mechanical 
stress along [111] is represented by a tensor 


m E 
ttit 
ttt 


tle 
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According to (10.5), the increments of polarization constants are 


1 

An, Ana = Ans — Ur + 2349) 
1 

An, = An; = Ans = 3 Tu 


In the initial coordinate system the equation of index ellipsoid be- 
comes 


[n +5 (744 + 27040) t | (zi + 23+ әд) + ma (2,2, + 2423+ 2,13) =1 


and the tensor of polarization constants then takes the form 
“Œ b 


b c b 
b b c | 
where 


1 1 
с= yt zt Un + 2149), b—- Tas 
By determining the principal values of the tensor İn:/l, we find 


A ha —c —b, Aş c-b, 
and the directions X,, X;, Xj, corresponding to the principal 
values of the tensor İn:/l, are defined by the vectors 

1 1 1 

— (2, —1, —1), —— (0, 1,1), —— (4, 41, 1 

vri ) FeO 59, Teh 50 

Hence, the direction of the axis X; coincides with the direction 
of the mechanical stress. 


In order to find the refractive indices of the stressed crystal, the 
index ellipsoid must be referred to its principal axes X,, X, Xə 


[n b + (744 + 2765 — ma) il (z+ 27’) 

+ [n sic ES Gr + 21012 + 2744) il zy 1 
The refractive indices along the principal axes X,, X;, X, are 
re, = nji— No — $ NM (ny + 2g + 20044) 


, 1 
n; = No- = Nit (лы + 21,2 — 1,4) 
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The maximum birefringence induced by applying a uniaxial 
mechanical stress along [111] is 


8 
, , Non44t 
п, —Пӱ= — — — 


This modulator will be inoperative in the longitudinal effect mode 
when the mechanical stress and light propagation are both parallel 
to 11111 since n, = n; and the induced birefringence is of course 
zero. The modulator will be operative only in the transverse-effect 
mode. 

10.3. The total internal reflection angle in crystals is a function 
of applied mechanical stresses (or electric field) applied perpen- 
dicularly to the incidence plane. This effect can be used to design 
deflectors, that is, devices controlling the light propagation direction. 

Figure 10.2 gives the orientation of the beam-deflecting prism 
with controlled total internal reflection angle. 

In this case a linearly polarized light beam whose polarization 
plane is in the light incidence plane, is deflected owing to the piezoop- 
tical or electrooptical effect from the direction of nonperturbed beam 
by an angle equal to 


1 , , 
> Ne (An; Anal 


where An,, and An, are the increments in polarization constants 
due to mechanical stress (electric field). Calculate the value of y 
obtainable by a deflecting NaCl prism for light with wavelength 
A — 0.589 um under a mechanical stress equal to 107 N/m?. 

Solution. As follows from Fig. 10.2, the incident light comes 
along the axis X;, the reflected light along X;, and the uniaxial 
mechanical stress is parallel to X;. 


Fig. 10.2. Orientation of a rotation 
rism with controlled angle of total 
nternal reflection. 
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The orientation of the coordinate system X;, X;, X, with respect 
to crystallophysical axes X,, Xə, Xə is given by the following 
matrix of direction cosines: 


Table 10.2 
Xi X; Xə 
X; 1 0 0 


25100 W2 1UV2 
XS l 0 YE. 402 


According to (10.5), Ami; = mijt. As the uniaxial mechanical 
stress is applied along Xj, the only non-zero component of the tensor 
(231 is (5. Consequently, 

Anlı = 7133/33. Anse = 712233f33 
where 

74133 = Cai Cay C a Cit mı 

72233 = CoC 3C sk Capta jar 


Here züy? are the piezooptical coefficients in the crystallophysical 
coordinate system, and C; are the elements of the above-given matrix 
of cosines. Taking into account the non-zero coefficients for sym- 
metry class m3m comprising NaCl crystals, we find 


1133 = i (71122 + 751133) = Me 

512533 = + (Ләзәз + Лаза + M3333 — 4712353) = > (2744 + 2713 — 2744) 
Assuming a = t, we obtain 

Anla = məf, AN2: = 5 (ai + Tiz — mət 
whence 

p= + N3 (Anía—Anig) = — NE (tu — mə — ma) f $o24' 


10.4. The specimen used to study piezooptical properties of RDP 
crystals (symmetry class 42m) was a 45? Z-cut crystal plate (see 
Fig. 11.5) .elongated in the direction [110]. 

The plate was extended by a tensile stress along [110] and simul- 
taneously compressed by a compressional stress along [110]. The 
half-wavelength path difference for light with wavelength 0.535 um 
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propagating, along [001], was achieved for the stress 0.776 kgf/cm?. 
Which of the piezooptical coefficients can be calculated from the 
results of the experiment? Calculate this coefficient for the plate 
thickness 10 mm, wavelength A = 0.535 um, and No = 1.509. 

Solution. In the system of axes fixed to the edges of a 45” Z-cut 
plate, the stressed state of the crystal plate is written in the form 


E: 0 07 
0 — 0 
_0 0 0] 


In the crystallophysical coordinate system this stressed state is ob- 
viously described by the tensor 


“0 t 07 
t 0 0 
0 0 0. 


involving only shear components denoted by ig in the matrix nota- 
tion. 
The equation of the index ellipsoid of a non-stressed crystal is 


m (zi + 25) + 1375 = 1 
where 


1 1 
n= Ne > Ta = Ni 








According to (10.5), the increment in polarization constants due 
to mechanical stress tę is Ang = Mest, so that the index ellipsoid equa- 
tion becomes 


mi (21 + 22) + 375+ 2eef 2, = 1 


The change in refraction properties is determined by the section 
of the index ellipsoid, perpendicular to the light propagation direc- 
tion. Since light propagates along [001], the equation of this section is 


Na (2, + 25) + naat тә 1 
In the principal axes this equation becomes 
(11 + Meet) 2, + (ni — Test) s? = 1 
This readily yields the values of new refractive indices of RDP: 


, 1 
n, — N, + => Nonest 


1 
n,— No. — -y Nonest 


12—0475 
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The induced birefringence is found as the difference between the 
new refractive indices: 


An = n, — n, = Naet 


The half-wavelength path difference was reached fort дә 10: Pa, 
that is 


As a result, the available experimental data yield the piezooptical 
coefficient res equal to 


Tes YY n 9- 10711 Ра" 


A 
= 2n 2njt,, od 

10.5. nəsil mechanical stress is applied along 11001 to an 
ADP crystal. Derive the expressions required to evaluate the refrac- 
tive indices of the stressed crystal. 

Solution. The index ellipsoid of the unstressed crystal is an 
ellipsoid of revolution with the equation 


nm (Ti + 22) + 9303=1 


The crystal is subjected to a uniaxial mechanical stress along [100], 
that is along the axis X, of the crystallophysical coordinate system; 
hence, the mechanical stress tensor has a single non-zero component, 
tı. According to (10.5) and to the form of the matrix (л:)) for crystals 


belonging to symmetry class 42m, the increments of polarization 
constants are 

An, = Tut, An, mu Ans = лазб 
and the equation of the index ellipsoid is 

(ni + 7640) 23 + (M2 + məti) 73+ (n3 + Mash) 75 — 1 

This equation shows that uniaxial mechanical stress along [100] 


induces only a deformation of the index ellipsoid along its principal 


axes. 
With rotation absent, the values of new principal refractive indices 


can be calculated directly from the last equation: 
n, = No— (1/2) nt, N8 
n, = No— (1/2) us INS 
n; — No— (1/2) ust, NG 


PROBLEMS 


10.6. Using only symmetry-based arguments, show that in crystals 
belonging to symmetry classes 23 and 3, the piezooptical coefficient 
Ti, is not equal to zs. 
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10.7. A sphalerite crystal is compressed along [110]. What change 
is thereby induced in the index ellipsoid? Is the direction of tension 
related to the direction of the axes of the index ellipsoid in the crystal? 

10.8. Will the longitudinal piezooptical effect be observed in a rock 
salt cube cleaved along (100) when subjected to a mechanical stress 
applied along (100)? Will the transverse effect be observed? 

10.9. List the symmetry classes of crystals whose index ellipsoids 
are not only deformed but also rotated when the crystals are subjected 
to hydrostatic pressure. 

10.10. Transverse piezooptical effect is observed in a fluorite 
plate 1 cm thick, cut perpendicularly to [111]. For monochromatic 
light with wavelength 0.590 um the half-wavelength path difference 
was obtained at compression equal to 3.2 kgf/cm?. Find the value of 
the piezooptical coefficient that can be calculated from the given ex- 
perimental data. 

10.11. What mechanical tensile stress must be applied along [110] 
to a 45? Z-cut ADP plate 5 mm thick, with a compressional stress 


applied simultaneously along [110], in order to obtain the quarter- 
wavelength path difference for monochromatic light with wavelength 
0.535 um propagating along [001]? Assume N, = 1.525 for A = 
— 0.535 um. 

10.12. Calculate birefringence along the directions [010] and [001] 
in aluminium potassium sulphate crystals, induced by uniaxial 
mechanical stress along [100]. 

10.13. An ADP crystal is subjected to uniaxial mechanical stress 
t along [100]. Derive expressions making it possible to evaluate refrac- 
tive indices of the stressed crystal. 

10.14. Will the longitudinal piezooptical effect be observed in 
a Z-cut KDP plate (Fig. 2.3)? Will the transverse piezooptical effect 
be observed? 

10.15. A photoelastic modulator, used in narrow-band systems 
(such as lidars), operating in the transverse effect mode, is an ittrium- 
iron garnet plate 3 mm thick, with the normal to the plate along 
11111. Calculate the controlling mechanical stress required to produce 
half-wavelength path difference for light with A — 1.15 um. 

10.16. A quartz crystal cube with edges parallel to its crystallophy- 
sical axes was compressed along the axis X,. Which of the piezo- 
optical coefficients of quartz can be calculated from the results of the 
experiment in which increments of refractive indices along the 
edges of the cube were measured? 

10.17. A photoelastic modulator made of a single crystal corundum 
Z-cut plate (symmetry class 3m) of 1 x 1 x 0.3 cm? (Fig. 2.3) 
operates in the transverse effect mode. What thickness strain must 
be generated in this plate to obtain the half-wavelength path differ- 
ence for light with A = 0.63 pm propagating along X,? Assume 
P,; = 0.08, No = 1.765, Ne = 1.759. 


12% 
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10.18. What thickness strain must be produced in a square 
Z-cut lithium niobate plate of 1 x 1 x 0.3 cm? in order to obtain 
the half-wavelength path difference for light with wavelength 
0.63 um, propagating along [0001]? 

10.19. Calculate the shear stress f,, giving the half-wavelength 
path difference in ADP and DKDP unit-dimension specimens for 
light with A — 0.535 pm, propagating along [001]. 


11. ELECTROOPTICAL PROPERTIES 
OF CRYSTALS 


Linear electrooptical effect. By definition, the linear electroopti- 
cal effect is the change in refractive indices of the medium, propor- 
tional to the applied dc or ac electric field. One of the important 
characteristics of the linear electrooptical effect is its small inertia 
making it possible to realize light modulation at frequencies up to 
tens of Gigahertz. Furthermore, nonlinearity introduced by modula- 
tion isrelatively small because the refractive index is a linear func- 
tion of electric field. An analytical description of the electrooptical 
effect is based on the relation between the increments of polariza- 
tion constants and electric field: 


Any = rijg Es (41.1) 


where rjj, are the coefficients forming a polar rank-three tensor, the 
so-called tensor of linear electrooptical effect. In describing the spon- 
taneous electrooptical effect in ferroelectrics, Eq. (11.1) is written 
in the form 


Ал = MijnPr (11.2) 


where тајһ are coefficients similar to coefficients rijp. 

Electrooptic properties of ferroelectrics essentially depend on 
whether the crystal is short-circuited (E = const) or open-circuited 
(D = const) in the process of measurement. As follows from Eqs. 
(11.1) and (11.2), the coefficients rijp are found for constant strength 
of electric field, and the coefficient m;;,, for constant electric induc- 
tion. 


Matrix Notation 


By virtue of the symmetric nature of the tensor of polarization 
constants, Eqs. (11.1) and (11.2) can be rewritten in matrix notation: 


An, = Tak, (11.3) 
An, = MnP: (11.4) 


No factors 2and 1/2appear when rij, (Mija) are replaced by Prat (my). 
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For the sake of convenience in solving problems, equatidns (14.3) 
are written in a tabulated form: 


Table 11.1 

E, E; Es 
Anı ri Tie Tis 
Ane Гәтл Poo T23 
Ans Tsı Taş T33 
Ала Par T42 T43 
Ans T51 T52 T53 
Aa Tg1 Tez Газ 


Constraints Due 
to Symmetry 


In the general case we have 18 independent coefficients r;j. Crystal 
symmetry reduces this number, just as we saw in the case of piezoe- 
lectric moduli. The forms of matrices coincide, to within constant 
factors, with those of transposed piezoelectric matrices and are listed 
in Table 12. As any other effect described by a polar rank-three ten- 
sor, the linear electrooptical effect is not possible in ан with 
a centre of symmetry. 


Primary and Secondary 
Electrooptical Effect 


The linear electrooptical effect is possible only in crystals without 
a centre of symmetry, that is, in the crystals in which the piezoelectric 
effect is observable. Hence, if a crystal is mechanically free (stresses 
are absent), the electric field will produce strains owing to the con- 
verse piezoelectric effect, and these strains must produce, according 
to Eq. (10.12), changes in refractive indices owing to the elastooptical 
effect. Consequently, if a crystal can be deformed without mechanical 
constraints, that is, in static or low-frequency electric fields, the 
net effect is observed. The change in polarization constants due to 
applied electric field, not related to the converse piezoelectric effect 
(via the elastooptical effect), is called the primary ("true") electro- 
optical effect. In other words, the “true” linear electrooptical effect 
is only the direct result of application of electric field to dielectrics. 
Obviously, the primary ("true") electrooptical effect is observed in 
crystals with "forbidden" deformation, that is, in mechanically 
“clamped” crystals. The conditions of mechanical clamping of a crys- 
tal are realized when the electrooptical effect is observed in a high- 
frequency electric field whose frequency is much higher than the 
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frequency of natural vibrations of the crystal. The secondary, or 
“false” linear electrooptical effect is the change in polarization constants 
due to the converse piezoelectric effect (via the elastooptical effect). 
The following equation relates the two effects: 


Алај == rij En — risEnA- Pigmrim =(iint Pijim daim) E (11.5) 

, whence 
Ti jk Tük Pijim Фит (11.6) 
where riy are the coefficients of the primary (“true”) electrooptic 
effect, Pijım are the elastooptical coefficients, and d, im are the piezoe- 


lectric moduli. 
Likewise, 


Алај = (тӧһ +P iim him) Pr (41.7) 


where mij, are the coefficients of the primary (“true”) electrooptical 
effect, and gx in are the piezoelectric constants. 

Quadratic Electrooptical Effect (Kerr Effect). Electric field E 
applied to a crystal may produce both linear (proportional to E) 
and quadratic (proportional to E?) effects. 

Changes in polarization constants due to electric field applied 
to an electrooptic medium can be found, to within the terms of 
second order of smallness, from the relation 


Anu = ri Ek + Rig EE, 


Here the terms r;j, E, characterize the linear electrooptical effect, 
and the terms R;;,,£,£), the quadratic effects. Thus, the change 
in polarization constants due to the quadratic electrooptical effect 
can be found from the equations 


Ani; = ВамЕҺЕ1 (11.8) 


The change in polarization constants due to appearance, or change 
in, spontaneous polarization P* in ferroelectrics because of the 
quadratic electrooptical effect is found from the equations 


An: Mi PhP (11.9) 


The coefficients of the quadratic electrooptical effect, Riy, are 
the components of a rank-four tensor which, similarly to electro- 
striction coefficients, are symmetric both in the pair of subscripts 
i and j, and in the pair l and k, that is, 

Rini= Вјиһ (41.10) 
but do not commute in the pairs of subscripts: 


Rimi Æ Rku, (11.11) 
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By introducing the notations 
E, Eş E}; Ez. E, = E Eş E; = E}; Es: Ez, Eş E; = Et 


Es -E,, EL E;= E}; E, E, Es E, = E} (11.12) 
we can rewrite Eqs. (11.8) and (11.9) in the matrix form: 

An, = R,/E3 (11.13) 

An, =M ,;P} (41.14) 


For the convenience of specific calculations, Eqs. (11.13) are 
written in a more detailed form: 


Table 11.2 


Еј Еј Еј Еј Eb Ei 


Anı | Ru Ri Ris Ri Ri Rig 
Ang | Ra Roe Ros Ru Ro Ro 
Ans | Rsı Ha Rss Rn Rss Hg, 
Ana | Rar Raz Rag Ra Ra Rae 
Ans | Rsı Rs Rss Ry, Rss Rs 
Ans | Re Rez Res Ra Res Ree 


Equation (11.14) is written in a similar manner. The matrices 
of coefficients (R;;) and (M;;) are identical to those of electrostriction 
coefficients (G;; and (Hi;). 

The quadratic electrooptical effect is observed in crystals of any 
symmetry, as well as in isotropic media. 


Primary and Secondary Quadratic 
Electrooptical Effect 


The primary (“true”) quadratic electrooptical effect consists in a change 
in polarization constants proportional to squared applied electric 
field (polarization) only due to the applied field (polarization). 

“False” quadratic electrooptical effect is a change in polarization 
constants proportional to squared electric field (polarization) due 
to strains in the crystal because of electrostriction. 

The changes in polarization constants due both to the "true" and 
to the "false" effects are found from the relations 


Ani; REE + PişmaTmn (41.15) 
Ai; — Mii PP + Danann (11.16) 
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which can be rewritten in the form 


An, = (Вбы + Pian Lank ELE, (41.17) 
An, =(M tint + PijmnQmnnt) PhP: (11.18) 


where H?5;, Mi yı are the coefficients of the “true” quadratic electro- 
optical effect, Pijm, are the elastooptical coefficients, and Lxi 
Оһһһ: are the electrostriction coefficients. A comparison of Eqs. 
(11.8) and (11.9) with Eqs. (11.17) and (11.18) yields 


Rijn Bini Pijmnl mont (11.19) 
Mina = Mni + Ps jmnQmnkl (1 1.20) 


The following relation holds in practically achievable electric fields: 
1 > rank > RimiErE, 


that is, the quadratic effect contributes terms small compared with 
the linear increments of polarization constants. However, for crystals 
with a centre of symmetry and for isotropic bodies, for example, 
liquids in which rij, = 0, the quadratic effect is predominant. 


Examples of Problems 
with Solutions 


11.1. A high-speed electrooptic light gate used to generate a se- 
quence of pulses and to increase the peak power of laser output is 
a Z-cut KDP plate placed between crossed polarizers (Fig. 11.1). 
Conducting electrodes are deposited on the working faces of the plate. 
What voltage must be applied to the gate to make it completely open 
for light with A = 0.546 pm? Calculate the voltage for a similar 
gate made of a Z-cut DKDP plate. 

Solution. The “open” mode of a gate is achieved when the crystal 
plate is subjected to a voltage producing the half-wavelength path 
difference, the so-called half-wavelength voltage Ys: this voltage 
can be found from the condition An-d = 1/2, where d is the light 
path length in the crystal plate (d is the plate thickness in this case), 


Fig. 11.4. Schematic of an 
electrooptic light gate. 
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and An is the birefringence induced by the applied voltage. In sym- 

-metry class 42m the matrix of coefficients of the linear electrooptical 
effect has three nonzero components: Гј, rj; = Pua: and res (see 
Table 14). In zero electric field the equation of the index ellipsoid 
is written in the following form: 


mi (2; 4- 25) + mz; — 1 
where 

m=1/N% na = 1/N£, 
and No, Ne are the ordinary and extraordinary refractive indices, 
respectively. The field E is applied to the faces of the Z-cut plate, 
so that E, = E, = 0, E, = | E |. According to (11.3), this yields 
Ang = Ne = res Ea, so that the equation of the optic indicatrix 
in the system of initial axes X,, X,, X4 takes the form 


mi (zj + 25) + 132; L 2re4E 53,75 = 1 


As the light propagates along the axis X3, the values of refractive 
indices are equal to the lengths of semiaxes of the section of the index 
ellipsoid, perpendicular to X3. The section of the index ellipsoid 
by the coordinate plane X,X, is an ellipse. The semiaxes of this 
ellipse do not coincide with the crystallophysical axes X, and X,. 
The equation of the ellipse, 


(2? + 232) NE + 2rggz z ,Eg—1 


is symmetrical with respect to the commutation of the coordinate 
axes X, and X,; we conclude, therefore, that the semiaxes of the 
ellipse are at angles of 45” to the initial crystallophysical coordinate 
axes X, and X, (Fig. 11.2). This result also obtains from the Curie 
principle. In zero electric field, the principal axes of a crystal in 
symmetry class 42m coincide with the axes 2. When field E is applied 
along 10011, the crystal symmetry becomes mm2, one of the axes, 
X;, coincides with X,, and the axes X; and X; are normal to the 
planes m arranged at 45” with respect to the principal axes X, 
and X, in the absence of the field. Let us calculate new principal 


Fig. 11.2. Rotation of the axis of 
index ellipsoid of crystals - 
belonging to symmetry class 42m 
upon application of electric field. 
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refractive indices of the crystal, Nx! and Nz’. To do this, we refer 
the equation of the ellipse to the principal axes: 


(+ N2 + гәзЕз) ЕА x. (5 — ras | xs 2 = 1 


Obviously, the new —. indices will have the values 


1 1 
nae Wr T Paa, 


whence 
1 N 
"ud We — res Ez 
No ир m 
2 о .— 
m” a: AAVV mr 
o 6331Y 0 


n; = әд nx N yə. 
gil 1+ resEs N? Ы 27 9 1— raak aN 


The quantity ras Nå is small, so that we can use a familiar exprese 
sion valid for small a: 


1 AA 
This yields 
, 1 , 1 
n, = No— x rey EN, n, No + y ress No 





In our case, therefore, we have a biaxial crystal with principal refrac- 
tive indices 


, 1 1 
n, — No— y resE3N$, n, = No y TesEgNi, n, == No 


For light propagating in a Z-cut plate perpendicularly to its faces 
the birefringence is 


An = n, —n, = reyE3N$ 
The path length of light in the crystal is d, so that 
res N? d= 4/2 


For A = 0.540 um, we find rg = 30-1075 CGSE units, No = 
= 1.91152, and V;,, = 7.9 kV. 

Likewise, for a light gate made of a Z-cut DKDP crystal plate 
we find У,,, = 3.4 kV. 

11.2. Devices producing both the low- and high-frequency light 
modulation (in the range 10-10? Hz) employ ADP crystal plates as 
modulators. Calculate the control voltage V,,, (A = 0.516 um) for 
a modulator made of a Z-cut ADP plate operating in the longitudinal 
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electrooptical mode in the cases of (i) low-frequency modulation, 
and (ii) microwave-frequency modulation. 

Solution. Electric field applied to the working faces of a Z-cut 
ADP plate induces birefringence equal to rg¿E¿N3 (see Problem 11.1), 
ne the path difference corresponding to 2/2 is equal to re:V.,/./V6, 
whence 


A 
kökü 


In the case of low-frequency electric fields (field frequency much 
smaller than the resonance frequency of the plate), the coefficient 
Гоз defines the electrooptic properties of the plate and is the sum 
of the coefficients of the primary and secondary effects, and thus 
equals 25-1078 CGSE units. The half-wavelength voltage Vı,, in 
the Z-cut ADP plate used as the low-frequency modulator equals 
9.2 kV. At frequencies above the resonance frequency, electrooptic 
elements operate in the piezoelectric clamping mode; the modulation 
is then caused only by the primary (“true”) electrooptical effect, 
and the electric properties of the Z-cut plate are determined by the 
coefficient rZ, 
According to (11.6), 


əə — zə 
Tea = Газ + Peg das = ros + Tissces das 


whence rz, = газ — TtseCesİşs- 

This gives VZ, = 13.1 kV for Z-cut ADP plates used for light 
modulation at microwave frequencies. 

11.3. High-frequency modulation of light can be realized by using 
the quadratic electrooptical effect in cubic (class m3m) crystals of 
potassium niobate-tantalate (KTN) crystals, because the quadratic 
effect in perovskite crystals has negligible inertia at frequencies 
up to 200 GHz. 

Which of the modes of the quadratic electrooptical effect, longi- 
tudinal or transverse, must be chosen for a high-frequency modulator 
made of a Z-cut KTN plate (Fig. 2.3)? 

Solution. We shall use the matrix of coefficients of the electro- 
optical effect given in Table 13. 

In zero electric field the equation of the index ellipsoid is n (z? + 
+ z? + x?) = 1. When the electric field is applied along [100] 
(E, = E, E, = E, = 0), Eq. (11.13) gives 


Anı = HRE, Ans = An; RAE; 
and the equation of the index ellipsoid becomes 
(n+ RET tit (1+ RE) (25 + 23) =1 


Here n is the polarization constant for zero field. The last equation 
shows that electric field turns the KTN crystal into an optically 
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uniaxial crystal with the optic axis aligned with the field direction. 
The principal axes of the indicatrixes of the crystal before and after 
the field is applied coincide. Let us calculate the new refractive in- 
dices: 


1 1 1-- RE 


= — 1 ар 2 
әсәр Et Ruki = nət 
; ENZ 
n, E No (4 — FuliNo ə ) 
Likewise, 


2v? 
n;—n;— No (1 — Ti ) 


As n, — n;, the birefringence of an X-cut plate will be zero for the 
longitudinal electrooptical effect. Both the X-, and the Y - and Z-cuts 
can work only in the transverse quadratic electrooptical effect mode 
in which the field and the light propagation directions are mutually 
perpendicular. 

11.4. The principle of operation of a crystal deflector with control- 
led angle of reflection is described in Problem 10.3. Figure 11.3 
gives a schematic of the copper chloride deflector prism (symmetry 


class 43m), indicating the directions of the incident and reflected 
light, and the direction of the applied electric field. Calculate the 
control electric field required to deflect the light emerging from 
a CuCl prism (A = 0.535 um) by 20° from the beam direction in 
zero field. Find the control field for the same deflection of the beam 
if a multiple internal reflection deflector (Fig. 11.4) is used: the num- 
ber of reflections is 103, and the beam deflection is 0 = pm, where m 
is the number of internal reflections, and y is the deflection angle 
per reflection. 


Fig. 11.3. Orientation of rotating Fig. 11.4. Schematic of total 
prism made of copper chloride. internal reflection deflector. 
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Solution. As follows from Fig. 11.3, the incident light propagates: 
along the axis X;, and the electric field is aligned with X;. The 
orientation of the coordinate vam Xj, X;, X; with respect to the 
erystallophysical axes X,, Xa, Xy is given by "the following matrix 
of direction cosines: 

Table 11.3 


Xi Xə Xy 


Xi 1V? 1y? 0 
X; | —1// 2 1/2 o 
X; 0 0 1 


According to (11.2), Ani; = "фһЕк. As the electric field acts along 
the axis X;, the only nonzero component of the field is E, = | E |. 
Therefore, ` 


Ana ="18Es Ала nE, 


The coefficients rjj; are the components of a rank-three polar tensor, 
consequently 

Tias = Су Су Саһајыы Tags = CoiCajConTijn 
where rija are nonzero electrooptical coefficients referred to the crystal- 
lophysical coordinate system, and C are the elements of the above 
matrix of direction cosines. 

The nonzero coefficients rin the crystallophysical coordinate system . 
for symmetry class 43m are rj, Tes, Tas: Where 


, 
Tia Pan =T36 Tirs = C aU an ar 193 + СС Саз 213 = F123 = Tes 
Likevise, 
, 
Гәзз = C 24C 22C33r123 + CooCarCaarie3 = — l'123 == — T63 


Since y = N$rg,Z, we obtain E = 1.2-10% V/cm. 

In a deflector with the number of reflections 10°, E = 1.2.4103 V/cm. 
As a result, by using a multiple internal reflection deflector (Fig. 11.4) 
it is possible to reduce the electric field to conventional level 
(109-104 V/cm). 

11.5. A modulator is made of a 45” Z-cut ADP crystal of 3 Х 
x 3 x 100 mm? (l = 100 mm, 4 = 3 mm). What gain in modula» 
tion is achieved by using the transverse electrooptical effect (Fig. 11.5) 
in this modulator instead of the longitudinal effect? 

Solution. Figure 11.5 shows that E, = E, = 0, E, = | E |. The 
equation of the indicatrix of ADP then takes the form 


mi (2425) + Nats + 2r E 3152, = 1 di 


11. Electrooptical Properties of Crystals 191 


It has been shown in Problem 11.1 that the principal axes of the 
indicatrix, X;, X;, X,, are referred to the initial axes Xi Xa Xs 
by a 45? rotation around X, (Fig. 11.2). Hence, the light propagation 
direction [110] coincides with one of the principal axes of the indi- 
catrix, namely, X;. The section of the index ellipsoid by the plane 
X; = О is an ellipse 


(m +T63E) 27 + afañ = 1 

whence 
ni=N (1— Air E), тем 
2=Vo 2 olea , 377 Ne 


and the light beam components polarized along the axes X; and 
X; (Xə) propagate at velocities 





(1 — > NirssE |”, UZ e 


DU, = 
2 Ne 


C 
No 
The total phase difference between the light beam components pol- 
arized along the axes X, and X, is equal to 

221 mNörsiEl 


A (Ne— No) + A 


The term 2x (Ne — N,)/A represents the inherent anisotropy of the 
crystal, and the term nNör,,El/A is caused by the applied electric 
field. The half-wavelength voltage corresponding to the phase differ- 
ence of x is now equal to 


F= 





Viz = Nin 

By comparing this quantity with the half-wavelength voltage of 
a modulator operating in the longitudinal effect mode (see Prob- 
lem 11.1), we find that V,,, of the transverse-effect modulator is 
smaller by a factor of 1/2d (a factor of 17 for ADP crystals) than 
Уд of a longitudinal-effect modulator. Another advantage offered 


4 Fig. 11.5. 45? Z-cut modulating 
element. 





192 Problems in Crystal Physics 


by the transverse electrooptical effect is a simplification of the elec- 
trode system, since the need to transmit the light through the elec- 
trodes is eliminated. 

11.6. The angle of rotation of the index ellipsoid in a rochelle salt 
crystal (single domain) due to the spontaneous electrooptical effect 
and the spontaneous polarization P*|| [100] were found to be 0.8? 
and 7.5-10? CGSE units (the index ellipsoid rotation angle is measured 
as the angle between extinction positions of contiguous domains in 
an X-cut plate). Which of the electrooptical coefficients of rochelle 
salt can be calculated from these experimental results? Calculate its 
value, assuming that the increments in refractive indices n, and ny 
are negligible. Evaluate the ratio of the "true" and "false" effect. 

Solution. The equation of the index ellipsoid of the paraelectric 
phase of rochelle salt is 


NLI + 223 + 0323 == 1 
where 


According to Eq. (11.4), the increments of polarization constants 
due to the spontaneous polarization PS || [100] (P, = | P^ |, P, = 
— P, -- 0) in crystals with symmetry 2, prescribed by the form of 
the matrix (mij), is 


Ay, = Ma P, = m,,P* 
In this case the indicatrix equation becomes 
niz) + Nota + 7325 + ти Ретугу = 1 


This equation shows that in the ferroelectric phase the indicatrix 
is rotated by an angle & around the axis X,. İn order to find a, it is 
necessary to find the eigenvectors of the following matrix: 


ETİ m,4, P: 
1 

s 
m,,P = 
The eigenvalues of this matrix are 

i phe dud eee 
masg (seta) mV rl) tm? 
Since the quantity m,,P* is small, we find 

471 4 171 4 A 4mjP? 

M =F (177) +37 Lar r) k +3 cri] 


nj n3 


n) ni 
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Finally, 
1 1 
M = ———-—--muP" 
nxs 2 
1 1 
ho = 2 = şox =, таР" 
Ы. 3 


By substituting the values of A, and A, into the matrix, we obtain 
the corresponding principal directions. 
The value of tan a is given by 


2 ps? 
mijP ps 
1 1 / May 
nj nj 


Since the angle « is small, we find 
m,1P5 


дады —— 
tan a = 1/ni—i/ni 


and thus the coefficient m,ı can be found from the experimental 
data. By substituting the values of a, P? at 0? C, and the values 
of n, and nz (see Appendix) into the expression for m,,, we obtain 
m, = 0.88.1077. The ratio of the “true” and “false” effects can be 
evaluated from (2.8), which in our case can be rewritten in the form 
та = mj + Pusu. 

In rochelle salt crystals g,, = 6.7-1077 CGSE units, P,, = 8.95 x 
x 1073 CGSE units, and P,,g,, = 0.6-10-§ CGSE units, so that 
the "false effect" in rochelle salt comes to 2796 of the "true effect". 

11.7. Figure 11.6 gives a schematic of a modulator cell consisting 
of N crystal plates of Z-cut KDP, separated by electrodes with 
sign-alternating electric fields. What should be the orientation of 
these plates in order for the: phase difference add up? Calculate the 


Fig. 11.6. Schematic diagram of a 
multicell modulator. 


Electrodes 


Crystal plates 





13—0475 
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half-wavelength voltage of such a cell with ten plates (N = 10) 
if the cell is designed for low-frequency modulation of light with 
À — 0.546 um. Calculate the half-wavelength voltage in the case 
of a modulator consisting of a single Z-cut KDP plate. 

Solution. As follows from Fig. 11.6, the modulating Z-cut KDP 
crystal plates operate in the longitudinal electrooptical effect mode. 
Consequently, the birefringence induced by the electric field applied 
along [001] for a light beam propagating in the same direction is 
rg4IN3E (see Problem 11.1), and the corresponding phase difference 
(phase retardation) of the light signal over a path length d (plate 
thickness) is 


ra NEd= = N3V 


Therefore, the phase difference (and, correspondingly, the modulation 
factor) is a function of voltage applied to a plate, and is independent 
of the plate thickness. A modulating element should thus be cut 
as a thin plate. If we take a stack of such plates and apply to each 
one of them the same voltage V, the total phase difference T between 
the orthogonally polarized components of the beam will he NT, 
where N is the number of plates. If an electric field is applied to 
a KDP crystal along [001], 


n—N, (1+ i Nik), 5 NN, (1 — + Ntra E) 


(see Problem 11.1). This means that the velocity of the component 
polarized along Xj, equal to c/N,(1 + Nöreş£/2), is smaller than 
the velocity of the component polarized along X;, equal to 
cN, (1 — Nirg4E/2); the phase retardation is positive, Г > О. When 
the electric field is reversed, 


ni —- N, (1— y NirsE), n— N, (1 + 3 NinsE) 


In this case the component polarized along X, has a higher velocity 
than the component polarized along X5, and T <0. Obviously, 
the phase retardation produced by two adjacent KDP plates will 
be equal to the sum of phase retardations of the light beam in each 
of the plates if each plate is rotated by 90? around X; with respect 
to the preceding plate. The control voltage V ;;, in one low-frequency 
modulator plate is 


Vaya = M(2rg4N$) = 7.9 kV 
which gives Via = 7.0 kV for A = 0.546 um. Thus, the control 


voltage in a modulator cell consisting of ten plates is approximately 
0.79 kV. 
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11.8. Ferroelectric perovskite crystals require the lowest control 
voltages and are thus most promising as crystals for electrooptical 
modulation of light. Calculate the control voltage V}; of a modu- 
lator made of potassium tantalate-niobate specimen of 1 x 1 x 1 cm? 
operating at the room temperature in the transverse electrooptical 
effect mode (Fig. 11.7) for A — 0.633 um. 

Solution. The crystals of symmetry class 4mm have five coefficients 
Tmn (see Table 12), and rış = гәз, Газ == Гы As shown in Fig. 11.7, 
the electric field is aligned with the crystallophysical axis X,, 
that is E, = E, = О, Е, = | E |, and the equation of the index 
ellipsoid takes the form 


(ni +risEs) ti + (ту + ris Es) 25 - (Ms + 799 Еј) 23=1 
where 

m=1/N%, nm =1/N6 

This equation yields expressions for the new principal refractive 
indices (see Problem 11.1): 

nn ХМӱ-Е ES Nr, Es 


n= Ni -- + NirsEs 
When light propagates along [010], that is, along the axis X,, 
the phase difference between the light components polarized parallel 


and perpendicular to the axis Xy, is 
, 1 
Г= 2% (NoN) LHE (rss — Maris) VE 


The first term in the expression for Г is caused by the inherent 
anisotropy of the crystal, the second by the applied electric field 
E = V/d, where d is the crystal thickness along the field and V 
is the voltage applied to the crystal. The modulating voltage cor- 
responding to a change of I by x in a unit-size specimen (l = 4) 
for À — 0.633 um is 

Vi E i — = 107У 


Nersa— Noris 


Fig. 11.7. Cell operating in the 
E 1207 transverse electrooptic effect mode. 


Light 


big] 


13% 
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11.9. Calculate the control voltage У,,, for a light gate made 
of an Y-cut calcium pyroniobate plate of 5 x 5 x 20 mm’, oper- 
ating in the transverse electrooptical effect mode, when the light 
beam with A = 0.546 um propagates along [100]. 

Solution. Calcium pyroniobate crystals belong to class 2, and 
are optically biaxial (see Table 14). 

In the crystallophysical coordinate system the equation of index 
ellipsoid in zero field is 


mizi + 71225 + 0325 = 1 


When electric field is applied along the axis X, (E, = E, = 0, 
E, = | E |), the equation of index ellipsoid becomes 


m + ris E) zi + (Me +r2.E) 25 4- (03 4- rss E) 25 4- 2r E x 14 — 1 


Taking into account only the terms linear in electric field, we 
arrive at the following expressions for the new refractive indices: 


, 


1 
(H Miri E 


n 2 


1 
, 3 
n, = no = > nira E 


n; = пә— 5 Hras E 

When light propagates along X,, the essential difference in refrac- 
tion is that between the refractive indices n, and n;. The path length 
is l, so that a field applied along the axis X, produces the phase diff- 
erence 


Г= Г* +$ (nra nra) El 
where 
r+ = + (n, — nə)l 


The control voltage V corresponding to the additional half-wave- 
length phase difference is given by the formula 


hd 


(n3r22— n3raz) 1 


Vip = д1 КУ 
11.10. The quadratic electrooptical effect in КОР crystals was 
studied on specimens of 1 x 1 x 1 cm?. The half-wavelength volt- 
ages for light with À — 0.540 pm are listed in Table 11.4 for the 
specific orientations of electric field and light propagation directions. 
Which of the coefficients R;; or their combinations (Table 13) 
can be calculated from these data? What are their values? 
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Table 11.4 
Direction of electric field Direction oi ent propa- Control на VAD 
(i) [001] [010] 13.2 
(ii) [110] [001] 42.4 





Solution. (i) Electric field aligned with the axis X, of the crystal- 
lophysical coordinate system (X, İl 10011) transforms the initial 
equation of the index ellipsoid 


LES + T3) + 1325 — 1 
to the following form: 
(ni + Ry3H3) (£i + 22) + (93 Ag Ez) 33 = 1 
This yields the values of the new refractive indices: 


Ree N,— — NURSES n—N.—— NE: 


The birefringence n; — n; for light propagation along [010] is, 
therefore, 


nj — nj (V — N.) +3 (NiRss— NER) El 
= (Му Nə + y RE? 
and the birefringence induced by the applied field is 
+ UR — NOR.) EŞ = + RUE: 


Consequently, by measuring the control voltage V;;,, we can find 
the coefficient R,, namely R, = 3.4-10718 CGSE units. 

(ii) If the electric field aligns with [110], then E, = E, <0, 
Eg = 0, whence E,E, = E,E, = E,E, +0; in the matrix nota- 
tion E? = E; = E? = 0, and the equation of the index ellipsoid 
of KDP becomes 


(Mi + HEY + Ras Ez) x t (15 + 2. Ei + REZ); 
+ [ns + Ray (E? + EYİ 23+ 2/8 Ez 1,25 — 1 
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When light propagates along [001], the measure of birefringence is 
the difference n; — n;. In our case the refractive indices n; and n; are 


, 1 
ni No — NR LR Ry) Е*— 5 Маҝ̆ыЕ? 


, 1 1 m 
ni = N, — 5 N3 (Ru 4- Ra) EH NERE 
n, — ni = Ne Has E2 


Consequently, the following quantities can be found from the 
data listed in Table 11.4: 


Ra Néfis4 NoRiş and Ree 


11.11. The refractive index of barium tantanate crystals along 
the ferroelectric axis [001] was observed to drop sharply in the vicinity 
of the Curie point (120°C) from 2.42 in the cubic phase to 2.38 
in the tetragonal phase, with the refractive indices along [100] 
and [010] remaining practically unaltered. Evaluate the coefficient 
characterizing the observed spontaneous electrooptical effect, and 
the fractions of the “true” and “false” effects. 

Solution. The paraelectric phase of barium titanate crystals be- 
longs to class m3m (see Table 14), and thus cannot manifest the linear 
electrooptic effect. Consequently, the spontaneous electrooptical 
effect in BaTiO, at the Curie point is quadratic. 

The equation of the index ellipsoid of paraelectric barium titanate 
phase is 


n (zi + r,+ 2-1 


According to Eq. (12.14) and to the form of the matrix (Mij) 
for crystals belonging to class m3m, the spontaneous polarization 
P: along [001] (P$ = |P3|, Ps = P$ = 0) results in the following 
changes in the dielectric impermeabilities (An,, An,, An) defining 
the changes in refractive indices in the directions [100], [010], 
and [001], respectively: 


An, = An, =M; (P"), An = M şi (P? = Ma LDS 


As the refractive indices along [100] and [010] remain practically 
constant, the index ellipsoid equation takes the form 


n (zi + 25) nc My (P*)?] z3 — 1 
whence 
C qı 1 
Va” © V HF Maa (Pè 


1 Mgg (Psy? , 1 
Ен (1 — MT.) RR ni— > 13M y (P? 
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Assuming that at the Curie point n; = 2.38, n, = 2.42, and 
Ps = |P*| = 54.103 CGSE units 
we find that M,, = 1.88.1071? CGSE units. According to Eq. (11.20), 


M33= M$s + Pimms 


where M*, is the coefficient of the "true" quadratic electrooptical 
effect, and P,,,0,,, is the electrostriction correction term character- 
izing the contribution of the “false” effect. Furthermore, since Q,, = 
= Qış = —0.53-10-12 CGSE units (see Table 14), and the coeffi- 
cients Pm are of the order of 0.1 CGSE units, so that PymQm3 ~ 
œ~ 10-14 CGSE units, we find M, œ 1.87-1071? CGSE units. This 
shows that the effect observed in barium titanate crystals at the 
Curie point is the 99% “true” quadratic electrooptical effect. 

11.12. A prismatic crystal deflector based on varying the total 
internal reflection angle by applied electric fields, is schematically 
shown in Fig. 11.3. 

What control field must be applied to a cubic barium titanate 
specimen in order to deflect the beam emerging from the prism by 
30' from the non-perturbed direction of the beam? 

Solution. The effect responsible for the possibility to control 
the direction of a light beam by a cubic barium titanate deflecting 
prism placed in an electric field is the quadratic electrooptical effect. 

If the axis X; is chosen along the direction of the incident light 
beam, the axis X; along the direction of reflected light, and the axis 
X; along the applied electric field, the orientation of these axes with 
respect to crystallophysical axes X,, X,, X, is given by the fol- 
lowing matrix of cosines: 


Table 11.5 


X; A 


Xi 1// 2 1/V2 0 


Xİ MV 2 ИЗ o 
Xi 0 0 1 
Since E, = E, = 0, E, = |E |, the increment of polarization 


constants in the expression for A0,,; can be found, according to 
(41.8), from the following relations: 


An = Визз Еј = Нулзз Е2, Anse = R2233 E? 


where Д1зз and R3233 are the coefficients of the quadratic electro- 
optical effect in the coordinate system Xí, X;, X;. The coefficients 
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Rijn, are the components of a rank-four tensor, so that 
Hiss = CyiCyjConCarRijnr H2233 = CoCo Cs Cs Ra ini 


where С,, are the elements of the cosine matrix, and Riy ¡are the coef- 
ficients of the quadratic electrooptical effect in the crystallophys- 
ical coordinate system. Taking into account the form of the matrix 
(Rij) for 7: with symmetry möm, we find that 


Ri133 => (Аза + Ri133) - Gs Rə) 


For crystals of the cubic system, R,, = R,, (see Table 14), whence 
Biss = сә апд 


Riza = 4 (Ru + Rs — Н.) 
Therefore, 


AB =n? (An, — Ani) = — 773 (Ry Ri — Ry) E?, E=0.3kV 


PROBLEMS 


11.13. How can the electrooptical effect be used with a Z-cut 
KDP plate to rotate the light polarization plane by 90°? 

11.14. Find the orientation of a lithium niobate crystal plate to 
be used as required in Problem 11.13? 

11.15. Calculate the voltage rotating the polarization plate of 
light incident on a Z-cut ADP crystal plate by 90° (use the results 
obtained in solving Problem 11.13). 

11.16. Use the matrices of electrooptical coefficients given in 
Table 13 and answer the following questions: 

(i) To what symmetry classes the crystals do belong, in which 
electric field applied along the axis X, only changes the magnitudes 
of the principal refractive indices without modifying the number of 
optical axis of the crystal? Can the number of optical axes be changed 
in these crystals by aligning the field with other directions? 

(ii) To what symmetry classes do the crystals belong in which 
electric field applied along X, changes the number of optical axes 
but conserves the directions of the principal axes of the index ellip- 
soid? 

(iii) To which symmetry classes do the crystals belong, in which 
both the principal refractive indices and the directions of the prin- 
cipal axes of the index ellipsoid are changed by electric field? 

11.17. Electric field is applied along [111] to a single-crystal gal- 
lium phosphide specimen. Will the longitudinal electrooptical effect 
be produced in this case? And the transverse effect? 
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11.18. Indicate the tetragonal symmetry classes in which the index 
ellipsoid of a crystal changes its symmetry under the action of electric 
field applied in any direction (including the configuration E || 1001). 

11.19. High optical quality of quartz makes it possible to use 
it in modulators despite its low electrooptical constants. Is it pos- 
sible to use Z-cut quartz plates to achieve light modulation on the 
basis of the linear electrooptical effect? 

11.20. Which of the uniaxial crystals do not change their optical 
properties in the linear approximation, when placed in an electric 
field aligned with the highest-symmetry axis? 

11.21. Figure 11.8 plots the effective electrooptical constant ra = 
= reşni of KDP and DKDP crystals as a function of temperature, 
recorded in the static mode for light wavelength 0.535 um. Suppose 
that modulators are made of 45” Z-cut KDP and DKDP plates and 
operate in the longitudinal electrooptical effect mode at tempera- 
tures in the vicinity of the Curie point; by what factor is the half- 
wavelength control voltage V;,, reduced at these temperatures in 
comparison with that required for modulation at the room temper- 
ature? 

What difficulties are encountered in the modulation at tempera- 
tures close to Te? 

11.22. Derive expressions making it possible to calculate the 
spontaneous birefringence of a KDP crystal (single domain) at the 
Curie point (Tc), if birefringence is caused by the spontaneous po- 
larization vector P? aligned with 10011, for light propagating along 
[100], [010], or [001]. 

11.23. Which of the electrooptical coefficients of lithium tantalate 
can be found from the measurements of the half-wavelength voltage 
applied to a Z-cut plate if the longitudinal electrooptical effect is 
observed in the plate? 

11.24. Gallium arsenide single crystals doped with chromium and 
iron are used in modulators for the IR range. Calculate the phase 
difference which can be obtained by a single-crystal gallium arse- 


Fig. 11.8. Temperature dependence 
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nide plate in the longitudinal electrooptical effect mode, if the electric 
field strength along [110] is 10* V/cm, and the path length for light 
with A — 1.25 um propagating along [110] is 20 mm. 

11.25. CdS greenockite crystals, transparent in the IR range, 
€an be used as modulators for this range. Calculate the control voltage 
required for a greenockite Z-cut plate modulator operating in the 
longitudinal electrooptical effect mode, for light with A = 0.515 um. 

11.26. Calculate the thickness of a gallium arsenide plate whose 
working faces are perpendicular to [110], if the transverse electro- 
optical effect observed in the direction [110] produces a quarter- 
wavelength path difference (A, — 0.546 um) for the electric field 
strength E — 5.25 kV/cm. 

11.27. A Z-cut ADP plate was used as the transducer of a unit 
designed to record static stresses. What is the magnitude of the meas- 
ured stress if complete extinction of light with A — 0.546 um at 
the centre of the interference pattern was obtained for the analyzer 
rotation angle 30?? 

11.28. The electrooptical effect is observed in an X-cut quartz 
plate 0.5 cm thick, with a voltage of 30 kV applied to its working 
faces. Characterize the changes in the properties of this plate and 
evaluate the angle by which the axes of the index ellipsoid are rotat- 
ed by the applied electric field. 

11.29. It was found in studying the tetragonal phase barium tita- 
nate crystals that an increment of polarization by 24-10? CGSE 
units corresponds to an increment in refractive indices of — 0.03. 
Evaluate the electrooptical coefficient that can be calculated from 
the results of this experiment. 

11.30. An X-cut rochelle salt crystal plate is placed in electric 
field with strength E. Calculate the new refractive indices, and the 
angle of rotation of the index ellipsoid in this field. 

11.31. Calculate the thickness of a Z-cut KDP plate used as a light 
gate for a high-speed movie camera if the application of electric 
field E — 10 kV/cm to the opposite faces of the plate gives a quarter- 
wavelength path difference for light with A — 0.546 um propagating 
along [001]. 

11.32. The measurement of the longitudinal electrooptical effect 
in a mechanically free Z-cut KDP plate gave rg, = —30-10-3 CGSE 
units. Evaluate this coefficient if the plate is used in a high-frequency 
ac field (assume that the frequency and plate thickness are such that 
no resonance is produced). 

11.33. Which of the electrooptical coefficients of quartz can be 
found by using an oriented X-cut specimen and measuring the half- 
wavelength+ control voltage V;,, for a light beam with a known 
wavelength, propagating along the optic axis? 

11.34. An electric field E is applied to the working faces of a sphal- 
erite plate oriented perpendicular to [111]. Find the refractive in- 
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dices characterizing the optical properties of this plate. Find the 
expression for the phase retardation of light polarized along [111] 
and propagating in a direction perpendicular to [111]. 

11.35. An analysis of electrooptical properties of KTN crystals 
at a temperature 7 — Tç for light with A — 0.633 um revealed 
that an electric field acting along [100] changed the refractive index 
along 10101 by An; at field strength 10% V/cm the increment of the 
refractive index, An, was equal to 6-107*. Which of the electroop- 
tical coefficients can be determined from these data? Calculate its 
magnitude. 

11.36. Two unit-size KDP and DKDP crystal specimens are placed 
in an electric field so that E || [001], and light propagates along 
[110]. Calculate the potential difference necessary to produce a half- 
wavelength path difference for 4 = 0.535 um in both plates. 

11.37. Calculate the phase retardation of light with À = 0.633 um 
obtainable by the Z-cut lithium tantalate plate operating in the 
longitudinal electrooptical effect mode, if the voltage applied to 
the electrodes deposited on the working faces is 30 kV. 

11.38. Calculate the thickness of a gallium arsenide plate with 
the normal to the surface [111], such that an electric field 10? V/cm 
applied between the working faces produces a quarter-wavelength 
path difference for light with A — 1.25 um. 

11.39. Evaluate the angle by which the index ellipsoid of KDP crys- 
tals is rotated when an electric field of 10* V/cm is applied along [100]. 

11.40. The transverse electrooptical effect is observed on a single- 
crystal gallium arsenide specimen oriented as shown in Fig. 11.9. 
Field E is parallel to [110], and light propagates along [110]. 

Calculate the principal refractive indices of gallium arsenide in 
the field. Determine the phase retardation induced by the electric 
field for light polarized along 10011. 

11.41. Is it possible to realize light modulation by employing 
the quadratic electrooptical effect in cubic perovskite crystals in 
the directions 

(i) [100], [010], and (ii) [110]? 

Note: In solving problems 11.42-11.46 use the Curie principle 
and take into account that the symmetry of the product ELE, 
leg. (11.8)] is oo/mm. 

Fig. 11.9. Schematic arrangement for 
observation of transverse 


electrooptic effect on a gallium 
arsenide specimen. 
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11.42. Determine the change induced by the quadratic electroop- 
tical effect in the index ellipsoid of crystals belonging to symmetry 
classes 23 and m3 when electric field is aligned with directions (100). 

11.43. Find the crystallographic directions in medium-symmetry 
classes of crystals such that the electrooptical effect induced by 
electric field aligned with these directions does not lower the sym- 
metry of the corresponding index ellipsoids. 

11.44. Determine the changes. 1n the optical properties of X- and 
Z-cut quartz plates due to the quadratic electrooptical effect, 
if the vector of electric field strength is perpendicular to the plate 
surface. 

11.45. Is it possible to observe the linear and quadratic longit- 
acon electrooptical effect in tourmaline crystals in the direction 
0001]? 

11.46. Determine the changes in the optical properties of rock 
salt and sphalerite crystals due to the (i) linear electrooptical effect, 
and (ii) quadratic electrooptical effect, when electric field is aligned 
with directions (100). 

11.47. 1t is important in any experimental study of the quadratic 
electrooptical effect in noncentrosymmetrical crystals to separate 
it from the linear effect. Which of the crystallographic directions, 
[100], [010], or [001], make it possible to observe the pure longitu- 
dinal quadratic electrooptical effect in class 2 crystals? 

11.48. The quadratic electrooptical effect was studied on KDP 
crystal specimens of 1 X 1 x 1 cm3. The values of control voltages 
required to produce a half-wavelength path difference for light 
with A = 0.540 um are listed in Table 11.6 for particular directions 
of electric field and light propagation. 


Table 11.6 


Direction of electric field лу. ргора- | Control voltage, Vaya (kV) 





[100] [010] 20.0 
[010] [001] 24.6 





Which of the coefficients R;; (or combinations of coefficients) 
can be calculated from these data? 

11.49. Calculate the control voltage V;,, of an ADP modulator 
of 1 x 1 x 1 cm?, operating in the transverse quadratic electro- 
optical effect mode (electric field along [110], light propagation along 
[001], wavelength 4 = 0.540 um). Find the ratio of the half-wave- 
length control voltage of the described modulator employing the 
quadratic electrooptical effect to the corresponding voltage of an 
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ADP modulator employing the longitudinal linear electrooptical 
effect in the direction [001]. 

11.50. One of the most important technical characteristics of opti- 
cal deflectors used in optical communication systems is the resolv- 
ing power N defined as the number of resolvable light-emitting 
elements. Evaluate the maximum resolving power of a deflector 
made of a KTN (potassium niobate-tantalate) prism with the base 
length 1 cm, placed in an electric field of 10* V/cm (Fig. 11.10), 
operating in the temperature range 20-30°C (wavelength A = 
= 0.633 um). 

Note: The maximum resolving power Nmax is defined as Nmax = 
= lAn/h, where L is the length of the prism base, Ais the light wave- 
length, and An is the increment in the refractive index. 

11.51. Which of the constants of the quadratic electrooptical effect 
in ADP crystals can be determined from the results of an exper- 
iment represented schematically in Fig. 11.11, if the half-wavelength 
voltage V;;, is 52 kV in a 1 x 1 x 1 cm? specimen? 

11.52. Calculate the control voltage Vı/,, for a high-frequency 
modulator made of a Z-cut potassium niobatetantalate (KTN) plate 
1 mm thick and 10 mm long, operating at the room temperature 
in the transverse quadratic electrooptical effect mode. 

11.53. Calculate the birefringence induced in triglycin sulphate 
(TGS) crystals by electric field aligned with [010] for the light prop- 
agation direction [100] (i) in the paraelectric phase, and (ii) in the 
ferroelectric phase. 

11.54. Cubic single crystals of strontium titanate, SrTiO,, may 
prove practically important for designing wide-aperture modulator 
devices for the low-temperature conditions. Calculate the half-wave- 
length control voltage V;;, of a SrTiO, modulator, realized on 
E .. plate with the length l = 2.5 cm along [010] and width 

= 0.3 cm. 


Fig. 11.10. Prism of a deflector. Fig. 11.11. Experimental 
arrangement for observing the 
quadratic electrooptic effect in 
ADP crystals. 





206 Problems in Crystal Physics 


A plate is used in the transverse quadratic electrooptical effect 
mode (electric field is applied along [001] and light propagates along 
1100)) and У,,, = 6.5 kV/cm in a unit-size specimen at —100°C. 

11.55. The longitudinal electrooptical effect is observed in the 
direction [010] in triglycin sulphate crystals. Calculate birefringence 
induced by an electric field. 

11.56. Is it possible to observe the longitudinal quadratic electro- 
optical effect in crystals with symmetry 422 in the directions [100], 
[010], and [001]? 

11.57. The simplest beam scanners employ a prism made of an 
electrooptical crystal placed in an electric field (Fig. 11.10). When 
the refractive index of the prism is changed, the refracted beam is 
deflected. Calculate the increment in the refractive index of a barium 
titanate prism placed in the electric field of 10“ V/cm, used for static 
deflection in the temperature range 130-140°C, for wavelength A = 
— 0.633 um. 

11.58. Figure 11.12 plots the spontaneous birefringence of barium 
titanate crystals as a function of squared spontaneous polarization; 
the birefringence is caused by the spontaneous polarization P*|| [001] 
at the Curie point. Which of the quadratic electrooptical coefficients 
(or combinations of coefficients) can be calculated from these data? 
Find its magnitude. 

11.59. The results of the experimental study of the quadratic 
electrooptical effect on oriented unit-size specimens of RDP crystals 
are listed in Table 11.7 (wavelength A — 0.540 um). 

Calculate the coefficients R;; (or combinations of coefficients) 
which can be found from the data given. 

11.60. Figure 11.3 gives the spontaneous birefringence of rochelle 
salt crystals as a function of the squared spontaneous polarization 


Fig. 11.12. Spontaneous Fig. 11.13. Spontaneous 
birefringence of BaTiO, crystals as birefringence of rochelle salt 
a function of squared spontaneous crystals as a function of squared 
polarization. spontaneous polarization. 
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Table 11.7 
Direction of electric field | Direction of light propa- | Control voltage, Va/3 (kV) 
[110] [001] 32 
[010] [001] 24.9 


(P* || [100]) in the directions [100], [010], and [001]. Which of the 
coefficients of the quadratic electrooptical effect (or combinations 
of coefficients) can be found from these data? Calculate their mag- 
nitudes. 


12. GENERATION 
OF OPTICAL HARMONICS 


The main laws of crystal optics for light with relatively low intensi- 
ty follow from the solutions to the Maxwell equations on an assump- 
tion that the crystalline medium is linear in the dielectric properties 
of the medium. The matter equation D; = e;;E; used in Sec. 9 
is linear in E and yields a linear dependence of polarization P on E: 
Pj = xi;E;, where xi; is the tensor of polarizability of the medium, 
related to £j; by the expression 


1—ejj 
Xij A 





The quantities &;; and xı, were assumed independent of the field. 

In stronger interactions, when the strength of the external field 
is high, the linear approximation proves insufficient, and a correct 
description of the interaction between the strong field and a dielectric 
must take into account the terms of the matter equation quadratic 
in field. We are dealing here with optical phenomena following from 
the dielectric nonlinearity of crystals; taking into account that the 
electric field of the light wave may act as the “external” field, we 
shall introduce the frequencies of the electric field and polarization. 

Consider the polarization produced by fields E (0,) and Е (о,). 
By expanding P in powers of E (w,) and E (o,) and assuming P = P, 
at the initial time moment when E (o) = E (o,) = О, we find 


oP; OP; 
P; (0) = Poi + pray Eş) Garay Е) (oa) 


ôP: 
JE onoir o 2100 Erlo) (124) 
0?P; 
+ FEF yy 21102) E (02) 
OP; EF z 
+ oy) £1 (о) Еһ (он) 


The first derivatives in Eq. (12.1) are polarizabilities хә, describ- 
ing the propagation of light in the linear approximation when the 
frequency of the induced polarizations equals the electric field fre- 
quency. 

The second derivatives are the nonlinear polarizabilities or the 
quadratic susceptibility yi;, (©, ©,, Оз), these are the rank-three 
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tensor whose components are functions of frequencies 0,, ©, and 
the generated frequency о. The physical meaning of the components 
of tensor Хајһ follows from the equation for the nonlinear component 
of polarization, quadratic in field: 


Pi (0) = Xi, (O, 01, Фә) Еј (о) Er (оз) (12.2) 

Let us introduce relationships between frequencies ©, ©,, and 
©, for nonlinear terms in (12.1). Let the fields E (o,) and E (o) 
at any fixed point of the crystal be harmonic in time: 

E; (о) = Eo; cos (0,t) 

Ek (03) = Eor cos (ost + q) 


where q is the phase shift between the fields at the chosen point. 
Since 


E, (04) E, (oz) — + EojEor {cos По, — O) t— ol 
+ cos o, + 02) t+ 91) 


the polarization quadratic in field either has a difference (w,— 04) 
or sum (0, + 05) frequency, and the tensor Yk (©, О, Оз) is non- 
zero in only two cases: 


Хајһ = Хајһ (0, — Og, O1, $) 
or 


Хајк = Xun (0,1 Oz, 94, Wo) 


If a crystal is illuminated with a high-intensity light at frequency 
o), and the nonlinear polarizability of the medium due to the electric 
field of the light wave is taken into account, then 


Хајһ = Хајһ (0, o, 0) 
Хајһ = Xij (20, O, 0) 


Consequently, taking the dielectic nonlinearity into account results 
in a constant component of polarization and generation of the second 
harmonic of the fundamental frequency (SHG). In what follows, 
SHG is the only light frequency conversion in the nonlinear medium 
that will be of interest to us. 

Generation of a double frequency of light can be illustrated by the 
following diagram (Fig. 12.1). The incident wave E (w) propagates 
at a velocity v, = c/n, and generates a polarization wave P (20) 
propagating at the same velocity v,. The polarization P (20) gener- 
ates a light wave with twice the initial frequency, E (20), propagating 
at a different velocity v, = c/n. Because of dispersion of the medi- 
um, n, (0) n, (20). 


14—0475 
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The emerging light wave E (20) is sufficiently intensive outside 
the crystal if the quadratic polarization amplifies the wave with the 
fundamental frequency passing through this point of emergence, that 
is, if the waves E (o) and E (20) interfere constructively. 

The interference of waves with frequencies o and 20 is possible if 
v, = vs. This requirement is equivalent to requiring that the refrac- 
tive indices for frequencies o and 2 be equal: n, (o) = n, (20), or, 
dropping the subscripts, 


n (0) — n (20) (12.3) 


The condition of equal refractive indices for the fundamental fre- 
quency wave and its second harmonic (SH) is called the wave syn- 
chronism, or index matching. This condition is fulfilled only in par- 
ticular crystals, in specific directions called synchronism directions. 
Indeed, the constraint n (о) = n (20) cannot hold in an isotropic 
body because n is an increasing function of frequency in the normal 
dispersion region. In the region of anomalous dispersion synchronism 
is only possible for frequencies close to the resonance absorption 
frequency. In this frequency range absorption is high, and thus it is 
impossible to generate a sufficiently intensive SH in isotropic media. 

In birefringent crystals refractive indices are functions of direction. 
Consequently, synchronism can be satisfied even in the range of 
normal dispersion for two waves propagating in the same direction. 
Figure 12.2a shows index quadratics for waves with frequencies © 
and 20 in a positive uniaxial crystal. Clearly, the surfaces corre- 
sponding to n, (20) and n, (o) intersect in directions at an angle 
0 to the optic axis of the crystal. This means that in the directions 
shown by the arrow the synchronism holds for the ordinary fundamen- 
tal frequency beam and the extraordinary SH beam. Figure 
12.3 demonstrates a case when no synchronism is attainable in a 
crystal with high dispersion and relatively low anisotropy. 

When crystals are used for SHG, it is essential to achieve the max- 
imum intensity of SH, realizable in the synchronism direction, and 
to know what deviations from synchronism affect this intensity. 


E(w 2 ə Fig. 12.1. Schematic diagram 
1 illustrating the generation of 
1 / second harmonic. 
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To find the intensity of SH, consider the Maxwell equations with 
nonlinear polarization included: 


curl H — — = A (12.42) 
curlE=2 9H. (12.4) 
D; m gyyE iL AnD, (12.4c) 


The additional term 4nP; in the matter equation (12.4c) represents 
the nonlinear part of polarization, and ¢,;E; is the linear part of 
induction Dj. 

The intensity of light is expressed in terms of amplitude E, of 
light wave, so that we need to express the amplitude of SH wave in 
terms of the amplitude of the fundamental frequency wave. To achieve 
this, we solve the system (12.4a, b, c) for the field of double fre- 
quency 2, taking the nonlinear term P into account. 

Let us rewrite the Maxwell equations (12.4a, b, c) by differentiat- 
ing (12.4a) with respect to time, and taking the curl of the right- 
and left-hand sides of equation (12.4b): 


[ 1 220 
ани ар 
1 д 
curl curl E = — curl — Н 
c öt 
Fig. 12.2. Sections of refractive optically negative crystals. The 
index ellipsoids of uniaxial direction of synchronism is at an. 
crystals in optically positive and angle 0 to the? optic axis. 
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By writing explicitly curl curl E and substituting the expression for 


2 curl H from the second into the first equation, we find 


1 09D 


In the one-dimensional case, when light propagates along the axis 
Xə, Eq. (12.5) takes the form 


SE 1 aD 


03 c öt? 
or, using (12.4c), 


02Е e 02Е 4n 0?P 
да ә B Ur Gp (12.6) 


Let E, = Eo, (23) exp L — ¿(ot — brall denote the fundamental 
frequency wave, E, = Epa (£3) exp | — i (2wt — k,x3)] the SH wave, 
and P, = xyE, (zy) exp İ —i (201 — k,z,)] the polarization wave 
with frequency 20. 

If synchronism does not hold, 2k, + ką. We denote 2k, — k, = 
— Ak, and regard Ak as a measure of departure from synchronism. 

Let us find derivatives of all quantities in (12.6), and substitute 
them into this equation: 


2 s ik, exp | — i (2of — kard) 





= ARED, (ed exp[ — i Qt — 21,23] 


Multiply both sides of the equation by i and divide them by 
exp İ —i (2ot — Ezzə)l: 
OE gg (23) FEX 8ni 
dra ek, 
Equation (12.7) is the equation for the SH amplitude £5, (zs). Inte- 


gration of (12.7) with respect to z on an assumption that the funda- 
mental frequency amplitude Eo, (24) is weakly dependent on zş 





XO E? (23) exp [iAkzxs] dz, (12.7) 


Fig. 12.3. Section of refractive 
index surfaces of an optically 
positive crystal without 
synchronism directions. 
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gives the amplitude of SH wave at a point with coordinate L: 
8ni t 
Ev (D) = Jp yorE?, | exp [iAkz,] dz, 
0 


The intensity of double frequency light can now be found by using 
the formula 


1= x EE" 


where E and E* are complex conjugate amplitudes of the light wave. 
For SH, 
ə ma L L 
Es Eb? = (m x) Ey Eos | eiAhxs dar, İ ec iain dez 
0 0 
By using the Euler formula, e** = cos z + i sin x, expressing Ey,E*, 
via the intensity J, of the fundamental frequency light, and taking 
into account that 2, = 2xnj,/A, kı = 2nun,/A;, and A, = A,/2, we 
find the following expression for the intensity 7, of the SH wave: 





an AkL 

_ 6465 L? | “IPD 2 

Һ= enin M xi AkL (42.8) 
2 


where n, is the refractive index at the fundamental frequency, that 
is, n (0); n; = n (20); Azı is the wavelength at the fundamental 
frequency, and y is the nonlinear susceptibility of the medium. 

As follows from formula (12.8), the SH intensity is proportional 
to squared intensity at the fundamental frequency. The intensity 
I is a periodical function of AkL/2, and its dependence on the length 
of a crystal is given by 


zəl 


If Ak 40, J reaches the first maximum for L = z/Ak. This length is 
called the coherence length Leon of the crystal. 

Let us express Leon in terms of the refractive indices n (o) and 
n (2). If the primary wave and its SH have the common wavefront 
normal m, then 





Ak = 2? [n (2) R (9)] = =2- An (12.9) 
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This yields 


2nc 
Lcoh = Doan 


The coherence length is a very small quantity. Thus, for example, 
in quartz illuminated with Nd laser radiation (A = 1.06 um) we 
find An = 107? and Leon = 13 um. Clearly, the maximum intensity 
obtainable in a crystal with Ak z£ 0, is equal to the intensity generat- 
ed over one coherence length of the crystal, regardless of its total 
length. 

If the synchronism condition is not satisfied, the SH intensity is 
very small even for the coherence length of the crystal. 

When the synchronism condition is satisfied, Eq. (12.8) shows that 
the SH intensity is proportional to the crystal length, and the SH 
intensity is considerable. But in this case very long crystals cannot be 
used because of the so-called “beam displacement”. The “beam displace- 
ment" for light propagating in the synchronism direction, not coin- 
ciding with one of the semiaxes of the index ellipsoid in an optically 
uniaxial crystal, is the deviation of the extraordinary beam from the 
direction of wavefront normal and from that of the ordinary beam. The 
extraordinary beam energy is thus moved away from the ordinary beam, 
and the effective length of beam interaction becomes smaller than the 
crystal length, and the more so the larger is the angle between the 
wavefront normal and the beam for the extraordinary wave. Conse- 
quently, the transformation efficiency is maximum for the so-called 
90 degrees synchronism, that is, 9 — 90?. To achieve the 90? synchro- 
nism, it is possible to use the temperature dependence of refractive 
indices at the fundamental and double frequencies, as well as the de- 
pendence of these quantities on crystal composition. 

Dielectric nonlinearity of crystals in the optical frequency range 
is described by the quadratic susceptibility constants Xij, and nonlin- 
earity coefficients d;;,. Current literature operates with the quadrat- 
ic susceptibility constants relating the complex polarizability to 
the complex electric field: 


P, (20) = yj 4E; (o) E, (o) (12.10) 


Experimenters operate with nonlinearity coefficients which relate 
the real values of polarization and electric field: 


(P, (20)} = d; jn LE; (9)) {Ex (9) (12.11) 


Taking into account that for a wave propagating along the axis 
Xy, we have 
VE) 


P (20) = E e- 20 and Е (o) = —- e-iş 
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it can be shown that 


Xijk 
dim = 2 





Usually the handbooks on the properties of nonlinear optic materials 
give the tables listing the components of the tensor dij}. Note that 
nonlinear optic effects, and SHG among them, are observed only in 
noncentrosymmetrical crystals, and the matrices of О. for these 
crystals are identical in form with the matrices of piezoelectric modu- 
li. 
In the case of SHG, relation (12.11) can be written in the following 
detailed matrix form: 


E; 

2 

P, [du da dis du dí də = 
P, = | da das dez dos des dəs EE, 
P; da das dai da, das das EE, 
EE, 


where P,, P, and P, are the components of nonlinear polarization 
P (20), and £,, E,, and E, the components of the electric field of 
light wave at the fundamental frequency, E (o). 

For a particular light wave propagating in a direction m coincid- 
ing, for example, with the synchronism direction of a crystal, the 
directions of the components of P; and E; with respect to the crystal- 
lophysical axes are determined, and the summation prescribed by 
(12.11) for the matrix d;;,, corresponding to the symmetry of the crys- 
tal, can be carried out. The summation yields a coefficient d-n 
which expresses the actual polarization as a function of actual 
electric field: 


{P (20)} = den LE (9)? (12.12) 


The coefficient dag for an interaction under consideration can then 
be used to calculate the SH intensity via (12.8), taking into 
account (12.12). 


Examples of Problems 
with Solutions 


12.1. Determine the effective nonlinearity coefficient dep for 
different types of interactions in directions at an angle 0 to the optic 


axis for crystals belonging to symmetry class 42m. 
Calculate der for the oo —e coupling in KDP, that is, for SHG. 
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Solution. As follows from Fig. 12.2a, the synchronism (index 
matching) in optically positive uniaxial crystals is realized in SHG 
for the extraordinary incident wave and ordinary SH wave. The com- 
pact notation for this coupling is ee — o. In optically negative crys- 
tals the situation is reversed, that is, the oo ә e, coupling is real- 
ized. Synchronism may also be attained if the incident radiation is a 
superposition of an ordinary and extraordinary waves. The coupling 
of two incident waves, ordinary and extraordinary, to the ordinary 
SH wave in a positive crystal, oe — o, and to the extraordinary 
wave in a negative crystal, oe — e, proves index-matched. 

Consider the general case of finding des in a 42m crystal, with no 
restriction on the optic sing of crystals. 

Equation (12.11) relating the nonlinear component of polarization 
to the electric field strength of fundamental-frequency waves is 


P, (20) = dij,E; (о) E, (o) 
where dəy, for class 42m is 
0004,0 О 
0000 а,, О 
0.0 00 O0 dg 
By definition, 
ws (P Lo) 
{E (0)? 


and can be calculated for a crystal of a given symmetry class as a 
function of the direction of propagation of the fundamental- and 
double frequency light waves. 


Fig. 12.4. ə clarifying the 
derivation of the expression for deft 
for KDP crystals. 


Plane Xp X3 Plane X, X, 





Plane X, m 
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In order to calculate deg, we make use of Eq. (12.11) and Fig. 12.4 
which shows the arrangement of the vectors m, E? (o), and Ee (o) 
for the incident waves, and P? (2m) and Pe (20) for the SH wave in 
the crystallophysical coordinate system. The optic axis of the crys- 
tal and vector m lie in the principal plane defined by these two di- 
rections in the crystal, at an angle q to the axis X,; Ee (o) is in the 
same plane, and E? (o) is perpendicular to m, lies in the plane 
X,X,, at an angle (90° — q) to X.. 

In the tensor and not matrix notation of the coefficients d;;, the 
components of nonlinear polarization P; (20) are 


Py = da4E2E5 + di EZE? 
P, = ds ETE? + d; 4, ESFA 
P; = dg, EAES + dg, E? Ei 
In the matrix notation, taking into account that dj, = d,;, we find 
P, = d,, (E2E3 + ESE») 
P, = du LEES + ЕЗЕ1) 
P, = dgs (E1E3 + EZE) 
The components E? and E* along the coordinate axes are 
Еј = E? sin q, Еј = Е" cos O cos q 
ER = — E” cosş, £? — Е" cosösin q 
Ez = 0, EŞ — — E? sin 
Correspondingly, the components of nonlinear polarization are 
P, = d,, (E? cos ФЕ" sin 0) = d,,E?E* sin 0 cos © 
P,— — d, E?E* sin q sin 0 
P, = — dgE? E* (sin? q cos 0 — cos? q cos 0) = — dy EE? cos 0 cos? ф. 
Now, to find deş we have to determine the projections of the compo- 


nents of the vector P (20) onto the directions of the vectors E? (o) 
and Е* (o), that is, the values of Ре (20) and P? (20). 
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As follows from Fig. 12.4, Pe (20) lies in the principal plane of 
the crystal, and can be given by the following formulas: 


P" — oe -Loh, oa=P,cosg; ob— P,sinq 
P, , = P, cos o + Pasing; oe= P, ,cos0 
x (P, cos p+ P, sin q) cos 8 
oh — —P,sinO; P*=0e+0h= — oh — oe 
P* = dg E? E° cos 0 sin 0 cos 29 
+ E* E*d,, (sin 29 cos 6 sin 0 — cos? ф sin 0 cos 0) 
= — (dı, + dg) cos 2ọ cos 6 sin 0£” £” (12.13) 


P? = og + of =P, sin q + P,cos y 
= d,, (cos q sin g sin 0 + sin q cos q sin 0) 
—d,sin0sin29E?E? (12.14) 
Equations (12.13) and (12.14) yield 
des = — (dy, + dag) cos 29 cos 0 sin 0 


foríthe oo +e coupling, and 
deg = dı, sin 0 sin 29 


for the oe >-0 coupling. 
We shall now calculate dag for the oo +e coupling in KDP 
crystals. In this case P, = 0, P, = 0, and 


P, = —d sin q cos 0 (Е9)2, oe = P,,ş cos 0 = 0; 

Ре = oe + oh = 0 — P, sin 0 = —dyg sin ọ cos q sin 0 (Eo)? 
"This means that 

des = —d,g sin 0 sin 29 


reaches maximum for q = л/4 and 0 = 412, that is, in the direc- 
tion of index matching. 

For A = 1.06 um, das = 1.04-107? cm/dyneV?. Finally, det = 
= —1.04.10-9.0.65 — 0.67-107? cm/dyne!/?. 

12.2. Determine the orientation of the synchronism axis in KDP 
for A = 0.694 um, if No = 1.51, Ne = 1.47 for A = 0.694 um, 
and N, = 1.54, N, = 1.49 for A = 0.347 pm. _ 

Solution. "The symmetry of КОР crystals is 42m; as N, > No, 
the crystal is uniaxial and negative. Hence, it allows for oo +e 
synchronous coupling. Index matching is realized in uniaxial nega- 
tive crystals if the principal refractive indices at the appropriate fre- 
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quencies satisfy the relation (see Fig. 12.2b) 
N, (o) N, (20) 


In the case under discussion 1.51 > 1.49, so that the crystal indeed 
has a direction satisfying the index matching condition. Let us find 
this direction using the following arguments. 

For the index-matching coupling oo —-e along the synchronism 
direction the refractive index of the fundamental-frequency ordinary 
wave must be equal to that of the double-frequency extraordinary 
wave n (20): 


N, (o) — n$ (20) (12.15) 


Since the refractive index of the extraordinary wave is a function of 
direction of its wavefront normal, we shall express nf as a function of 
angle 0 between the wavefront normal m and the optic axis of the 
crystal, that is, the crystallophysical axis X, (Fig. 12.5). The value 
of n£ can be found as the radius vector r of the indicatrix lying in the 
same plane with the wavefront normal and perpendicular to it. The 
angle between r and the optic axis is (90”— 0). In uniaxial crystals 
the indicatrix has a symmetry axis of infinite order, coinciding with 
the coordinate axis X ¿, and the vector r and the normal m to the plate 
can be aligned in the coordinate plane X,X,; the coordinates of 
r are (О, ra, rj). 

The equation of the section of the index ellipsoid by the coordi- 
nate plane X,X, is 

zj 


2 
a +=! (12.16) 





Since (90° — 0) is the angle between r and X,, we have 
x,=r sin (902 — 0) = r cos 0 
z= r cos (902 — 0) =r sin 0 


Fig. 12.5. Section of the index 
ellipsoid of an optically uniaxial 
crystal by the coordinate plane X5X;. 
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Substitution of z, and z, into (12.16) yields 





y? SE 7? cos? 8 r? sin? 0 
— ve — a> Ni =1 
Shanks 
NS N2 
АК ES a... PO EL ER (12.17) 
: cos? 0 sin? 0 NZ cos? 0+ N2 sin? 0 
N$ Ne 

From this 

n? = NoNe 


(N2 cos? 0 + N? sin? 0)1/2 
or 
(n$y = No? cos? 0 + Ne? sin? 0 


Substituting the expression for nf into (12.15) and taking into ac- 
count that n8 corresponds to frequency 2w, we find 


N?? (o) = Ns? (20) cos? 8 + Ne? (20) sin? 0 
By solving this equation for sin 0, we obtain 


N3? (o) — NG? (20) 
sin 0 — V a” Nz? (20) N- (ə) (12.18) 


Using the numerical values of refractive indices of KDP crystals in 
(12.18), we find 


sin 0 = 0.76 


whence 0 = 50°. 

12.3. Find the radiant flux density of SH radiation generated in a 
KDP crystal for the fundamental-frequency wavelength A = 1.06 um, 
incident flux density 10° W/cm?, and crystal length 2.5 cm. 

Solution. For this calculation, we use the results of the preceding 
problem and the formula for the SH radiant flux density (in W/cm”): 


. AkL A2 
52.2d2 4 L?P? (o) sin — 
N (o) Ne (20) X (o) AkL 

2 





P (20) = (42.19) 


Note that formula (12.19) can be derived from (12.8) by choosing an 
appropriate system of units. 

Since we consider a cut of a KDP crystal, corresponding to the 
synchronism. direction, the factor in parenthesis in (12.19) is as- 
sumed equal to unity. This gives 

P (2) — 522 (0.67: 109):0.55-1015 _ y 490 


2 
= 71.512-1.49-0.6942- 10-8 W/cm 
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12.4. Find the change in the SH radiant flux density when the in- 
cident wave deviates from the synchronism direction, 0,, by an angle 
A8, in the oo —-e coupling (the case realized, for instance, in KDP 
crystals). 

Solution. The basis for the solution is formula (12.17) in which 
the 0-dependent quantities are the factors 


- AkL A2 
sin — — 
der and | ARE | 
2 


For the sake of brevity, the factor in front of them will be denoted 
by A: 


- AKL A2 
sin 3 


2 








In order to solve the problem, we shall analyze how the factor 


qura ? 
2 
| AkL 
2 
equal to unity for 0 = 0,, varies with 6. For the oo —-e coupling 
in KDP we have 


Ak = © [nf (20) — N, (0)] 
20 No (20) Ne (20) 
[ (N2 (20) cos? OF NE (20) sin? DUS —N, (о) | (12.20) 


If 0 = 0, then Ak = 0. 


Differentiation of (12.18) yields Ak corresponding to the angle differ- 
ing from 0, by A8: 





Ak = NR (o) [mas NE Ga) ~ mur] sin (20,) A0 
Now we find an'increment in P (20) as a function of A8, that is, 


AP,, (Аб). This will be done by expanding sin? = into a series in 


the neighbourhood of Ak = 0. Since sin z = x — a 22, we find 
that 


: sin? = (r—3 a3) (:—x) ~ х2— TL 
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and 
Poo (04-40) = Adiy (0 + 40) (1 — 3 22) 
— An 2 L? o? ye 
Poo (0-40) == Adiy (0+ A0) 11 — 7 NE (9) 


1 1 2. 
x [may əz s | sin? (20,) дәг) 
AP, = Poo (0.) = Pos (6; + A0) 
A iderr (05 + A0) —42 (05)] ə. 


Alə 3 4 
ON: (o) 1 1 2.. 
x ba (muy — Eer) sin? (20,) A02 
PROBLEMS 


12.5. What should be the relationship between N, (o), N, (o), 
and Ne (20), М, (20) for a synchronous coupling of waves in optical- 
ly positive uniaxial crystals? In optically negative uniaxial crystals? 

12.6. Is synchronous coupling possible in cadmium selenide cry- 
stals (symmetry 6mm) in the YAG : Nd?" (A = 1.06 pm) and CO, 
laser radiation (A — 10.6 um)? The optical dispersion in CdSe 
crystals is given by the formulas 
1.1662 3.1212 


No = 4.2243 Ay oar + 153380 


2 1.88752 3.646122 
Ne = 4.2009 + 22 —0.2171 3 A2 — 3629 

12.7. Is synchronous coupling possible in proustite crystals, 
Ag,AsS, (symmetry 3m), for the CO, laser radiation, if the disper- 
sion in these crystals is given by 


ə 0.4454 1733 
No= 9.220 + e 6261 + 000 


2. 0.3230 660 
Ne= 7.007 + X3 — 0.1192 + 1000 — 42 

12.8. Is synchronous coupling possible in quartz crystals at wave- 
length À — 0.347 um? 

12.9. Find the temperature of the 90”-synchronism in lithium nio- 
bate crystals of a given stoichiometric composition for A, = 1.064 um, 
for the following dispersion and temperature dependencies of re- 
fractive indices in crystals with this composition: 

2 0,11734-1.65-10-872 = 

N? = 4.9130 TAI (02124 2.7-10-875 21-10-8753 — 2.78.10-2)2 


N2=4.5567-+ 2.005. 10777? ayy 224-1072 
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12.10. Show that deg for the ee — o coupling in symmetry class 
422 is independent of the angle q between the principal plane and co- 
ordinate plane X,X, in the crystal. 

12.11. Show that der for the oo — e coupling in symmetry class 
Ə is equal to the sum of der in symmetry classes 6 and 6. 

12.12. Show that der for the oo — e coupling in symmetry class 
3m is equal to the sum of deg for classes 6m2 and 6mm. 

12.13. Find the crystallographic directions in lithium niobate in 
which der for the oo — e coupling is a function of d,, only. Will the 
transformation of the fundamental-frequency light into SH be more 
or less effective than in other synchronism directions possible in the 
crystal? 

12.14. Show that d-n = O for the oo —- e coupling in erystals with 
symmetry 622 and 422. 

12.15. Find the orientation of the synchronism axis in cinnabar 
(HgS) crystals for A — 10.6 um if the refractive indices are 


No = 2.83, N, — 3.15 for A — 5.3 um 
Ng = 2.60, М, = 2.85 for A = 10.6 um 


12.16. Find the flux density of SH of a CO, laser radiation, gener- 
ated in a cinnabar crystal 0.8 cm long, for the incident flux density 
107 W/cm?. 

12.17. Find the coherence length of a quartz crystal generating 
SH in the directions at angles 30% and 90” to the optic axis of the 
crystal, for A — 1.06 

12.18. Find the flux density of SH generated in a quartz crystal 
in the directions given in the preceding problem. 

The incident flux density is 10? W/cm?, and the crystal length 
equals the coherence length in the corresponding direction. 

12.19. Find the coherence length of a KDP crystal in directions 
20 from the synchronism direction by 5”, that is, (0, + 5”) 
and (0, — 5” 

12. 20. Calculate the change in the output flux density of SH gener- 
ated in a lithium niobate erystal for a deflection from the synchro- 
nism angle by 5°, 10”, and 15°, for A = 1.06 um and crystal composi- 
tion allowing for the 90” -synchronism. Make use of the data given 
in Problem 12.9. 

12.21. Find the orientation of the synchronism direction in gal- 
lium selenide crystals for A = 10.6 um, for the following refractive 
indices: 


N, 2.4, N, — 2.44 for A 10.6 um 
N, = 2.83, М, = 2.46 for A = 0.53 um 
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12.22. Find the orientations of the synchronism direction at which 
the beam displacement imposes no restriction on the actual length of 
synchronous coupling for Ak = 0. 

12.23. Find the SH flux density in a lithium niobate crystal in the 
case of 90”-synchronism for crystal length L = 1 cm, 4 = 1.06 um, 
incident radiant flux 5-105 W, and beam cross-sectional area 8 = 
= 1 cm?. What will be the change in the SH flux when the beam 
cross-sectional area is reduced to 0.01 cm?, with the flux conserved? 

12.24. Calculate the incident radiant flux at which the output SH 
flux will be 5096 and 9096 of the incident flux in lithium niobate 
crystal for 90^-synchronism. Assume L--1 cm, A —1.06 um, and 
S = 0.01 cm?, 

12.25. Calculate the actual coupling length in a KDP crystal, 
taking into account the beam displacement, when the fundamental- 
frequency wave propagates in the synchronism direction (0 = 49°), 
for the incident beam diameter d — 1 mm. 

12.26. Recalculate the preceding problem for d — 1 cm. 

12.27. Find the angle between the wavefront normal and the 
beam propagating in the synchronism direction, in a cinnabar crys- 
tal for 4 — 10.6 um. What is the coupling length for d — 1 cm? 

12.28. Find the change in the SH output flux when the beam dia- 
meter is reduced from 1 to 0.1 cm in a KDP crystal, taking into 
account the effect of beam diameter on the synchronous coupling 
length. The light beam propagates in the synchronism direction 
(0 = 49°), the incident radiant flux is 10% W. 


13. ROTATION 
OF POLARIZATION PLANE 
(OPTICAL ACTIVITY) 


When a plane-polarized monochromatic light passes through some 
isotropic media, the polarization plane is rotated, and the rotation 
angle is proportional to the optical path length. This phenomenon is 
called the rotation of light polarization plane, or optical activity. 
This phenomenon is also observed in some cubic crystals, as well as 
in many uniaxial and biaxial crystals when light propagates along 
the optical axis, that is, along a direction in which the usual bire- 
fringence is absent. 


Rotation of Polarization Plane 
in Isotropic Media, Cubic Crystals, 
and in Other Crystals when Light Propagates Along an Optic Axis 


In this cases there are two circularly polarized waves of opposite 
hand, propagating through the medium without a change in the pola- 
rization state. These waves propagate at different velocities, corre- 
sponding to the refractive indices n, and n, (the indices r and 1 refer 
to the right-handed and left-handed components). The incident plane- 
polarized wave splits into two circularly polarized components 
and emerges from the medium as a plane-polarized wave whose polar- 
ization plane is rotated by an angle q (Fig. 13.1). The angle of rota- 
tion is given by the formula 


cin m) (13.1) 


where d is the path length in the medium, and A, is the wavelength in 
vacuum. 
The path difference of the two circularly polarized components is 


Fig. 13.1. Rotation of polarization 
plane when light passes through a 
crystal in a direction in whic 
ordinary birefringence is absent: 

(a) arrangement of vectors at the 
point of entrance into the medium, 
(b) arrangement of vectors at the 
point of emergence from the crystal. 
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The angle of rotation of polarization plane per unit path length 
in a given medium, p = q/d, is called the specific rotation: 


р= (m—m) (13.2) 


Clockwise rotation for an observer facing the beam propagation is by 
convention the right-hand rotation. The sign of p is positive if both 
the rotation and the coordinate system are right- or left-handed; the 
sign is negative if the rotation is right-handed (left-handed) and the 
coordinate system is left-handed (right-handed). 

This means that the sign of specific rotation must change in convert- 
ing from a right-handed to a left-handed (and vice versa) coordinate 
System: 


р = +p (13.3) 


where the plus sign refers to transformations which conserve the hand 
of the coordinate system, and the minus sign refers to transformations 
which convert a right-handed system into a left-handed system (and 
vice versa). (A physical quantity behaving in this manner is called 
pseudoscalar.) 


Rotation of Polarization Plane in Uniazial 
and Biaxial Crystals along Directions Tilted 
with Respect to an Optic Axis 


In this case an arbitrary wave normal corresponds to two waves 
which pass through an optically active crystal without changing the 
state of polarization. In the general case these waves are elliptically 
polarized, with the shape of the ellipses defining the polarization 
state being identical for both, but with the opposite directions of ro- 
tation. The major axes of the ellipses are mutually perpendicular and 
coincide with the principal directions of oscillations that would be 
realized or a given normal if the crystal were optically inactive. The 
refractive indices of these waves are positive roots of the equation 


(nf — n'2) (n — n™) = 62 (13.4) 


where n' and n” are refractive indices for zero optical activity, and 
G is the gyration, the quantity determining the optical activity in a 
given direction. The gyration G is a function of direction, written in 
the form 


G = gühli (gi = Еј) (13.5) 


where gi; are the components of the gyration tensor. 
The forms of tensors [g;;] for crystals belonging to various crystal- 
lographic classes are given in Appendix (Table 13a). Specific rota- 
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tion p is related to G as follows: 


pu (13.6) 
Aon 
where n = V n'n". 
Like p, G is a pseudoscalar, that is, 
G = +G (13.7) 


and its sign depends on whether the hand of the coordinate system is 
changed upon transformation. 

Tensor [g;j] is an axially symmetric tensor of rank two trans- 
formed as follows: 


Вај = *CinCj18h1 (13.8) 


where the plus sign indicates transformations conserving the hand 
of the coordinate system, and the minus sign refers to transforma- 
tions changing the hand of the coordinate system. 

As any symmetric tensor, the gyration tensor can be converted to 
the diagonal form: 





"£10 07 
(а.1= | 0 Bo О 
-0 О £ga- 


where £11, £55, &33 are the gyration tensor components along the prin- 
cipal axes. 
Referred to the principal axes, Eq. (13.5) is greatly simplified: 


guni + East; + 83323 = D 


The surface described by this equation, that is, the surface with 
radius vectors proportional to G, is called the gyration surface. 


Examples of Problems 
with Solutions 


13.1. Show that crystals belonging to class m, though not enantio- 
morphous, are optically active. 

Solution. According to the rules of choosing crystallophysical 
axes in class m crystals (see Table 3), the axis X, is chosen perpen- 
dicular to m. 

In this case the plane m transforms the initial coordinate system 
in such a manner that X, > X,, X, o —X,, X4 —--Xg4 or, ina 
compact form, 1 — 1, 2 — —2, 3 — 4-3. The operation of reflection 
in a symmetry plane is the second-kind operation, that is, it converts 
a right-handed coordinate system into a left-handed system (and 
vice versa); consequently, according to (13.8), the components of the 


15* 
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gyration tensor in the new coordinate system should have minus sign. 
By using the direct inspection method and taking into account (13.8), 
we find that the components of [g;;] are transformed as follows: 
£i >—81 ie. £u =0, giz > Елә) 831 — —Ези 1-2. £3 = О 
822 > —Вазә i.e. 822 = 0, 823 > Eas; E33 > —839, 1.€. aş = О 


so that the tensor [g;;] takes the form 


-0 4207 
Вә О ga 
-0 gaa О — 


Since the coefficients 2) of the gyration tensor for class m crystals 
are nonzero, the crystals of this class, though not enantiomorphous, 
are optically active. 

13.2. What should be the orientation of a precisely machined 
quartz plate possessing no optical activity? 

Solution. Quartz crystals are optically active; the optical activi- 
ty of quartz is determined by two independent coefficients gi; : gı, = 
= 55 833, With the coefficients gu and 222 being of opposite signs 
(see Table 13a). 

Therefore, quartz can rotate the polarization plane not only along 
the optic axis, but also in perpendicular directions, and the signs of 
these rotations are opposite. Correspondingly, the gyration surface is 
described by the equation 


G = gy (nj + n) — 83303 
Denote the angle between a radius vector of the gyration surface and 
the optic axis by q. Then we find for the section coinciding with the 
coordinate plane X,X,: n4 = cos Q, n4 = sin q, n, = 0. 

A substitution of these expressions for r4, nz, and nz into the equa- 
tion of the quartz gyration surface yields 


AG = фу sin? p— 833 cos? q 


The sought value of the angle q must ensure zero optical activity. 
Consequently, О = gı sin? y — g,, cos? q, whence 


tan? p= reg —2.23, tan q — 1.493, q — 56”10” 
1 
Therefore, for zero optical activity of a guartz plate it must be 
cut in such a manner that the normal to the plate be at an angle 
56910” to the three-fold axis. Obviously, this result can be used in op- 
tic industry to manufacture quartz plates and quartz wedges not ro- 
tating the light polarization plane. 


13. Optical Activity 229 


PROBLEMS 


13.3. Show that centrosymmetrical crystals cannot be optically 
active. 

13.4 Indicate non-enantiomorphous symmetry classes in which 
optical activity can be observed. 

13.5. Find the number of independent components of the dura- 
tion tensor for rochelle salt. 

13.6. Optical axes of rochelle salt lie in the plane (010). Use sym- 
metry arguments only and find the magnitude and sign of specific 
rotation along optical axes. 

13.7. Find the number of independent components of the gyration 
tensor for crystals belonging to symmetry classes 4 and 42m. What 
are the crystallographic directions of such crystals in which optical 
activity is zero? 

13.8. Show that all components of the gyration tensor [g;;] are 
zero for crystals with symmetry 4mm. 

13.9. What are the restrictions imposed by symmetry on the rota- 
tion of polarization plane along the optic axis in the case of sym- 
metry class mm? 

13.10. Can the rotation of polarization plane be observed along 
optic axes in crystals with symmetry m if (i) the symmetry plane con- 
tains both optic axes, (ii) the symmetry plane is the bisector of the 
angle between the optic axes? Find the sign and magnitude of spe- 
cific rotation along optic axes in these cases. 

13.11. Find the change in the point symmetry of crystals belong- 
ing to classes 3m, 3m, 32, 4/mmm, 4/m, and 42m, caused by a phase 
transition accompanied by the optical activity described by a gy- 
ration surface with symmetry oooo. 

13.12. Find the change in the point symmetry of crystals belonging 
to classes m3m and 432, caused by a phase transition accompanied 
by the appearance of optical activity with gyration surfaces having 
the following symmetry: (i) ooco, (ii) 002, (iii) 42m, (iv) 2, provided 
the principal axes of these gyration surfaces are along the crystal- 
lographic directions (a) (100) or (b) (111). 

13.13. What should be the orientation of a crystal plate of tartar- 
ic acid (TA) so that the effect of rotation of polarization plane can 
be observed in its pure form? 

13.14. The plane (010) of sugar crystals, in which the optic axes 
of the crystal lie, is perpendicular to the two-fold symmetry axis. 
By using only symmetry arguments, find the magnitude and sign of 
the specific rotation along the optic axes. 

13.15. Calculate the difference between refractive indices of two 
circularly polarized components of light with wavelength 0.556 pm 
propagating in a sodium chlorate crystal plate. 
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13.16. Find the orientation of the principal axes of the gyration 
tensor in class m crystals with respect to the symmetry plane. Find 
the tensor [g;;] referred to the principal axes. 

13.17. The optic axes of tartaric crystal lie in the same plane with 
the two-fold symmetry axis. By using only symmetry arguments, 
find the sign and magnitude of specific rotation along the optic axes 
of the crystal. 

13.18. A quartz plate cut perpendicular to the optic axis is placed 
between parallel nicols. The difference n; — n, for wavelength 
0.589 um is equal to 7.1-1073 along the optic axis. Find the plate 
thickness which gives complete extinction of light at this wavelength. 

13.19. Find the minimal difference An in refractive indices of cir- 
cularly polarized beams, with right- and left-handed polarization 
and wavelength 0.76 um, detectable in a cinnabar plate 2 mm thick, 
for specific rotation of these beams equal to 325”/mm. 

13.20. A quartz plate 1 mm thick is cut perpendicular to the op- 
tic axis and placed between crossed nicols. Explain why the plate is 
never opaque, whatever the light wavelength. 

13.21. Estimate birefringence of an oriented quartz plate for light 
wavelength A = 0.510 um if the angle between the normal to the 
plate and its optic axis is 60% calculate the additional birefringence 
due to optical activity of quartz. 


14. ELASTIC WAVES 
IN CRYSTALS 


Bulk Elastic Waves 
in Non-Piezoelectric Crystals 


The wave equation describing the propagation of elastic (acous- 
tic) waves in erystals can be derived from Newton's second law 
Mu;  Ölüi 
a ^—— öz) 
and Hooke”s law (7.2) 


Olum 


¿=C; — 
Döş ihlm OTR Ox 


(14.1) 
where u; are the components of displacement vector of the medium, p 
is the density, and C;xim are the elastic stiffnesses. 

The solution of Eq. (14.1) is the plane monochromatic wave of elas- 
tic displacements: 


uj— uSeihlnixi- noxa naxa) - vt] (14.2) 


where u$ is the displacement amplitude along the jth axis, k is the 
wave number equal to 2x/A, nj, na, ng are the components of unit 
vector of wavefront normal, À is the wavelength, and v is the phase 
velocity. 

The substitution of the expression for u; into the equation of mo- 
tion yields 


(C jim a — pv?0,) u == О (14.3) 
Let us introduce a rank two tensor 


1 

A jm = juga = т ОӘәмт"Ат 
A (14.4) 

Ajrim = 7 Cjhtm 
called the Green-Christoffel tensor for a given propagation direction of 
the acoustic wave; this tensor is a positively definite symmetric ten- 
sor of rank two. With this tensor, Eq. (14.3) can be written in the 
form 


(Aim — DB: a) Um = 0 (14.5) 
where 6;, is the Kronecker delta. 


Equation (14.5) is called the Green-Christoffel equation for a given 
direction of propagation of an acoustic wave. In the most general 
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case of a triclinic crystal, each component of the tensor [A;,,] is 
found from relations of the form 


1 2 2 
Nim = Мат =- inima + Ci22m 03 + Ci39m Ma 


+ (Ci23m + Cisam) Haha + (Cisim + Ciism) Nana + (Ciim F Cisim) Тапа) 


for i, m = (11), (22), (33), (23), (31), (12). 
The contraction Ajm = Cijimnin y, corresponding to the tensor 
[A jm], is given in full form in Table 14.1. By using this table and 


Table 14.1 


Matrix Components of the Green-Christoffel Tensor * Aix — —eE ni, 


Used to Determine Phase Velocities of Acoustic Waves Propagating 
in Triclinic Crystals 








пуп 
ni nj ng nang ning ning 

Ain 
Ay | 11 | 66 | 55 | 2x56 2x15 | 2x16 
A | 66 | 22 | 44 | 2x24 | 2x46 | 2x26 
Ass | 55 | ii | 33 | 2x34 | 2x35 | 2x45 
Aes | 56 | 24 | 34 | 234-44 | 364-45 | 25-46 
Aj | 15 | 46 | 35 | 36--45 | 184-55 | 144-56 
Mas 16 | 26 45 25-1-46 14456 | 12-166 

















* The squares of this and other similar tables list the indices of the correspond- 
ing tensors in the matrix notation. In the specific case of Table 14.1, this means 


that 11 stands for P 2x56 is equivalent to 2cÉE,, and 254-46 to E. e. 


knowing the matrix of elastic stiffnesses (с) of a specific crystal, it 
is easy to find the components of tensor for any chosen direction of 
the wavefront normal. 

For the solution of Eg. (14.2) to be nonzero, the determinant of 
the coefficients of the system (14.5) must vanish: 


| Aim — Vsiml = 0 (14.6) 
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or, in a more detailed form, 
[A4 — v2) | Aga — v?| | Agg —v?| — Azı IA — v?] 
— Аз, |Ад— 021 + 2A141343 = 0 


Since equation (14.6) is cubic in v?, three waves propagate in the 
general case along a given direction of wavefront normal n, at differ- 
ent velocities v,, vz, and vs; each wave has its own vector u%, 
u‘, and ид) determining the direction of displacement in the wave 
(Fig. 14.1). Waves with a common wavefront normal n are called 
isonormal. 

Isotropic medium. In isotropic media the tensor İA,ml is uniaxial 
for any direction of wavefront normal. It can be shown that in iso- 
tropic media the tensor of elastic stiffnesses is given by the following 
expression: 


Cikim = 010:%0 im + aş LB: Bun + 015041) 


where a,, a, are scalar coefficients, and 6;, is the Kronecker delta; 
hence 


1 
Азы — p Sikimi = 284m + (ах +2) Nim 


This means that the axis of the tensor [A;,,] is the wavefront normal 
n, and one of the eigenvectors of the uniaxial tensor is aligned along 
n. Consequently, the vector of displacement u, in the corresponding 
wave oscillates along the wavefront normal. Such waves are called 
purely longitudinal. Two other linearly independent displacement vec- 
tors can be chosen in an arbitrary manner in the plane perpendicular 
to n. These waves are called purely shear waves, or transverse waves, 
and their phase velocities are identical. 

The direction of propagation of two waves with identical velocities 
is called the acoustic axis. The following condition must be satisfied 
for the propagation of purely longitudinal and purely transverse 
waves: 


u X n = 0: the condition of the purely longidutinal wave (14.7) 
u:n = 0: the condition of a purely transverse wave (14.8) 


Xy Fig. 14.1. Isonormal waves in 

S anisotropic media. 0—angle between 
the wavefront normal n and 
displacement vector u() of a wave 
propagating at a velocity v; 
y—angle between n and the group 
velocity vector S. 
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Consequently, elastic waves in isotropic media have the fol- 
lowing properties. 

(i) One of the three isonormal waves is always purely longitudinal 
(the directions along which the purely longitudinal wave can propa- 
gate are said to be longitudinal normals). Any wavefront normal 
in an isotropic medium is a longitudinal normal. 

(ii) Purely transverse waves propagate along each wavefront nor- 
mal. 

(iii) Two waves with identical velocities propagate along each 
wavefront normal. 

Anisotropic medium. İn contrast to isotropic media, in crystals 
none of the three isonormal waves is, in the general case, either pure- 
ly longitudinal or purely transverse, that is, in most directions 
u X n Æ 0 and u-n Æ О (Fig. 14.1). However, in any case one of the 
waves has a displacement vector at a minimum angle to the wave- 
front normal, as compared with the displacement vectors of the other 
two waves. Such a wave is called quasilongitudinal, and the other two 
quasitransverse (quasishear) waves. Experiments show that in practi- 
cally all crystals the quasilongitudinal wave has a velocity greater 
than that of the two isonormal waves (the only known exception 
is paratellurite, TeO,, in whose crystals longitudinal waves pro- 
pagate at a velocity smaller than that of shear waves). The fact that 
as a rule elastic waves in crystals are neither purely longitudinal nor 
purely transverse is one of the main manifestations of anisotropy of 
elastic properties in crystals. 

The tensor [A;,,] has in crystals three distinct eigenvalues, and the- 
refore three eigenvectors with clearly defined directions. For almost 
all directions of the wavefront normal each of the displacement vec- 
tors of three isonormal waves remains parallel to some fixed straight 
line, while its magnitude varies periodically. This means that, 
as a rule, plane elastic waves in crystals are linearly polarized, ex- 
cept for those directions n for which the tensor [A;,,] becomes uniaxi- 
al. Waves of a different polarization can propagate along these di- 
rections together with linearly polarized waves. 

Singular direetions in crystals. In any crystal, except for those 
belonging to the triclinic system, there are directions of the normal n 
such that elastic waves propagating along these directions possess one 
or several of the properties characteristic for isotropic media. These 
directions are said to be singular. 

Equation (14.6) is considerably simplified in the cases of singular 
directions. An analysis shows that 

(i) a longitudinal and purely shear waves propagate along the sym- 
metry axes; 

(ii) shear waves propagate along the axes 3, 4, and 6 at identical 
velocities; 

(iii) in symmetry plane or in planes perpendicular to the axes 2, 4, 
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and 6 one of the waves is purely transverse, with the condition (14.8) 
satisfied. The set of singular directions satisfying conditions (14.7) 
and (14.8) are of special interest for manufacturing piezoelectric de- 
vices. 

Owing to the absence of elastic coupling between different types 
of vibrations (piezoelectric coupling may exist), plates cut perpendic- 
ular to these directions vibrate at a single frequency of thickness 
vibrations. 

An analysis also shows that the singular directions in crystals 
form a cone of order eight, degenerated to a number of discrete di- 
rections, and that there are at least two such directions in any crystal. 

Wave surfaces. In studying the propagation of elastic waves in 
crystals, it is very useful to introduce certain surfaces which make it 
possible to describe a number of properties of these waves in an il- 
lustrative manner. 

Mostly three types of surfaces are used, each giving a locus of the 
ends of one of the vectors characterizing the propagations of waves. 

Surface of phase velocities. If the vectors of phase velocities 
are drawn from an origin 0 in all possible directions of the wavefront 
normal n, the locus of the ends of these vectors is called the phase- 
velocity surface. 

Obviously, the radius vector of this surface is the vector of phase 
velocity 

T—vy-— Un (14.9) 

In the general case the equation of the phase-velocity surface 
is an equation of order 12. Three different values of phase velocity 
correspond to each direction of the wavefront normal, and this means 
that any straight line drawn from the origin intersects the surface 
in three points, and the surface consists of three sheets. One of these 
sheets, L, corresponds to the velocities of quasilongitudinal waves v,. 
Two other sheets, 7, and T,, correspond to quasitransverse waves 
v, and vz. Obviously, the surfaces of phase velocities of quasitrans- 
verse waves are tangent or intersect along the acoustic axes 
(Fig. 14.2b). 

Surface of Inverse Velocities 

(Refractive Surface) 


Let us introduce a vector M — n/v aligned along the wavefront 
normal, with the magnitude equal to the reciprocal of phase velocity. 
This vector is said to be the vector of refraction, and the locus of 
the ends of refraction vectors drawn from the origin is said to be the 
surface of inverse velocities (refraction surface). 

The equation of refraction surface is an equation of order six in 
the components of refraction vector. The refraction surface, as the 
phase-velocity surface, consists of three sheets corresponding to the 
quasilongitudinal (Z) and quasitransverse (7, and 7,) waves. 
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The phase-velocity surface and refraction surface are related because 
the product of their radius vectors drawn in the same direction 
is unity: 

İvliMi—1 
Therefore, each one of these surfaces can be obtained from the other 
by inversion. 


+X. 
+X» 


Ew (FX 
EDO} 


(a) (5) 


Fig. 14.2. Section of the 
phase velocity surface of 
acoustic waves propagating 
in o-quartz, by (a) 
coordinate plane X,X;, 
(b) X,X3, (c) X5X;. 
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Sections 
of Wave Surfaces 


As wave surface equations may be of quite high orders, sections 
of these surfaces by various planes, such as coordinate and symmetry 
planes, are widely used to analyze these surfaces and the related 
physical properties of acoustic waves. In a symmetry plane, Eq. (14.6) 
always separates into a linear and a quadratic equations. The sec- 
tions of phase-velocity surfaces by various coordinate planes are 
shown in Fig. 14.2a-c for acoustic waves propagating in a-quartz 
crystals. 


Calculation 

of Characteristics 

of Phase Velocities 

for Bulk Acoustic Waves 


The procedure used to calculate the characteristics of phase veloc- 
ities for bulk acoustic waves and to determine the corresponding 
polarizations is as follows. 

For each given direction of wavefront normal n, the components 
of the Green-Christoffel tensor [A;4] are found from the known matrix 
of elastic stifinesses of a crystal by using Table 14.1. 

Then the cubic equation (14.6) is solved for v?, and the phase velo- 
cities of the three bulk acoustic waves are calculated. The wave 
polarization is found by solving the system of homogeneous equa- 
tions for a given phase velocity of the wave v? (p — 1, 2, 3 are 
the indices of one of eigenvalues): 


(Aix — vö us = О 


Here we take into account that (uf)? = 1. The next step is to 
find the angle 9 between the displacement vector and the direction 
of the wavefront normal n, determining the type of the wave 
(Fig. 14.1), from the known components of the unit displacement 
vector: 


0 = arc cos (nu). 


Energy Flux 
and Group Velocities 
of Bulk Acoustic Waves 


As a result of anisotropy of elastic properties in crystals, in the 
general case the direction of the energy flux vector of an acoustic 
wave does not coincide, in contrast to the case of isotropic media, 
with the direction of wavefront normal n, that is, there is a certain 
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nonzero angle y between these two vectors (Fig. 14.3). Consequently, 
group velocity does not coincide with phase velocity even in the 
case of zero dispersion. The group velocity of an elastic wave, S, 
is the velocity of energy flux. The relation between the group and 
phase velocities is 


SP.n—vp (14.10) 


that is, phase velocity is egual to the projection of group velocity 
onto the direction of sound propagation. When a wave propagates 
along an acoustic axis, the energy flux of shear waves may deviate 
İrom the direction of wave propagation, and the direction of devia- 
tion depends on the polarization of the wave. By analogy to optical 
phenomena, this effect is called the internal conical refraction: as 
the polarization plane of a shear wave is rotated, the acoustic beam 
also rotates, moving along a cone which is a locus of possible direc- 
tions of energy flux. The semivertical angle of the cone y (Fig. 14.4) 
is called the angle of conical refraction. 


Waverront Fig. 14.3. Energy flux and 
wavefront normal in an 
anisotropic medium. 







Piezoelectric y 
transducer 





Fig. 14.4. The cone of internal 
conical refraction. 
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Group velocity is given by 
the relation 


p— 1 
i S gep Cii jua 
(14.11) 


that is, the group velocity of 
bulk elastic waves can be cal- 
culated if the phase velocity 
of a wave in a given direction 
and the components of its 
displacement vector are 
known. To facilitate calcula- 
tions, a vector 6 with com- 
ponents 

ES = €) ¡syNt¡U jg (14.12) 
is introduced. To simplify the 
operations with equation 
(14.11), the contracted terms 
in this equation are usually 
written in detail. Table 14.2 
lists detailed notation of the 
contracted so-called “elastic” 
vector EŞ. 
Let us introduce a unit vector 
of energy flux along the flux 
propagation direction: 


Ci ilmü jum” 
I, məə (14.13) 
The angle between the wave 
propagation direction and 
energy flux, the so-called “dis- 
placement" angle, is given by 
the relation 
Y = arc cos (inj) (14.14) 


and sometimes reaches tens 
of degrees. 


Piezoelectric Effect 
in the Theory 
of Elastic Waves 


Mechanical stress and strain 
generated by elastic waves 
propagating in piezoelectric 


Table 14.2 
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c 
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crystals and textures produce dielectric polarization (direct piezo- 
electric effect). The electric field produced thereby affects, in its 
turn, the original strain and stress (reverse piezoelectric effect). As 
a result, the velocities of elastic waves propagating in piezoelectric 
crystals are different from those obtained by solving the ordinary 
Christoffel equation (14.5). 

An analysis of wave propagation in piezoelectric media involves 
a joint solution of equations of motion (14.1) and Maxwell equa- 
tions. High-frequency elastic waves in piezoelectric crystals are 
accompanied by electromagnetic waves they generate, and vice 
versa. 

In the general case, three elastic and two electromagnetic waves 
propagate in piezoelectric media because of the above-described 
coupling. These waves are of two types: some have phase velocities 
nearly equal to that of electromagnetic waves, while the velocity 
of others is nearly equal to that of elastic waves. Among them there 
are "fast" elastic waves interpreted as mechanical strain accompany- 
ing an ordinary electromagnetic wave, and "slow" electromagnetic 
waves caused by time-dependent electric field generated in a nor- 
mal elastic wave. 

The equations of state of a piezoelectric medium take the form 


tij = Cijrilki — €mijÉm (14.15) 

Dm = gak hi T £g jE; (14.16) 

By substituting Eq. (14.15) into that of Newton's second law, we 
obtain 


Or öEm 
pu; = Суј > öz; — ти gr; (14.17) 


Тһе “ equation div D — curl E — 0 yields 





eşik TE tem SE = 0 (14.18) 

Taking into account that гу, = (+ $i) and 
1 
O 

E= OX; 
we find 

T АЛИ АНА A 

PU; = Суј Ox; Öz, + €mij дај Özm (14.19) 
and 

qaya a I. LR (14.20) 


Cil Gay ox, miz dam, 
In a plane wave 
uy = Upo expli (k-r — of)) and q = qoexpli (k-r — oğ)) 
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Substituting these expressions into (14.18) and (14.19) , we find 


POU; = Ci uk sky + 6g i jk en (14.21) 


Taking into account that k — 2 n and eliminating q, we obtain 


1 1 (Mmemijnj) (njejn ini) f 
[+ Cian ME m 00 u, —0 (14.23) 
Introducing the symbols 
в1 = ВиетајПј) gh— ри Em; (14.24) 


we rewrite equalion (14.23) in the form 
(Ain + €7En/en — 026,,) uy = 0 (14.25) 
or 


(Ain + АЛ, Up = vu, (14.25a) 
where A; are the components of the Green-Christoffel tensor calcu- 
lated according to (14.4; AA,, = @?8}/e" is a “piezoelectric 
increment" to the components Aip, 6? are the components of the 
so-called contracted piezoelectric vector, and 6" is the "effective" 


dielectric permittivity along n times p. To simplify the calculation 
of the characteristics of acoustic waves in piezoelectric crystals, 


a detailed form of the contracted “piezoelectric” vector £? and effec- 
tive dielectric permittivity is used (see Table 14.3). 


Table 14.3 


Components of Contracted Vector 8 — eş,/nın? Required for Calculation 
of Phase Velocities of Acoustic Waves in Piezoelectric Crystals 


ninj 
n? n3 n nana ning Ding 
Zn 
v 


$1 11 26 35 254-36 154-31 16--21 
$5 16 22 34 24-1-32 144-36 12-26 
63 15 24 ^| 33 23-34 13-4+-35 144-25 
gr 11 22 33 2x23 2x18 2x12 


16-0475 
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As a rule, AAğ, is a very small addition to the tensor Af, so that 
v? = v? + Av? 
u= u + Au 

where v,, u, are the velocity and polarization, respectively, of elastic 


wave when the piezoelectric effect is neglected; Av and Au are the 
corresponding small corrections, and one can assume that 


uğAu =0 


By multiplying (14.25a) by u; and summing up over i, we find 
the expression yielding the piezoelectric correction to the velocity 
of elastic waves: 


Av? — (67u))2 (14.26) 


Piezoelectric properties considerably afiect the propagation of 
acoustic waves if the propagation direction and the motion of par- 
ticles in a wave are such that the longitudinal component of pie- 
zoelectric polarization is generated. Such acoustic waves accompa- 
nied by intensive longitudinal piezoelectric fields are called “piezo- 
electrically active” waves. 

The polarization of elastic waves in piezoelectric crystals is de- 
fined precisely as the polarization in nonpiezoelectric crystals but 
takes into account the piezoelectric increment AA;,. The compo- 
nents of the group velocity vector in piezoelectric crystals are given 
by the expression 


c e rate 1 e 
Ss (zel wes] (14.27) 
where 
ö, = CE phiU jus; é'= €mijimA¡Uj 
E = Пабаы)ы в = Cmyjlmlty 


e . e — 
"Ey evi min, Ey = Evala 


In order to simplify Eq. (14.27), it is necessary to convert to the 
detailed notation of contracted components in this equation, given 
in Tables 14.5-14.6. Table 14.3 gives the detailed notation of the 
first term in Eq. (44.27), that is, the components of the contracted 
“elastic” vector: 


c ÇE 
Ey = cE niu ju, 
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Calculation 

of Characteristics 

of Group Velocities 

of Bulk Acoustic Waves 
in Piezoelectric Crystals 


The calculation of characteristics of the group velocity of an elastic 
wave propagating in a piezoelectric medium is carried out in the 
following order: 

(i) the phase velocity v of an elastic wave and the corresponding 
vector of polarization u are calculated for a given direction of the 
wavefront normal n; 

(ii) the group velocity components S,, S, and S? are calculated 
from Eq. (4.27); 

(iii) the magnitude of group velocity S is found by the formula 


$ — (82 - S24 5317 (14.28) 
(iv) the formula 
I= = (5104 + sap, + S3€3) (14.29) 


yields the unit vector indicating the direction of energy flux in the 
given elastic wave; e,, e; and e, are the unit vectors of the crystal- 
lophysical coordinate system; 

(v) the angle of deviation of energy flux in the considered elastic 
wave from the wavefront normal n is found from the equation 

y — arc cos (1-n) (14.30) 

Table 14.4 gives the components of the contracted "piezoelectric" 
vector 


ELLE етмј mU; + eva, 


Table 14.4 
Components of Contracted Vector $7 + "62 = eiyjn;uj J- ey; jniuj 


Required to Calculate Group Velocities of Acoustic Waves 
in Piezoelectric Crystals 


niuj ni Ng ns 


erge 
$y by ui из из из из из uy из из 





81--"81 2411 2x16 2x15|164-21 12426 144-25154-31 14436 13435 
$5--'65 |46+21 124-26 144-25| 2x22 2x24 2x36/25+4+36 244-32 234-34 
8€3+'83 115-341 14--36 134+35/254-36 24432 234-34| 2x35 2x34 2x33 


16* 
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which are the sums of the second and third components in Eq. (14.27). 
The contracted form 6" = eyi;nmn;u; is a scalar product of the 
polarization vector u and “piezoelectric” contracted vector whose 
components are €$ = @mijNmNi, given in detailed form in Table 14.3. 
This table also gives the detailed notation of the effective dielectric 
permittivity & of the piezoelectric material. 

The components of the contracted “electric” vector Ey = €yaNa 
are listed in Table 14.5. 


Table 14.5 


Components of Contracted Vector $, = ey, p 


Required to Calculate Group Velocities of 
Acoustic Waves in Piezoelectric Crystals 


p 
ni n» ng 
8, 
$; 11 12 13 
еј 12 22 28 
63 13 23 33 
Electromechanical 


Coupling Factor 


The electromechanical coupling factor K? found from the relation 


kü (14.31) 


2 
Dp 





where v and v, are phase velocities along a given direction, when 
the piezoelectric effect taken into account and not taken into ac- 
count, respectively, is a generalized characteristic of elastic and 
piezoelectric properties of crystals. 


Examples of Problems 
with Solutions 


14.1. Using only symmetry arguments, show that one purely 
longitudinal and two purely transverse waves propagate in any 
crystal along the two-fold axis and along the normal to the sym- 
metry plane. 

Solution. Assume that an elastic wave with the wavefront normal 
parallel to the two-fold axis corresponds to the displacement vector 
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u at an angle not equal to О or л/2 with respect to the two-fold axis 
(Fig. 14.5). Since n || 2, the introduction of a favoured direction of 
the wavefront normal does not change the symmetry of the crystal- 
elastic wave system as compared to the symmetry of the crystal 
itself. Consequently, as a result, a rotation of the system by the 
angle x around the axis 2 leaves the system unchanged. Obviously, 
this is only possible if the displacement vector is either parallel or 
perpendicular to n; otherwise it would switch from the position 
u to the position u', and the crystal-wave system would not coincide 
with itself upon rotation. 

This shows that only a pure longitudinal and two pure transverse 
waves can propagate along a two-fold symmetry axis. À symmetry 
plane is equivalent, with respect to elastic properties, to a two- 
fold axis, and therefore, the above arguments are valid for the wave- 
front normal perpendicular to the symmetry plane. 

14.2. Electronic devices storing the colour signal for each frame 
in a colour TV receiver and then transmitting the signal to the 
electronic gun of the colour picture tube at the end of each frame 
employ ultrasonic delay line (UDL) with 60 ps delay time. Such 
delay lines, used in electronics to condition and process radio sig- 
nals, usually consist of a solid acoustic waveguide coupled to trans- 
ducers, one to generate elastic vibrations in the acoustic waveguide 
by applied electric voltage, and another to receive and transform 
them into electric signals (Fig. 14.6). 

Determine the dimensions of a UDL made of fused quartz operat- 
ing on (i) longitudinal vibrations, (ii) shear vibrations. By what 
percentage can the length of the line be reduced if shear waves are 
employed instead of longitudinal ones? 

Solution. Fused quartz is an isotropic medium, and its elastic 
properties are determined by two independent elastic stiffnesses 
Cy, and cjg 

In accordance with the matrix of stiffnesses c;; of isotropic media, 
the tensor [A;;] takes the form 


Aij = MAB + (Ayı — Ay) nin; 


Fig. 14.5. Figure to Problem 14.1. 
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Denote the velocity of a longitudinal wave by v,, and that of a 
transverse wave by v, 

The polarization vector of a longitudinal wave propagating along 
n is u; = un;. By substituting this relation into Eq. (14.5), we 
find 


A, jnj — vin, 

or 
[4440; ; + (44 — Мы) n;nj] n; — vin; 
[44 (Ayı — Ara) ] n; = vin; 


whence 
cı E 
Wha n= y == V 5 


For a transverse wave propagating along n, u:n — 0. Conse- 
quently, 


LB: + Q44— Aa) n;n;] Uy = viu 


2. 
Aru; = vius 


whence 

vt = Aw 

TR y=- y ze 

p 
According to (4.19), in isotropic media 
1 . 

$u—7g 5 82= —— 

Fig. 14.6. Schematic diagram of generator, 2—transducer, 3— 


ultrasonic delay line with straight acoustic waveguide, 4—amplifier. 
acoustic waveguide: /— pulse 


2 











Delayed signal 
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According to (7.9a), c,; are related to sı, as follows: 


ə. di pm. 
MCCC (s11 — $12) (513 + 2519) (1 4-0) (1 —20) 
ҹа NS Send а-ы 
(311 — 512) ($11 +2812) (1+ 0) (1—20) 


Having found the values of с, and c,,, we substitute them into the 
expressions for v, and v, and find: v, = 5.75:109 cm/s, v, = 3.76 x 
X 105 cm/s. The signal delay time in a straight acoustic waveguide 
is l/v, so that the length of a fused quartz UDL with delay time 
60 us is 34.5 cm in the longitudinal vibrations mode, and 22.56 cm 
in the shear vibrations mode; the UDL length can thus be reduced 
by 3796. 

14.3. Find phase velocities of elastic waves propagating in polar- 
ized ceramic PZT-4 along the axis X,. Which of the waves, lon- 
gitudinal or transverse, will be piezoelectrically active? What is 
the piezoelectric correction to the phase velocity of a piezoelectri- 
cally active wave? 

Solution. The elastic properties of piezoelectric ceramic PZT-4 
with symmetry oom are characterized by the same set of coefficients 
cı, as hexagonal crystals (see Table 9). Correspondingly, the tensor 
(АЛ, has the following form (see Table 14.1): 


Aq Aun] + Mega + Asnars Aas = (Ма + Ai) Nong 
Ago = Aseni + Marta t+ AR, Aza = (Мә + Ma) Ning 
Ass = das (ni +H Na) F Asa, Age = (Mig — Лав) nina 
(i) For the direction parallel to the axis Xa we get 


Ci 


ny = nə — 0, Ng = 4. 
In this case the tensor [A;4] is diagonal: 
TA 0 0 
O du О 
| О 0231 


The velocity of an elastic wave, —v,, with the displacement vector 
aligned with the wavefront normal is equal to |/ 4,5, that is, v, = 





=y = and the velocities of shear waves with displacement vec- 


tor perpendicular to X, are identical and equal to Y Az, that is, 
= V c/p. Now let us find the tensor [AA;,] = 6762/e, where 
g- Ekin). 
Since n = (О, О, 1), 6: = esta, In polarized ceramics PZT-4 the 
nonzero coefficients are £15, Co, = бә E31 €32 = бәлә €33 (see Table 6); 
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consequently, as follows from Table 14.3, the vector £ has the form 
€ — (О, О, 1) ess: and 


70 0 0 7] 
00 0 
LAA: = A 
0 -85. 
gn 


n=. P. 
where e —— 


TEs” 
This shows that among the elastic waves propagating in PZT-4 
ceramic along the axis X4, only the longitudinal wave with velocity 


V ca2/p = 4.6-105 cm/s is piezoelectrically active. The piezoelectric 
increment Av to this velocity is 





y Eb = 8.2.10? cm/s 
PEs 


The velocity of the shear wave propagating along X, is 





E 
V di. =8.5-10 cm/s 


14.4. Delay lines used in indicators of moving targets in radar 
stations have delay time of the order of 1 ms (107? s). The dimen- 
sions and the level of noise are known to be minimal in polyhedral 
ultrasonic delay lines (Fig. 14.7). Calculate the linear dimensions of 
a fused quartz delay line operating in the shear vibrations mode and 
giving the delay time 1.5 ms. The geometry of the waveguide is (i) 
straight acoustic waveguide (Fig. 14.6), (ii) 14-hedral waveguide. 

Note. To calculate the diameter of 14-hedral waveguide use the 
relation R = vt/n, where v is the elastic wave velocity, т the delay 
time, and n the coefficient determining the path of the signal in 
the waveguide, ny = 54.5. 

Solution. The shear wave velocity in fused quartz is given by the 


relation v, -y = (see Problem 14.2), v, = 3.76-10° cm/s. The 


linear size of a straight fused quartz waveguide with delay time 
1.5 ms is 1, = гут = 5.64 m. The diameter of a 14-hedral waveguide 
with the same delay time is 


D = 2R = vyth = 10.3 cm 


14.5. Find phase velocities and polarization of elastic waves 
propagating in germanium crystals along (i) [100], (ii) [110], (iii) 
11111. 

Solution. The problem of determining phase velocities and polar- 
ization of elastic waves in a crystal along a direction n (n,, Ha: nj) 
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is reduced to finding eigenvalues and eigenvectors of the tensor 
[Aim]. By using Table 14.1, we find the components of the tensor 


[Aim] for cubic crystals: 
Aj = (Ai — Aqa) ME Aans Azam Ls + Ags) Nong 
Nog (Mi — Aa) na F Aa Aga = s + MU nami 
Ass = (Ags — Aa) ni + Aga, Aag = (Ago + Aqa) NN 


(i) When the elastic wave propagates along [100], we have n, = 1, 
na = ng = О, 

An = An Age = Asa = Ay 

Луз = Ag = Луз = О 


Tay 0 01 
[A;,]-| 0 Aw О 
L0 0 Was 4 


Fig. 14.7. Polyhedral delay line 
with multiple reflections. 


T 
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Obviously, the eigenvalues and eigenvectors of this tensor are equal to 
pr < u, u — (1, О, О) 
v= Aya, us еи (О, 1, 0) 
03 Ми, üs — (0, 0, 1) 


Since u, İl n, the value |/c,/p corresponds to the velocity v, 
of the longitudinal wave, and the value V c,,/0 corresponds to the 
velocities v, and vz of two shear (transverse) waves whose displace- 
ment vectors are perpendicular to the wavefront propagation direc- 
tion. In germanium crystals p = 5.32 g/cm3, с, = 12.86.10! 
dyne/cm?, cı, = 4.83. 10". dyne/cm?, and c,, = 6.71-104 dyne/cm? 
(see Table 14); this gives v = 4.99-105 cm/s, vt, = 3.55-105 cm/s. 

(ii) n || 11101, n, = na = 1/V 2, pş = 0. In this case the compo- 
nents of the tensor [A;,,] are 


1 
Ag > Az = (Mr H Aa) Лаз = Ла 
1 d 
Ay = — (M2 t Aas) 


4 4 
15 (A+ Aas) xa) О 


m] = 1 1 
[Arm] u- ^u O0.) 0 
0 0 A. 


This means that uş = A4, u? = (О, О, 1). 


Since u | n, the value v4 = V c,,/p corresponds to a shear wave. 
Now we shall find v, and uş: 





1 
[3 Quac M) —0 y (Ола M) 
=0 


.. 


13 (Aga + Aaa) i Qa T^) — v? | 
— (^ + A4) v?4- 7- L Au 4-244)? — ES zu ALL) = 


pi Mab haa > =V €11 blag + 2044 
ge oo aS rg 


2. Au^ A Ez €11 — C12 
Me ami 2.4 
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The displacement vector 77: to the velocity v, is 








r i 

SA eth) Da th) E 1 : 
1 axo 
> (Ato Au) 5057 » 
1 —1 (11/ut” 
> (Ago + Aia) 1 —illuy =0 
This gives 

T u? dE u? =0 

ut? = u? =0 


whence ui? = ut? and u® = (1// 2, 1/V 2, 0) u. 

In the case under discussion u(D iI n, therefore, the wave corre- 
sponding to v, is longitudinal. 

The displacement vector of the wave corresponding to v, is found 
in a similar manner: 


1 4 u? 
> Qus + Ags) |, iL vle 0 


иј" + U — 0 


(2 


ul 


Ee — ut» 
and, consequently, иб) = 77 (b —1, 0) u. 


Since u,:n = О, the wave corresponding to v, = V (c,,—c,2)/2p 
is a shear wave. 

Therefore, the waves propagating in germanium crystals along 
[110] are one longitudinal wave with velocity v, — v, — 5.41 X 
X 105 cm/s, and two shear waves with velocities vl1101 = 2.75 x 

X 105 cm/s and v10011 = 6.71-105 cm/s. 

“The superscripts indicate the directions of polarization of shear 
waves. 

(iii) When elastic waves propagate in a cubic crystal along [111], 
we have 


ni —— n; = n? = Nino = non; = ən, = 4/3 
so that in correspondence with Table 14.1, the tensor |A;,,J is 
uck2A4 Motiu Maca 7 
ik Miot Age Aa 2A hua H a 
Mus L, hus Eaa Autu] 


w 
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Introduce the following notations: 
1 1 
3 Aut 2X4) = a, 3 (Aiz + Mu) = b 








This gives 
ja b b 
[Aim] = b a b 
Lö b al 
Eguation (14.5) then becomes in the present case 
a — v? b b 
b a— v? b |=0 
b b a— v? 





(a — v?) + 2b3 — 3b? (a — v?) = 0 
Denote v? — a by z; then 

аз — 208 — 3b*r = 0 (14.32) 
Let us check whether this equation has a solution for x = 26: 

8b3 — 65? — 2b3 = 0 


The cubic trinomial can therefore be represented in the form 


(x — 2b) (z? + ax + p) (14.33) 
Equation (14.33) has two solutions: 
—2b=0, (22 -- ах Ыф) = О (14.34) 


Obviously, the first root x, of Eq. (14.33) equals 26. As v? — a = z, 
we have vi = 2b + a, and 


vi = E (Qui + 2212 + 4144) 


Uş Y 5 (с̧у + 2012 + 4c44) 


To find the roots z, and z, of Eq. (14.34), corresponding to the veloc- 
ities v, and v3, it is necessary to find the coefficients æ and $ in this 
equation. 

Aligning equation (14.33) with (14.32), 

a? — 2b? — 3b?x = 0 

a? — 2ba? + az? — 2bax + fx — 286 = 0 
and comparing coefficients of x?, we find 

a—2b=0, a =2b 
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A comparison of the coefficients of r yields 

—2ba + f = —35? 
Likewise, the comparison of coefficients of free terms yields 

—2bb = —25, por" 


From this we have o = 2b and b = 57. After substituting the values 
a and $ into Eq. (14.34), we find 


224 2bx--b2=0; z 3=-—b+Y BR —b 


Consequently, three waves propagate in cubic crystals along [111]. 
The velocity of one of them is 


p V $ RRR — b. 56. 105 cm/s 
the other two waves ww identical velocities 
Ga = Ру y ett —3.04-105 cm/s 


Let us find the polarization of the wave propagating at the ve- 
locity v: 


Г—2Ы b bJ fup 
b — b IE 


b b —2b üş, 














j —2 1 11 /u, 
b 1 —2 1 İ. (4) = 0 
L 4 1 —21 Vu, 
or 
—2u, +U, uş = 0 (14.35) 
uy — 2u, + ug = О (14.36) 
uy + uy — 2u4 = О (14.37) 


The determinant of this system of linear equations vanishes, con- 
sequently, only two of these equations are ) independent. Subtract 
Eq. (14.36) from (14.35): 


—3u, + 3u, = 0, and thus u, = uz 
Substituting u, = u, into (14.37), we find 

—2u, + u, + u; = О, и, = из 

Hence, и, = u, = uz, and the polarization vector of the wave 
propagating at the velocity v, is u = —= (4, 1, 1). Since u || n, 


v, corresponds to the longitudinal wave. 
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Likewise, it can be shown that the waves propagating at the 
velocities Uş = Uş are shear waves, and their polarization vector 
may be any vector lying in the plane (111). 

14.6. Find the maximum magnitude of piezoelectric correction 
to the phase velocity of shear elastic waves propagating in sphalerite 
crystals in the plane (001) and polarized along [001]. Find the direc- 
tions lying in the plane (001) in which the velocity of shear waves 
is not affected by the piezoelectric effect. 

Solution. The following piezoelectric coefficients e;; do not vanish 
in sphalerite crystals belonging to symmetry class 43m: e,,, egg, 
ege (е1, = C25 = ege) (see Table 6 

According to Table 14.3, the expressions for Zn then have the form 


En =2€,, (Nong, Hafi minə) 


and 


1 
EA 
e = E 


In our case n (ni, na, О), n, = cos q, na = sin y (фр is the angle 
between n and the axis Xy), and uy = (1, О, О), v; = A,,. Accord- 
ing to (14.26), 
Av? = 4ne?, sin? 29 
pg 
As follows from the expression for Av?, the piezoelectric correction 
to velocity is a function of direction n (the function of angle q). The 


2 
maximum value of Av?, equal to de , corresponds to q = 


= +45”, that is, to directions (110); for q = О and q = 90°, that 
is along the directions (100), Av? = 0 and the piezoelectric effect 
does not affect the velocity of shear waves. 

14.7. Calculate the phase velocity and polarizations of bulk 
acoustic waves propagating in lithium niobate crystals along its 
erystallophysical axes. Which of these waves are piezoelectrically 
active? 

Solution. In accordance with the form of the matrix (c.g) for sym- 
metry class 3m (see Table 9), the components of the tensor [Ay ¡] 
are written, by using Table 14.1, in the form 


a = AG + Aet; + Ans + 20 nsns 

Asa = hee; + 4405 + Agung — 20 Nong 

Ass = Aq (ni + 1g) + Asan (14.38) 
Nog = (Ms + Aya) Raha + 944 US — тә) 

Aa = (Ms + Aga) Nang + 224 ¿NR 

Ayo = (Лу, — Age) Rusa + 22 n,n5. 
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By solving Eq. (14.5) and taking into account (14.38) for a given 
wavefront normal n, we find the velocities and polarizations of 
elastic waves in the considered crystalline medium. 

(i) The components of the wavefront normal in the case of the 
elastic wave propagating along the axis X, are: n4 = 1, 72, = ng = О, 
and, in accordance with (14.38), 


1 1 1 
Ay == Du: Aza — Ces; Ass —— сы) 


1 
Ags = 4e Луз = Луз = 0, 
where c11, c34, С̧а, and Ceg are the effective elastic moduli, and cag = 
=(E + 


Lg T Аса вә where cE, are the elastic moduli of the crystal, and 
Ac, p are the piezoelectric corrections which can be found from 
Table 14.3. From the matrix of piezoelectric constants (eia) (see 
Table 7) and the tensor of dielectric permittivities [e,,,] for sym- 
metry class 3m, we find: 

Acı, = 0, Ac, = — 045831844) Ac,, = ев ела) Acgg — Ezgi Eşi 
Corrections to the remaining elastic coefficients vanish in the pre- 


sent case. 
The characteristic eguation is 


Cy, — pu? 0 0 
0 Cee — pu? Ca, 
0 Cia Cy — pv? 
where 


( 
о 


(14.39) 


2 
— АЕ — ©1622. AE Cis. LAE €22 
C44 — Cia 811 , C4, = Cia + 811 , Co = Can £11 


As follows from (14.39), v, = V c,,/p, and u (1, О, О). The veloc- 
ity v, corresponds to the longitudinal piezoelectrically nonactive 
wave because u; |n, Furthermore, 


Da = V 31 Zas Coo +y Sent, y as, ] 
( 1 ; V ick ) 
uz 0, —ҝһк=———"--з—гж |, DD 
V2VePrH(Verit+h) Уг2/ж1(/ 1144) 
v= V + Sateu -y “a cl 4 02, | 
u (0 ==>: o) 
NO Veyy7i(/ 5713 T TUV 


where k= (с, —css)/(2cu). 
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The velocities v, and v, correspond to two quasitransverse waves, 
with v, corresponding to the fast, and vz to the slow quasitrans- 
verse wave. 

(ii) The elastic wave propagates along the axis Xə, that is, n, = О, 
ng = 1, ng = О. 

In this case the characteristic equation is 








Cog — pv? 0 0 
0 с̧у — pv? —Cu |=0 (14.40) 
0 “Cu Cy — pu? 
where 
cy ch + eis y Cy ch LER, с̧у = Е + els 
11 gu 


As follows from (14.40), v = V cap, u (1, О, О), that is, the 
velocity v, corresponds to the shear piezoelectrically nonactive wave. 
Furthermore 


v= y- [as V Curt t. | 
( 1 2 dü: V Fi —k ) 
LV STT ^ ^ o Vəyari(y ani —k) 


Da = Vi [m E V (11 uu +e, ] 


E ( 1 | //241--к ) 
2 (V 2V FFA (VELİ kk) C © Viv (VE 3-1 --k) 


where k = (eu = c44)/(2c,4). 
The velocity v, corresponds to the quasilongitudinal wave, and 
Və, to the quasitransverse wave. 
(iii) The 7: wave propagates along the axis Xy, that is, ny = 
= Na = 0. — 
In this ... the characteristic equation is 
— pu? 0 0 
0 Cy, — OV? 0 
0 0 C33 — pv? 
As follows from (14.41), v, = V cag/p, u, (О, О, 1), and v, corre- 
sponds to the longitudinal piezoelectrically active wave. Further- 
more, v, = Da = V c.p. 
These velocities correspond to two pure transverse piezoelectri- 


cally nonactive waves with polarization vectors in the plane X,0X;. 
Obviously, the direction of the axis X, is the acoustic axis. 











( 
о 


(14.44) 
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14.8. Determine group velo- 
cities and the direction of 
energy flux of bulk acoustic 
waves propagating in lithium 
niobate crystals along the crys- 
tallophysical axes X,, Xy, X3. 

Solution. According to 
(14.27), the first step in cal- 
culating the components of 
group velocities is the calcu- 
lation of contracted compo- 
nents 

t E 6-6, El 
This is conveniently done by 
using Tables 14.2-14.5. In ac- 
cordance with the form of elas- 
tic stiffness matrices (c;;) for 
crystals belonging to symmetry 
class 3m (see Table 9), matrices 
of piezoelectric moduli (e;;) 
(see Table 7), and matrices of 
dielectric permittivity coeffi- 
cients (2:)) (see Table 14.5), 
Tables 14.2-14.5 are trans- 
formed into Tables 14.6-14.9. 

(i) The acoustic wave pro- 
pagates along the axis X;, 
that is, n (1, 0, 0). We begin 
with Table 14.7, because the 
components of contracted 
vectors, 


EY = еһәјһаынј and 
E = Пабаыбы 


are identical for all three types 
of waves propagating along 
a given direction n. We thus 
obtain from Table 14.7 that 
61 = 0, 6? = —€22, ES = eis 
and e = £. For the longitu- 
dinal wave we obtain in the 
present case v, = V cE/p and 
u (1, O, 0), and therefore £* — 
= вјиј = 0. It is obvious 
from Table 14.6 that €: = СЕ, 
47-0475 


Table 14.6 


, 9m, and 3m 


= Е, тији, in Symmetry Classes 32 


c 
v 


Components of Contracted “Elastic” Vector 6 


ng 


no 


nı 


изи 





Uys 





Usus 





uğ 








иј 





Uug 





uius 





Hata 





























134-44| 2x14 


2x14/124-66| — 


66 | 44 |2x14 


11 


14 |—14| — [13444 


—2Xx14 | — 


44 


11 


2x14/12--66| 66 


134-44 44 | 44 | 33 


134-44| 2x14| 14 |—14| — 
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Table 14.7 
Components of Contracted “Piezoelectric” Vector 6 = еһујпи"ј 


and of Effective Dielectric Permittivity £ — na£)y ny for 
Symmetry Class 3m 








| n? | ni | n3 | пәһз | ning | nins 
1 — — — — 154-31 —2x22 
2 —22 22 — 154-31 — — 
3 15 15 33 — — — 
ğ | 11 | M | 33 | E | 5 | » 
Table 14.8 


Components of Contracted "Piezoelectric" Vector 
ES + 6, =emyjNmujt+eyijnju; for Symmetry Class 3m 





























ni | no | ng 
uy Us Ua ил Ua uz ил Ua Ug 
61-64: — |-—2x2212x15|-2x22| — | — |i5+34) — | — 
85 --'63 —2x22| — — | — |2x22 2x15| — ]|15--34| — 
85 +85 | 15431 — — — |154+31| — — — | 2x33 
Table 14.9 


Components of Contracted “Electric” Vector 
63 — epa for Medium-Symmetry Crystals 





ni | Ng | ng 


: 11 = = 
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6с = €: = 0; hence, these relations substituted into Eq. (14.27) 
yield: Ñ. = = cElpv, = = Dia $, = S, = О. Finally we obtain for the 
longitudinal elastic wave propagating along the axis X, : S! = v, 
1 (1, О, О) and y, = 0°. For shear waves we find for n (1, О, О): 
v», and из (О, uz, из) (see Problem 14.7) and, as follows from 
Table 14.6 in this case, 


€; =cEuz + 2cE UU + cuz EŞ EŞ—0. 
We also find 

6° = 6ju; = — ес̧уи, + eu and £= ey 
As follows from Table 14.8, 

6:-- Ef = — 2е,уил + eşsiz, 62-62 65+ ES = 0 
and from Table 14.9, 

бези BBH 


After the obtained relations are substituted into Eq. (14.27), we 
obtain 
1 
S, — py [cz Uz + 2cE VURUR + chu; uu 7 Css — Cg olla) 
x (2659; — 2687942 — ҹ . — еггИг) en) ] 
1 


1 - 
= Бу 
= on EE: uş + 2cfUgUz + cus + en (eista — nt)? | 


KA: e) ten (en ht (o e) 


1 , 
= (cesi; + 2e yiş + cuş), $5 = 83 = 0 





Taking into account the specific relations for v,, u, and vz, u (see 
Problem 14.7), we finally obtain for transverse waves propagating 
along the axis X, 


52, 3 — Ра, зә 15, 3(1, О, 0) and y, ¿=0" 


(ii) The elastic wave propagates along the axis X,, that is, n (0, 1, 0). 
In this case Table 14.7 gives 62 = 0, 62 = ex, €$ = ejs, and 6 = us 
For the quasilongitudinal and "quasitransverse waves u, 2 (О, uz, us) 
(see Problem 14.7), consequently, 


E° = вјиј = Coola + елуиз 
Table 14.6 yields 
é:=0, €6ç cEu, — 2cEuşuş + cE uş 
£z — cEu$ + (cE -+ cE) usus 
170 
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We then find from Table 14.8 that 
E +'E1=0, ES HES = dessa + 2e yu, E+" ES = (ei: -+ egi) Ha 
and from Table 14.9, 
= 66 —0 and $= ef, 
By substituting the derived relations into Eq. (14.27), we find 
S = = | Bu — 2cEuzuz + CHS + ae test 


€25U + ејыиз T 
£n 


el 


x (2e: + 2eysus— 
=== | (ck m. =) ui —2 (eE, — “urat. ) usus + (eğ d )u 4) 


1 
— (сиз — 2c ¡¿UgUz + cqui) 











pv 
= (cE 7 --cE) usu cEu? + Cagle + €15Ug 
=> 44) б2з — ¿yq efi 
Cagle t ејыиз > 
x | (eis + es) 250 


— pu w-4 : m Ezo (€is — еоз + ead İzi 


+| cx LR ur vis (615 — 2822 es) lua 7 


e 


The relations thus obtained are used to calculate, via Eqs. aon 
and (14.30), the magnitude and direction of group velocity, as well 
as the angle deviation of energy flux from the wavefront normal of 
the quasilongitudinal and quasitransverse waves, respectively. 

In the case of a transverse wave, Uş = V cE/p and u (1, 0, 0) 
(see Problem 14.7). This gives 6“ = é$u; = О, so that the piezo- 
electric effect does not change the group velocity of the transverse 
wave. Furthermore, Table 14.6 yields 


6: == U, 62=—:Е, and E= cE 
We thus find that 
$,—0, S,—cE/pvs S,—cE /pv; 


s. V CE EIS + (cE TV 4 (a (cE+ ЕА eek) 


Now it is not difficult to calculate I, iud. ӱз from Eqs. (14.29) and 
(14.30). 





whence 
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(iii) The elastic wave propagates along the axis X,, that is, 
n (0, 0, 1). Table 14.7 yields 
Ee =€$ =0, 65—e6,, and €= £33 


In the case of a longitudinal wave v, = Y cza/p and u, (О, О, 1). 
Therefore, &° = €fu; = e4,. Furthermore, Table 14.6 yields 
€$ = 6 = О, €§ = cE. From Table 14.8 we have 


€ LEE - 'E€5=0 and E: + "62 = lezz, 
and from Table 14.6 
= 65 —Ü and 62 — e, 
As a result, we obtain for the longitudinal wave S) = S, = О, 


m zı ese or 
arə [ez avr 2 (2e. a ex) | 
33 
1 e? c v2 
T E 33 |. ss Pı 
m (c& er )= vu v =v; 
pvi 33 971 1 


that is, S! = v,, 1(0, О, 1), and y, = 0”. 
In the case of transverse waves (see Problem 14.7), 


vz, 3 V chip and u, ¿ In 


Hence, 6” = €fu; = О, that is, the piezoelectric effect does not 
change the values of the group velocities of transverse waves. From 
Table 14.6, we find that 


é= 2cEu,us, é;= cEu; = cEuz, és = Eu; + cEuz 
Taking into account that u? + uz = 1, we can now write 


S¡= 


S2,3 sae 2)2 + (cE)? = yi (cz + e cE) 


It is not difficult now to calculate I, , (Ji, m I,) and Y2, from 
Eqs. (14.29) and (14.30). Note that from 


Y2, 3 = arc cos (1, ¿n) = arc cos (cE/pv; 3829) 


follows that y, — y, for any orientation of polarization vectors 
uz and uş in the plane X,OX,; this is caused by internal conical 
refraction of elastic waves in crystals. 

14.9. In designing single crystal UDL acoustic waveguides the 
case of special interest is that of shear wave propagation in the sym- 
metry plane, because a reflection of shear waves without genera- 
tion of new types of waves is possible only in such planes. 


1 1 
E = — cE(guy?-—u = — — Е 
— Zelal, S, = UY: CO (ui uj S3 = 0922 Cas 
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Find the maximum and minimum velocity of a pure shear wave 
propagating in artificial sapphire crystals in the symmetry plane, 
as well as the direction of their propagation. 

Solution. Sapphire crystals belong to class 3m. According to the 
rules of selecting crystallophysical axes in crystals of this class, 
the plane X,OX, is the symmetry plane (see Table 4). We are thus 
interested in the transverse wave propagating in the plane Х.ОХ,, 
that is, the wave with the wavefront normal n (О, 72, nz) and dis- 
placement vector along the axis X, (u — u (1, 0, 0)) (Fig. 14.8). 

As follows from the matrix of coefficients c;; for crystals belonging 
to symmetry class 3m (see Table 9), the tensor [A;;] for the direc- 
tions of propagation of elastic waves, which are of interest here, is 


"Лә О 07 
[Ajm] =| 0 Az As 
-0 As Az 


According to Table 14.1, we have 
Лу = Agri; + Mans + 2A nans 
Nog = An; + ARS 205 пәпу 
Ass = (Aya + Ags) Rong — Mun, 
Aag = Mun + Agni 
By writing the appropriate Christoffel equation, we find that the 


velocity of the shear wave polarized along u (1, 0, 0) can be found 
from the relation 


2 
Ug = ssni + Mans + 25445015 


or 
2 
p, RI T Caan T eant 
pes 


p 


Fig. 14.8. Figure to Problem 14.9. 
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By denoting the angle between the wave propagation direction and 
the axis X, by 0, we find 


Da = E (Ces CoS? 0 + c,, sin? 0 + 2c,, cos 0 sin 0) 


The extremal values of velocities can be obtained by differentiat- 
ing the expression for velocity with respect to the angle 0: 
ди, =F (— cee sin 20 + c,, sin 20 + 2c,, cos 20) 
As 2v, #0, the vanishing of the derivative is equivalent to setting 
the right-hand side of the above expression equal to zero: 
—Cgg Sin 20, + c,, sin 20, + 2c,, cos 20, = 
whence 
tan 20, = ELLEN 
€66 — C44 
In this case the expression for v, takes the form 


1 
Оз = y (Aes + Ma) + Vi (Лев — Aya)? + M, cos? (0 — Bo) 


Substituting the angles corresponding to the extremal values of 
velocities into the expression for v,, we derive the following expres- 
sions: 


1 è 2 
Va max = y (сәв 2052 Oo + cı, sin? Oo + с̧у, sin 200) 


1 5 E 
Ve min =F (Cee Sin? 0, + c4, cos? 0, — су, sin 209) 


In the case of sapphire 0, = 33°54’, Da mas = 6.8-105 m/s, 
Us min = 9.668.109 m/s. 

14.10. Elastic stiffnesses of non-piezoelectric crystals belonging 
to the rhombic system can be found -from the measured velocities 
of three isonormal waves propagating along [100], [010], [004], 
and from the measured velocities of quasitransverse or quasilongi- 
tudinal waves propagating in the coordinate planes. 

Derive expressions which make it possible to calculate all inde- 
pendent elastic stifinesses of rhombic crystals from the known values 
of the above-mentioned velocities. 

Solution. The elastic properties of rhombic crystals are deter- 
mined by nine independent stiffnesses с̧ј, according to Table 14.1 
the components of the tensor [A;;] in these crystals are 


Ay agn; + Aseng hs Ags = (Луз FM) Nong 
Aag Ass = Aona + any Azı = (ХМаз + Ass) Hah, 
Aag = Ass + Mag + Asa, Aya = (Age + Aes) Mya 
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When an elastic wave propagates along [100], the tensor [Ajj] 
takes the form 


7440 07 
(Л.1=| О Age О 
-0 0 Ass 
whence 
vi= Ay 
Cu — HUT 


where v, is the velocity of the longitudinal wave. 
By convention the velocity of a shear wave with displacement 
(us ,Uz, U3) 


vector u (и,, Us, ug) will be denoted by vi . With this 
notation, 


(vi)? = Aga, Cee mə 0 (vi)? 

(Vir)? = Ass, C55 p (vb)? 
By measuring the velocities of the longitudinal and shear waves 
propagating in rhombic crystals along [100], we can find the stiff- 


nesses Cıı, Cee, and Css. 
Likewise, if an elastic wave propagates along [010], then 


“Age О 07 
(Aşel О Лә О 
20 О A 
and 
Coo = pvi 


Cos = p (vi)? 
eu =p vio 


Obviously, when the wave propagates along [001], then 


"han 0 0^7 
(A, ll 0 A. О 
-0 0 Ag 
and 
C33 = ри? 


css = p (vie)? 
С̧и = p (vi y 


Therefore, by measuring the velocity of longitudinal vibrations, 
and the velocities of transverse vibrations with different polariza- 
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tions, propagating along coordinate axes, we can determine six 
coefficients C;;! Cız, Cos, C331 Caas C55; and Ces- The expressions mak- 
ing it possible to find the stiffnesses c,,, Суз, and c,, will be found 
by analyzing the propagation of elastic waves in directions lying: 
in the coordinate planes. If the direction of the wavefront normal 
is n (n,, nz О), then the corresponding tensor [A;;] is 


A yin; + desn (Ayo + Age) nina 0 E 
(Ayo + Age) nna Agen} + Asong 0 
en 0 0 Assis + agiz. 


It then follows that 


p (VPP)? = eşya) + eun; 


but this result is of no interest because it does not involve c,,. Now 
we shall derive the expressions for the velocities of the quasitrans- 
verse, v, = Uş, and quasilongitudinal, v, = v,, elastic waves which 
represent the eigenvalues of the above tensor. By using the already 
known relations, we find 


1 
vi = y (ni Qai + ee) + n2 (Aea + Age) +r 
1 
va = [n (Aya + Ass) + из (да + aall — r 
where 
E 24 (s — Ase) n2? [043 + A 2 
r= T Las — Ayı) 72) + (Aza — Age) n5]? Aşa + Лав) nina] 
AS о, < v,, it is obvious that v, corresponds to the quasitransverse 
wave, and v, to the quasilongitudinal wave, since shear waves in most. 
media propagate at smaller velocities than longitudinal waves. 


Assume that the experimentally determined velocity is v,. The 
expression for vj yields r: 


1 
r = -5 [n] (Ayı + Age) + Mo (266 + 242) — và 
Raising both sides of this equality to second power gives 
1 2 
Gl 5 (hunt + Aani + hes) —v | 


By substituting r and retaining on the right-hand side only the: 
terms involving Луз, we find 


2 
nini (hia + hes)? = İz (Mid + as + Aes) — 0% | 


1 x 
— Use — Aen + Mns — ni | 
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or 
rin; (Ayo + Age)? = (Ager) + Asang — v5] (Age; + Aşın? — v1] 
whence 
Au — (Agent + Moni — v8) (Asang + Mit — v3) 
=y A e 
172 
"Taking into account that Ai; = i and denoting by q the 


angle between the wavefront normal and the axis X, (n, — cos q, 
A, = sin q, and nz = О), we obtain 


= (с̧а cos? q + cs» sin? q — pvğ) (cı, cos? q + Cee sin? q —pu3)11/2 
cos q sin p 


С̧у, 
"The stiffness c, could be found in the same manner by using the 
value of v,, the velocity of the quasilongitudinal wave. 

Likewise, if the velocity of a quasitransverse wave propagating 
in the direction n (О, nz, n) is known (n, = cost, Ha = sin Y, 
where y is the angle between n and the axis X,), we obtain 


pits | cos? sp + c44 sin? y —pv?) (ca, cos? sp + едә sin? A e 
239^ xl cos? 3p sin? b “ 
If the direction of wave propagation is n (n,, О, nz), where n, = 


= cos 0, n, = sin 0, and O is the angle between n and the axis X,, 
we find 


, [ (су, sin? 0 + c4 cos? 0 — ov?) (cs; sin? O+ cag cos? 0 —ov?) 11/2 P 
sO ——— —  ——— — 
Ба cos? 0 sin? 0 55 


14.11. Because of the importance of delay time stability for 
many applications of UDL, there is constant research for the methods 
of reducing the temperature coefficient of delay time (TCDT) charac- 
terizing the thermal stability of a material used for acoustic wave- 
guides. 

In the first approximation, the temperature coefficient of delay 
time, 7,, is defined as follows: 

1 ör ölnr 

Те=т OF > oT 

Int=Inl—Inv 





1 öv 
Ы ани 


where o, is the thermal expansion coefficient in the direction 1, and 
T, is the temperature coefficient of propagation velocity. 

The delay time may be thermally stabilized by choosing such 
orientation of acoustic waveguide with respect to crystallophysical 
axes of a single crystal that TCDT of individual rays cancel one 
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another out; this can be clearly illustrated by polar diagrams of 
TCDT. 

Derive a relation making it possible to construct a polar TCDT 
diagram of shear waves propagating in sapphire crystals along the 
symmetry plane. 

Solution. Let n = (О, n,, nz) be the direction of the wavefront 
normal of a shear wave propagating in sapphire crystals (symmetry 
class 3m) in the plane X,OX,. In this case 


2 2 
A] = An = A; inin? = Aun + daniş 


The equation of phase velocity of a pure transverse wave propa- 
gating in the plane Х.ОХ, is 


. 1 2 2 
v? = ? (Ceen + GS + 20,4045) 


which gives v as a function of p and ci. 

This gives the expression for the temperature coefficient of pro- 
pagation velocity: 
1 àv? 1 To, C603 HT Cané +27 0, Caiz 


ил 
" 242 oT 2 2 “ssni + c44n$ 4- детал әһа 


where p = 2 aij is the thermal expansion coefficient, and Te, 


1 

Teo Tea, are the temperature coefficients of elastic stifinesses Cee, 
Си Си) The final expression for T, in the case of shear waves propa- 
gating in the plane X,OX, in sapphire crystals is 

c. “6673 + To, Caan3 -- 2T, "as 

Coen + C441 + 201 40g 

By using this expression, one can construct the polar diagrams of 
the coefficient 7, of sapphire crystals. Obviously, this relation 


can be used to construct similar diagrams of other crystals belong- 
ing to the trigonal system. 


1 1T 
fas B= 


PROBLEMS “TY ML 


14.12. Prove that if a crystal has a symmetry axis of order above 
two, it is always the acoustic axis, that is, such direction of wave- 
front normal for which phase velocities of two isonormal waves 
coincide. 

14.13. Find crystallographic directions, parallel to wavefront 
normals, along which pure longitudinal and pure transverse waves 
propagate in: (i) quartz crystals, (ii) lithium niobate crystals, (iii) 
alkali halide crystals. 

14.14. Imagine two cubic specimens of identical dimensions and 
weight. One of them is known to be made of an isotropic material, 
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and the second to be a cubic-symmetry single crystal, with one of 
the cube edges coinciding with the direction [111]. Indicate acoustic 
experiments capable of distinguishing which of the cubes is mono- 
crystalline. 

14.15. Find crystallographic directions which are singular for 
the propagation of bulk acoustic waves in crystals of (i) potassium 
dihydrophosphate and (ii) bismuth germanate. 

14.16. Using only symmetry arguments, show that if the wave- 
front normal is in the symmetry plane or in a plane perpendicular 
to a four-fold symmetry axis, then one of the waves is pure trans- 
verse and its displacement vector is perpendicular to this plane. 
Is a pure longitudinal wave unavoidable in this case? 

14.17. Are common points possible for the sheets L, Tı, and 
T, of which the phase-velocity surface is composed? (Sheet L repre- 
sents the velocity of longitudinal and quasilongitudinal waves, 
and the sheets 7, and T, the velocities of transverse or quasitrans- 
verse waves.) Indicate directions on which the common points of 
sheets 7, and 7, lie in crystals of (i) cubic-symmetry and (ii) me- 
dium-symmetry classes. Will there be common points of surfaces 
T, and 7, in crystals of lower symmetry classes? 

14.18. Is it possible to find all independent elastic stiffnesses of 
a cubic crystal by measuring the velocities of longitudinal and 
shear elastic waves propagating along (110)? 

14.19. Elastic stiffnesses of wurtzite crystals were determined by 
measuring the velocities of ultrasonic wave propagation along the 


following directions: (1, 0, 0), (0, 0, 1), and (yz 0, 7) 


The results of measurements are listed in Table 14.10. 
Calculate elastic stiffnesses c;; in wurtzite. 





Table 14.10 
wo. | Wow propagation | Polarization (orientation | vair, 105 em/s 
1 (0, O, 1) (0, 0, 1) vı =5.852 
2 (0, 0, 1) (1, 0, 0) Va = 2.647 
3 (1, 0, 0) (1, 0, 0) v= 5.512 
4 (1, 0, 0) (0, 1, 0) v, = 2.799 
5 en 0, 1) quasilongitudinal vg = 5.362 


14.20. Show that the plane (001) in crystals with tetragonal sym- 
metry is the plane of elastic isotropy for a pure transverse wave 
propagating along this plane with polarization vector perpendicular 
to the propagation plane. Will the basal plane of a crystal belong- 
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ing to a medium-symmetry system possess similar property? Find 
such symmetry classes. 

14.21. Using Table 14.2, find which of the directions [100], [110], 
[111] in bismuth germanate crystals possess longitudinal piezoelec- 
tric activity and for what type of waves. 

14.22. Determine the electromechanical coupling factor of a pure 
transverse wave for piezoelectric crystals (i) in a-SiO,, when the 
wavefront normal n || X,, and (ii) in CdS, when n 1 X,. 

14.23. Determine the phase velocity as a function of propagation 
direction in the plane (100) of NaCl crystals for longitudinal and 
transverse waves. 

14.24. Calculate the group velocity of a longitudinal wave pro- 
pagating in gallium arsenide crystals along [110]. Does the beam 
velocity coincide with the phase velocity? 

14.25. To determine elastic stiffnesses of aragonite crystals (ara- 
gonite belongs to rhombic system), the velocities of longitudinal 
and transverse isonormal high-frequency elastic waves, propagat- 
ing along [100], [010], and [001], were measured. The results of 
measurements are listed in Table 14.11. Which of the coefficients 
can be calculated from the experimental results? Find these stiff- 
nesses if the crystal density is p — 2.7 g/cm?. 














Table 14.11 
Wave type Polarization (orientation | velocity, 105 cm/s 
Propagation along X, 
longitudinal Xi 1.68 
transverse Xə 8.96 
transverse Xs 3.08 
Propagation along Xə, 
longitudinal Xə 5.68 
transverse Xi 3.96 
transverse Xs 3.90 
Propagation along X; 
longitudinal X; 5.59 
transverse Xi 3.07 
transverse Xs 3.90 


14.26. Single crystal delay lines widely used in electronics to 
condition and process radio signals are normally manufactured 
in the USSR from alkali halide crystals (AHC). The optimal condi- 
tions for propagation of elastic vibrations without losses caused by 
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the transformation in other types of vibration are: acoustic wave- 
guide oriented along the planes [100] and propagation of a shear wave 
in these planes with displacement vector perpendicular to the plane 
of propagation. Which of the three AHC crystals, NaCl, KBr, or 
Rbİ, is characterized by the maximum ratio of signal delay time 
to the weight of the delay line? 

14.27. Calculate the velocity at which elastic longitudinal vibra- 
tions propagate in gallium arsenide single crystals along [100], 
[110], and [111]. Find the propagation velocity in the same direc- 
tions for shear vibrations. 

14.28. To determine elastic stiffnesses in rutile, propagation veloc- 
ities of high-frequency elastic waves were measured in various 
erystallographic directions. The results are listed in Table 14.12. 








Table 14.12 
i Polarizati ienta- 
m tion tion of displacement Velocity, 1 05 cm/s 
[100] [100] v,=9.13 
[100] [010] v; =5.86 
[100] [001] vg — 5.10 
[001] [001] v4 — 11.20 
[110] [110] vg 1.14 


Which of the stiffnesses c;; can be determined from the data listed 
in the table? Calculate their values. Which of the independent 
stifinesses c;; remains to be determined? Propose an experimental 
arrangement to find this stifiness. 

14.29. Calculate the linear dimensions of a delay line made of 
KBr operating in the shear vibrations mode, with the wave propa- 
gating along [100] and giving delay time 0.5 ms. 

14.30. What are the stiffnesses c;; of potassium iodide crystals if 
the velocities of high-frequency longitudinal and transverse isonor- 
mal waves propagating along [100] proved to be 2.92.105 cm/s 
and 1.16-10% cm/s, and the velocity of longitudinal waves propa- 
gating along [110], 2.51-105 cm/s? The density of potassium iodide 
is 3.13 g/cm?. 

14.31. Calculate the maximum and minimum velocity of shear 
ultrasonic waves propagating in rutile crystals in the plane Х,ОХ,. 

Find a symmetry plane of rutile in which a shear wave propagates 
at a velocity independent of the direction of its wavefront normal. 

14.32. Determine elastic stiffnesses of polarized barium titanate 
ceramic by using the measured velocities of ultrasonic waves in 
this ceramic; the velocities are given in Table 14.13. 
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Table 14.13 
| Polarization * 
mın Toon Type or wave | ERA 
ment vector) 
(0, 0, 1) (0, 0, 1) longitudinal 5.85 
(0, 0, 1) (ny, ng, О) transverse 3.15 
(1, 0, 0) (4, 0, 0) longitudinal 5.52 
(1, 0, 0) (0, 1, 0) transverse 2.86 
sl 1, 1) — quasilongitudinal 5.87 


V2 


14.33. Is it possible to determine all independent elastic stifinesses. 
of cubic symmetry crystals by measuring the velocities of pure 
longitudinal and pure shear waves on an oriented specimen given 
in Fig. 14.9? Directions of elastic wave propagation are shown by 
arrows. 

14.34. Find the angle between the wavefront normal corresponding 
to the minimum velocity of shear waves propagating in one of sym- 
metry planes of lithium niobate, and the highest-order symmetry 
axis. 

14.35. Which of the elastic stiffnesses of rubi can be calculated 
from measured values of the velocities of longitudinal and shear 
waves propagating along [0001] and [1120]? 

14.36. Are two oriented specimens shown in Fig. 14.10 sufficient 
to find all stiffnesses c;; of the ADP-group crystals? The directions 
of elastic wave propagation are shown by arrows. 

14.37. Calculate the velocity of propagation of longitudinal and 
shear ultrasonic vibrations in indium antimonide crystals along 
(i) [110], and (ii) [111]. 

14.38. Are two oriented rubi specimens shown in Fig. 14.10: 
sufficient to find all its independent elastic stifinesses? The direc- 
tions of elastic wave propagation are shown by arrows. 


20, Fig. 14.9. Orientation of a specimen 
1007 for the measurement of elastic 
stifinesses of cubic symmetry 
crystals. 
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14.39. Which of the independent elastic stiffnesses of wurtzite 
«an be found by measuring the velocities of ultrasonic waves on two 
oriented specimens shown in Fig. 14.10? The directions of elastic 
wave propagation are shown by arrows. 

14.40. Find the direction of the wavefront normal corresponding 
to the maximum value of velocity of ultrasonic shear vibrations 
‘propagating in ADP crystals in the symmetry plane. Calculate 
the minimum and maximum velocities of such vibrations in the 
indicated plane. 

14.41. Find the maximum contribution, in per cent, of the piezo- 
electric correction to the phase velocity of a shear wave propagat- 
ing in KDP crystals in the plane (100) with polarization along [100]. 
Find the directions in the plane (100) along which propagate 
piezoelectrically active shear waves with this polarization. 

14.42. Which of the elastic waves propagating in wurtzite crystals 
along [0001], namely, longitudinal or transverse, are piezoelectri- 
cally active? The following coefficients e;; are nonzero in wurtzite: 
Ea, = bısı 31, C32 = Cais Езз- 

14.43. To determine the elastic stiffnesses of cadmium selenide 
-single crystals, CdSe, the velocities of elastic wave Propagation zə 


measured in the directions (1, 0, 0), (0, 0, 1) and (5 ,0,—— 


"The results of measurements are listed in Table 14. i 

Find the stiffnesses c;; of cadmium selenide crystals. 

14.44. Derive the expression for the temperature coefficient of 
«delay time in cubic crystals (see Problem 14.11). Calculate 7, for 
potassium chloride and barium fluoride. 

14.45. The velocity of high-frequency elastic vibrations propa- 
‘gating in a beryl crystal along n (О, О, 1) and n (1, О, О) are (in 
105 cm/s): 


vr) 


Fig. 14.10. Orientation of a specimen 
for measuring elastic stiffnesses of 
medium-symmetry crystals. 


öz 
To 


Ы 





4, 


14. Elastic Waves in Crystals 273 


Table 14.14 


w g Polarization (orien- i 
No. | gizçetien pecation | tation of displace- | Velocity, 105 cm/s | Density, 
ment vector) 


1 (0, 0, 1) (0, 0, 1) v, = 3.630 5.684 
2 (0, 0, 1) (1, 0, 0) v,=1.521 
3 (1, 0, 0) (1, 0, 0) ру = 3.630 
4 (1, 0, 0) (0, 1, 0) о, = 1.592 
1 1 : ES 
5 ( 0, vs) quasilongitudinal vs = 3.572 


V2’ 


(i) n (0, О, 1); vi = 12.7, v, = 9.11 

(ii) n (1, О, 0), v, = 12.25, vf? = 9.4, vf? = 9.04, uo? 
is the shear wave with displacement vector along (О, 0,1); vf” ^? 
is the shear wave with displacement vector along (0, 1, 0). 
Calculate stiffnesses c;; of beryl; beryl density is 1.87 g/cm’. 

14.46. Derive a relation making it possible to construct the 
TCDT polar diagram for shear waves propagating in the symmetry 
plane in KDP-group crystals (see Problem 14.1). 

14.47. Calculate linear dimensions of a KCl delay line operating 
on shear vibrations propagating along [100], giving the signal delay 
time 1.5 ms. What could you suggest to reduce the size of the line? 

14.48. What is the maximum contribution, in per cent, of the 
piezoelectric correction to the phase velocity of a shear wave propa- 
gating in KDP crystals in the plane (001), polarized along [001]? 
Find the directions in the plane (001) along which propagate (i) 
piezoelectrically nonactive shear waves with this polarization, 
and (ii) waves of the given type with the maximum piezoelectric 
activity. 

14.49. Construct the TCDT polar diagram of shear waves propa- 
gating in sapphire crystals in the symmetry plane X,0X3. 

14.50. The results of measuring the velocity of high-frequency 
elastic waves in cadmium single crystals (symmetry class 6/mmm) 
along the axis X, are: 

v = 2.44.1095 cm/s, v;=2.11-105 cm/s 
The corresponding velocities in the direction of the axis X, are: 
v = 3.74-105 cm/s, v, = 2.05-105 cm/s (the displacement vector 
is parallel to the axis X,). 

Calculate the elastic stiffnesses which can be determined from 
the given values of velocities. 

14.51. A shear wave propagating in a lithium niobate crystal 
along the axis X, is polarized at 40° to the axis X,. Determine the 
direction of energy flux of this wave. 
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15. THERMODYNAMICS 
OF CRYSTALS 


Linear effects. A state of a dielectric crystal regarded as a ther- 
mod ynamic system is defined by the following characteristics: mechan- 
ical stresses £;; and strains r;;, strength E; and induction D; (or 
polarization P;) of electric field, temperature T and entropy S. 

Entropy, electric induction, and strain are usually regarded as 
generalized thermodynamical coordinates, and temperature, elec- 
tric field strength, and mechanical stresses as generalized forces. 
However, in conventional experiments it is easier to measure tem- 
perature, electric field strength, and mechanical strains, and deter- 
mine quantitatively the changes in these quantities, regarding 
them as independent variables. It is difficult to control changes in 
entropy, electric induction, and strain directly. In general, any 
three characteristics of the mechanical, electric, and thermal state 
of the crystal can be chosen as independent variables. The remaining 
characteristics then become functions of the chosen independent 
variables. 

. Ten independent variables must be fixed to characterize the state 

of a crystal unambiguously: six components of the mechanical stress 
tensor (or strain tensor), three components of the electric field vector 
(or electric induction vector), and temperature (or entropy). 
. As follows from the first law of thermodynamics, there is only 
one function of ten selected independent variables, whose increment 
is a total differential. Each particular choice of independent 
variables corresponds to a specific thermodynamic function. 

Consider two of all possible variants of independent variables 
and their functions: 


1. Tij = Tij (tij, E;, T) 2. L <L (rij, Di, S) 
D; = Di (tij, Ei, T) E; = Ei (rij, Di, S) 


S-—S (tijs Ei, T) T=T (rij, Di, S). 
The first of these sets is the most natural for actually conducted 
ex periments. 


The second set is basic for ferroelectric crystals in which it is conve- 
nient to select the electric polarization (induction) generated spon- 
taneously in phase transition, and the strain as independent variab- 
les. 
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In the first case the thermodynamic potential with respect to 
independent variables t;;, E;, T is the Gibbs function: 


dG = —rijlij = DmdEm — SdT 


Let us expand r,,, Dm, and S into the Taylor series in a neighbour- 
hood of an arbitrary point (t$;, 25, To), that is, in a neighbourhood 
of the initial state of the crystal, truncating the series to first-order 
terms: 





Tu um (ons Do (атар), Et) — (ass on), er) 
:22 

— ат) 52 (xag) (6, EO 

—... 

— — noc (15.1) 

D,— — gg-— — (se), (a), ы—и) 


—... — (əvə, ), (6122 — (serge), 1 BY 


— +++ — sion), 89 — (apar), 79 


MV UII 


s— — S5 — (zr ).— (ror), Ga — th) 
T ovs — (aras), fe ta) — (Gör ), dn Ej) 


— ... —İsrəz,),(F:— Es) — (srr), C — To) 


(differentiation is carried out with respect to one variable for fixed 
values of all other variables). 

This gives us a system of ten equations: six equations to determine 
strains r;;, three for induction Dm, and one for entropy. 

As the initial state we choose a mechanically nonstressed state 
1$; = O in zero electric field, E? = О. Therefore, only the initial 
temperature of the crystal is nonzero, T — T,. We assume that 
in the initial state the crystal is nonstrained and nonpolarized: 


(ar) =è (sazz ),770 and (ər =80 


that is, we assume that Tọ is the reference point for temperature- 
induced strains and pyroelectric polarization. Denote T — T, — 
— AT and S — S, — AS. 


18* 
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The system of equations (15.1) can be rewritten in the following 
form: 





026 02G 02G 
ru — (5,0), (5,955), m— (maz ),47 
026 0G özg 
Da — (əzən tə” (azar), 1— (sera), AT 
u 050 "og 0G 
AS = — ( OT ötü, lh ôT ôE, ) Ei— (57), AT 


Consider all the coefficients in these equations: 


(¡ES ) (2) 
Ötij Ötki Ötki ijkl 





is the elastic compliance measured at constant electric field and 
temperature, 


(ar) = (28 hat | 
деј Em dEm mij 
is the piezoelectric coefficient at 7 — const, 
( 0?G )=(Зи)= 1,Е 
önşəT ) Vər 17 “ij 
is the thermal expansion coefficient measured at constant stress and 
constant electric field, 


28) (22a) as 
(sz, o5; öt 1 mu 


is the piezoelectric coefficient, 


(əzər, “(özl sek 


is the dielectric permittivity, 


8G Y (abm). ә 
(əzər =( ar )= 
is the pyroelectric coefficient, 


aG {êS mun ЛА. 
( oT 27] T=( öt) )T= Oty Sü 
is the coefficient of thermoelastic stress, 
024 _ (pos 2 0Q , 
(a ZE; ) r-( Em ) im ... 
is the coefficient of the electrocaloric effect, and ct-E is the heat 
capacity at constant electric field and mechanical stress. Here and 
throughout this Chapter the conditions of measurement are given 
by superscripts. 
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Since dG is a total differential, the value of the second derivative 
of function G is independent of the order in which differentiation is 
carried out, and the following relation exists among the above-listed 
coefficients: 








Or ij ôD , 
582, ETE hence, dmij dmij 
Dm 098 Ya ör; 08 
aT Eq ANİ aE “əy = GH? 
aij 
and Bi) p 


Multiply the last equation of (15.1) by 7: 


o?G OG \ 026 
АЗ-Т= AQ— — (ara ), Tt — (rap), Enh 577) TAE 


Finally, equations (15.1) become: 
Tiğ SET tr t dT Eg +04 FAT 


iJkl 
Dy, dut + en Ei Yu, AT (15.2) 


AQ — T-aE Tt, Тәр Ey + pct AT 


This system of equations describes the set of electric, mechanical, 
and thermal phenomena observed when mechanical stresses, elec- 
tric field, and temperature of a dielectric crystal are changed: strain 
induced by mechanical stresses and temperature variations, direct 
and converse piezoelectric effect, polarization of a dielectric in an 
external field, pyroelectric effect, and so on. 

For the second choice of independent variables and their functions, 
we again expand t;;, Ei, T into the Taylor series, making use of 
the internal energy U. 

Introducing the notation for expansion coefficients, we obtain 
the second system of equations in the following form: 





hi m CAP ra” AS ра — pij? AQ 
E, = — hia mr Ua Dm ар? AQ (93) 
AT = —T pP. Sri — Tar: SDm + — S5 


ipe” 

Note that by convention the coefficients À,;;, pij, and g; are 
given in the minus sign. 

In contrast to the system (15.2), system (15.3) describes the elec- 
tric, mechanical, and thermal phenomena in crystals due to varia- 
tions in strain, electric induction, and entropy. 

Second-order effects. Equations discussed above operated with 
mechanical stress and electrical field in crystals as linear functions 
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of strain and induction. The same was true for strain and induction 
as functions of mechanical stresses and electric field. 

If the analysis is not limited to the first-order terms in the expan- 
sions of r;;, Di, S, and t;;, Ei, T, and higher-order terms are taken 
into account, it is possible to describe a number of physical phe- 
nomena, the so-called second-order effects observed in crystals. These 
effects are particularly well pronounced and are of practical im- 
portance in ferroelectric crystals. 

The role played by thermal phenomena in second-order effects 
is negligible, therefore in this subsection we regard only mechanical 
stresses and induction as independent variables, and strains and 
electric field as their functions, assuming the conditions to be iso- 
thermal. An analysis for adiabatic conditions is similar. 

For the same initial conditions as in equations (15.3) and with 
the terms of the second order of smallness in a Taylor series taken 
into account, mechanical stresses and electric field can be written 
in the following form: 


_ [tij b Oti; y 4 [ örtü? ) 
tu- Ux rel IDn Jo Pm + si 09 "MEZ 


ərəbə) (75355), PmPn | 
+2 Em ot m + 2000, (ma 
дә 2 xə öEm y" nM Em 

Еһ= | oni ) rl 9D; n+ ar [ (әст) гапы 


Em. Em ) ] 
+2 ( Orn ODn ) iD. dd ( 9D¿ Dp (Dib, 





In these equations 


( ötü? y ( ótij | OEm jc and 1) 
Örki Ы Dm? — V rij E ( öDn 
are the familiar elastic stiffnesses c5a1, piezoelectric constants hatt, 


and dielectric impermeabilities nmn- 
We denote now 


( Mir, )= ( ðU )= ö?En = = Ohnri —2M? 1) 
ôrij ôDn UON orp, 6rij Dn, D ( Orn rij zə órij Dulu 


( Oti )= Öcü hl =N? 
Örki Ôr pq Örpg iJhlpq 


tr] ) 
( ôDn ôDq 





(sa, (5:05) 
arpi öDn 0Dq |) arah, 


_ öhnki _ Nna __ 
ap uou Hn 





( Em = Ölümə —2f 
ôD4 ôDp öDp map 
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The physical meaning of the  above-introduced coefficients 
Mnrtij Nijntpgs Pring Тар is quite clear. Thus, the coefficients 
Maxi forming a rank five tensor, describe piezoelectric constants 
as functions of strains riy, the coefficients Ping describe the same 
piezoelectric constants as functions of induction D, or dielectric 
impermeability maç as a function of strains r,,, and so forth. 

Equations (15.4) can now be rewritten in the form 


D D 
Ent = Chtij ij Rani Dn + Ninipar ijr pa + M nhiijrijDn + PrimeDmDe 


(15.4) 
Em — — һамгы + inn İn + M m pqriT ki e PrimnTriD,, + fmnaDaDny 
or 
İni = (едә + N apar pa + MöhəDə) rij; (— hanı + PrimnDm) D, 
(15.5) 


En = (— Amt + M nani pa) Tki + (iina + Phimnřri + Daag Dy) D, 


The expression in parentheses in front of r;; is the elastic stiffness 
corrected for nonzero strain NB, ipa'pg and induction MarijnDn 
(after contracting over indices pg and n, this gives a rank four ten- 
sor). The expression in parentheses in front of D, represents piezo- 
electric constants corrected for nonzero electric induction, pa imnD m- 

The expression in parentheses in front of r,, represents piezo- 
electric constants corrected for strains Mpgnipg- The second 
expression in parentheses in front of D, represents the dielectric 
impermeability corrected for strain PaimnT», and induction ff, Dg. 


And finally, equations (15.5) can be rewritten in the following 
form: 


İk ə (chug + Acha) rij (һам + Ah ni) D,, (15.6) 
Em = — (Amr + Ah mri) rki t (Min + Aşın + Amn) D, (15.7) 


Let us discuss in more detail the corrections to dielectric imper- 
meability of the crystal, Amma and A, mn: 


Алтан = Tans Dg (15.8) 
Astmn = Phim PR (15.9) 


Equation (15.8) is the equation of the electrooptic effect consid- 
ered to be linear in the sense that the change in the dielectric 
impermeability of a crystal in (15.8) is a linear function of induc- 
tion. However, this linear dependence is a result of a nonlinear 
relationship between the generalized coordinates, that is, nonlinear 
dependence of E on D; this is represented by a dependence of dielec-. 
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tric properties, ni; in the present case, on the magnitude of electric 
factor D. 

In general, the thermodynamic theory for the electrooptic effect 
offers four different systems of equations and four types of electroop- 
tic constants, depending on whether the external factor is the induc- 
tion D or electric field E, and whether the dielectric properties are 
characterized by the tensors Nij, £ij, Gi; (E; = GPJ or xi; (Pi = 
m xü): 

Anna = ј mnqD q 

Asi,” Da E, 


15.10 
Adami = Baia Pa ( ) 


AXmn = ХтыЕ 1 

All these equations and electrooptic constants are equally valid, 
and can be used to describe the electrooptic effect in appropriate 
physical conditions. However, the coefficients used most frequently 
are those not listed above, and appearing in the equation (see Sec. 11, 
(11.1)): 

Anan = TmnrEr (15.11) 

This equation is the easiest to interpret by invoking the geometric 
arguments of deformation introduced into the index ellipsoid by 
the applied external electric field. 

Equation (15.9) describes the so-called elastooptic eftect (photo- 
elasticity), that is, changes introduced into the optical properties 
of crystals by mechanical stress. 

Finally, by retaining the third-order terms in equations (15.1) 
and (15.3) we can derive the expression for the so-called quadratic 
electrooptic effect: 


Em =(— hil hl + B mpat” pa) Гы 
ар (Ban T Phimnl ht F ÍmnaDa + F mnapDaD p) D, 

D» m ала ла + (Emn + Umnhilki + panga + Kan naba p) En 

The last terms in parentheses in these equations, FmnapDaDp 
and Kmnpy EqEp, take into account the quadratic dependence of 
dielectric properties (ni; and e;;) on induction D and electric field 
E, respectively: 

Алп = PRD, D | 

Ae; — K a EXE, 

Equations (15.12) give two of the four possible forms of repre- 


senting the quadratic electrooptic effect, Ру, and Köy are the 
coefficients of the quadratic electrooptic effect. They form a rank 


(15.12) 
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four tensor, so that this effect is observable in crystals of arbitrary 
symmetry. 

However, this effect is easier to observe in centrosymmetrical 
crystals, because of the absence of the linear effect which usually 
greatly exceeds the quadratic effect. 

The form of matrices of the coefficients of the quadratic electroop- 
tic effect in different symmetry classes is identical to that of elastic: 
compliance and stiffness, s;;j,; and cijai. 

Electrostriction is another second-order effect of practical signifi- 
cance. Electrostriction realizes as the strain of a crystal quadratic- 
in electric field: 


Tjj = RijmnEmEn 


The equation of electrostriction indicates that the reversal of elec- 
tric field does not change the sign of strain. 

Three additional equations express electrostriction as a function 
of observation conditions: 


Tij = QiimnPmPn, lij = GijmnPmPn, tij = EijmmEmEn 


The electrostriction constants Rijmn,; Qijmn» Gijmn» Hijmn are not 
independent (see Sec. 6, p. 96). 

Relation between the coefficients measured in different conditions. 
As follows from the above arguments, the values of the coefficients- 
describing mechanical, electrical, thermal, as well as piezo- and 
pyroelectric properties of crystals depend on the conditions of mea- 
surement. Thus, mechanical properties depend on thermal and elec- 
trical conditions, electrical properties, on mechanical and thermal 
conditions, heat capacity on mechanical conditions, and so on. 

Let us single out the most important measurement conditions. 

Thermal conditions: 

1. T = const (isothermal measurements). This situation is realized 
in low-rate processes, when the crystal is at all times in equilib- 
rium with the ambient. The corresponding tests of crystals are 
called static. 

2. S = const (adiabatic measurements). This situation is realized 
in high-rate processes when no heat exchange is possible between 
parts of the crystal and between the crystal and the ambient. The 
corresponding tests are called dynamic and are realized in the case 
of elastic vibrations of crystals at frequencies much higher than 
the natural vibration frequency. 

Electric conditions: 

1. E = const (electrically free crystal). In this case the surface 
of the crystal as a whole must have the same potential. This requires 
that the electrodes deposited on a crystal plate be electrically con- 
nected, that is, the external circuit of the crystal be closed. 
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2. D = const (electrically “clamped” crystal). Experimentally 
this condition is hardly feasible. The closest realizable measure- 
ment conditions are those of the open external circuit of the crystal. 

Mechanical conditions: 

1. iş = const (mechanically free crystal). This situation is realized 
when the crystal can be deformed by external forces without 
constraints; this is possible in static tests. 

2. ri; = const (mechanically “clamped” crystal). A realization of 
this situation requires that the crystal be surrounded by a medium 
with infinitely large stiffness. In practice, the condition r;; = const 
is realizable in dynamic high-frequency tests when crystal defor- 
mations are too slow to follow the external forces. 


Examples of Problems 
with Solutions 


15.1. Calculate the contributions of the primary and secondary 
pyroelectric effects in barium nitrite crystals. 

Solution. Owing to the polar symmetry and the absence of an 
inversion centre, pyroelectric crystals are at the same time piezoelec- 
tric. Consequently, a thermal deformation of the crystal produced in 
experimental observations of pyroelectric polarization in uniformly 
heated crystals inevitably produces the piezoelectric effect. If the 
crystal is mechanically clamped, that is, cannot deform, the piezo- 
electric effect is caused by thermally generated mechanical stresses 
in the clamped crystal. 

Therefore, the pyroelectric effect observed experimentally includes, 
in addition to the "true" pyroelectric effect, that is, in addition 
to the direct effect of temperature changes on polarization, also 
a "false" pyroelectric effect, namely, the piezoelectric effect caused 
by thermal deformation of the crystal. If the constant of the "true" 
pyroelectric effect is denoted by y”, and that of the "false" pyroelec- 
tric effect by y”, then y = y” + y” (see Sec. 3). 

The following thermodynamical treatment of this phenomenon 
makes it possible to calculate the primary and secondary contribu- 
tions to the net pyroelectric eftect. Let us choose as independent 
variables characterizing the state of the crystal the following quan- 
tities: E—the strength of an external electric field, r,,—the strains 
suffered by the crystal, and T—the temperature of the crystal. 

The quantities: electric induction D, mechanical stresses tij, 
and entropy S are the functions of E, r,; and T: 


Di —Di (Em, ГҺТ), li; = ај (Еһ, Tk T), 8 = S(Em, 272 Т) 


Consider the vector of induction D as a function of temperature 
in zero external electric field (E = 0). 
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Since D; = £E; + P;, then for E = О 
0D; _ (OP; .. 
( oT ), Zİ oT Lan 
As О, = Di (T, тһ) and ry, = rai (tip, T), we can write 


2D, = (Ҹу), aT (55). drm 





(15.13) 





dru = (e) de + (T5 ), ат 


If measurements are taken at a constant external pressure, then 
dtij = 0, and 








dry > (Fp) ar (15.14) 
A substitution of dr, from (15.14) into (15.13) yields 
ə 0D; OD; rk 
dD, =| (Sr . "UL. TU Jar (15.15) 


The expression in brackets is the coefficient of the net pyroelectric 


effect. The term vi= (374) represents the primary (“true”) pyro- 


Th 

electric effect; the term Yy; = m ə represents the secondary 
(“false”) effect due to the piezoelectric effect thermal expansion 
of the erystal. , 
rh OD; 20, öm _ E 
aT TORD Ora, ipn Or 7 dimn Pau: Where Gat 
are the thermal expansion coefficients, dimn are the piezoelectric 
moduli, can ki are the elastic stifinesses of the crystal measured 
at constant electric field, so that the coefficient of the secondary 
pyroelectric effect can be written in the form 








Obviously, 








Yi = dim nhi (15.16) 


The right-hand side of (15.16) includes quantities measurable in 
experiments. The coefficient y; can therefore be calculated; as a re- 
sult, if the coefficient y; is known, we can evaluate the primary 
and secondary contributions into the pyroelectric effect. 

Barium nitrite crystals have a single pyroelectric constant yz = 
= Y + y; and equation (15.13) transforms into 


Yə = darr js Os 


where a, are the thermal expansion coefficients, dar are the piezo- 
electric moduli in the third row of the matrix (d;;), and c;, are the 
elastic stiffnesses of the crystal. 
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The nonzero coefficients da: for barium nitrite are (see Table 9): 
İzi, dzz m da: das. 

Taking into account this Koperty, and the form of the matrices 
(аһ) and (c;,) (see Tables 4, 5, 9) for barium nitrite, we arrive 
at the following expression for Y; 


Va = dg jC n0 = d, (Суди + C120%9 + 013043) 
+ das (09104 + Copy + C2303) + da (C3101 + C320 + C3303) 
Or, taking into account that cı, = C22, Cig = Cog, О = Oş, we find 
Ya = 2аз суи + сә) Oy + C130%3] + 2d3303/01 + daar 


With coefficients d,;, cj,, and a, substituted from Table 14, 
we obtain y; = 0.72 CGSE units. As the net constant of pyroelec- 
tric effect is equal to —8 CGSE units, the contribution of the sec- 
ondary pyroelectric effect into the total effect is approximately 996 
at room temperature. Predominantly (about 90%) the pyroelectric 
effect in barium nitrite crystals is due to the primary (“true”) pyro- 
electric effect. 

15.2. Find the relationship between elastic compliances measured 
in isothermal and adiabatic conditions. 

Solution. To solve the problem, we shall use the equations relat- 
ing the mechanical and thermal characteristics of the state of a 
crystal, neglecting electrical phenomena: 

TT; ri (t Т), S-—S(tij, T) 


if” 








al xu) dt, T (2) aT (15.17) 
48 = (> A J dtu (5) aT (15.18) 


Assume the measurement conditions to be adiabatic, that is, 
= const and dS = 0 in (15.18). Now find dT from (15.18) and 
substitute it into (15.17). This gives 





— (ris YT (Ori¿/0T)t (08 /01һ) dt, 
“i la! diy — S/T —— (15.19) 


Taking into account that for each choice of independent varia- 
bles and their functions the increment of the appropriate thermody- 
namical function, dG, is the total differential, we find 


0G )=- SLI 1 08 | 
– ( Oty; OT = ( oT =, ôtij 


The relations thus obtained are substituted into (15.19): 


órij S xu = зи) Orr MES )' 
( Oth} ) ( Oth E ( oT oT 08 
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With the notations introduced above, we obtain: 
8. T T 
Sijk] — Sijkı = — Q4 jh T 


15.3. Find the matrix of elastoelectric coefficients for symmetry 
class 32. 

Solution. From the first of equations (15.5) we can write for the 
increments of elastic stiffnesses as functions of electric induction 
in the crystal: 


Aent MaapuDa (15.20) 


Equation (15.20) can be regarded as the equation of elastoelectric 
effect. If the external factor is an electric field, then 


Ас̧азы = 8mijntEm 


The components of the tensor gmij,; are related with M,ij;,; via 
the dielectric permittivities. 

Operations chosen as group generators for crystals of symmetry 
class 32 can be rotations around axis 2 parallel to X, and rotations 
by 120? around the axis 3 parallel to X,. The order in which these 
generators are applied is immaterial, so that it is expedient to con- 
sider first the result of transformation by the axis 2, since it allows 
for the Fumi method (see Sections 6, 7): 


1 0 0 
Cox, = ( —1 0 
0 0 —1 
We can now consider the result of rotations around the axis 3: 
—1/2 —7 312 0\ 
Ci x:—| Y 3/2 —1/2 o] 
0 0 1 


which requires the use of the direct inspection method, that is, the 
following system of equations must be resolved: 


Eparst = ComCgiCrjCsnCuSmijnt 
Ultimately this gives us three matrices for class 32: 


“gün — (gut 8129) Виз Bus О 0 
8122 — gus Bız, О 0 

0 ga О 0 

Eu, О 0 


= Eina (Eia — Ел) — 2 (8111 + 8122) 
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"0000 — 255, 811 + 38122 — 
000 — 84, —(Sg111 +8122) 


0 0 — диз, — 28113 
O gus — in — 8104 
0 0 
B 0 Ы 
70000 gas 0 7 
000 — 835 О 
00 О 0 
0 0 — ın 
0 0 
0 


which offer an easy way to present a rank five tensor in matrix nota- 
tion: ımı» aig: Езиј. The subscripts m, k, l, q, i, j are obtained by 
contraction over two pairs of subscripts referring to elastic con- 
stants, and running from 1 to 6. 

For the purpose of illustration, it is convenient to represent the 
effect of an electric field on elasticity of the crystal by a table which 
in the case of class 32 is 


Cız — —8129 E 7 
си T gumb, | — (Euit | ers 831 | Ca + Eau Ei e L E, 









































E 
8112) Ei də 
Cız — (£111 + = — Cıa + Rua Es | — nu 
+ £122) Er си 812261 | €i3— Bus | T sa Ei +8315E3 + 8123) Eş 
Ст + 8113 E1 | 013 — 81131 C33 | Bızafı —8134E2 — 28113Е: 
—Cu + (£14 — 
Cia T Rua, E 8лзаЕ1 Cag TRAE, 281142 |— 8124) Е.— 
+8124E1 — 28з15Ез 
—819E2 + | —8114E2—| _ L (£1231— 
gais Éa gm Es 8лзаЕз 28114E2 €44 — E1a4E1 Au f 
(E111 + — (Barı + (£114— (£124 — Cee — 
2 — 28113Е. |— елм) £3— pee —2 (8111 + 


+ 38122) Es | +8122) E2 


— 285153 — 8114) Ел +8112) E, 
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15.4. The constants of linear electrooptic effect r, and гәз of 
lithium niobate crystals were measured in an electric field at a 
frequency exceeding the natural frequency of the specimen vibra- 
tion; the corresponding figures are 


r$ — 0.1.1079 CGSE units, r3z=0.9 CGSE units 


Calculate the corresponding constants characterizing electroop- 
tic properties of lithium niobate in static and low-frequency fields. 
Which of the given constants depends on frequency most strongly? 

Solution. The electrooptic constants given above characterize 
the "true" electrooptic effect since they were measured at frequencies. 
above the natural vibration frequencies of the specimens. In this. 
case a crystal is mechanically "clamped" since its deformation is. 
too slow to follow those of the external electric field. The values of 
electrooptic constants гәз and гәз, characterizing the properties of 
lithium niobate in low-frequency and static fields, are greater by 
the value of the contribution of the elastooptic effect, since in this. 
case the crystal, being mechanically "free", is deformed, and this. 
deformation in its turn causes an additional change in polarization 
constants. Equation (11.6) makes possible the calculation of the 
constants of interest. 

The matrices (d;;) and (P;;), required to calculate r,, and riş in 
crystals with symmetry 3m, comprising lithium niobate crystals, 
are shown in Tables 6 and 11. 

.. According to (12.6), and in correspondence with the form of matrices. 
(di) and (Pi), we find: rjj; = r$ + Poda + Passis + 
+ 2Pəəəşdəş, or, in matrix notation, 


Гәз = r2 + Pada Pood, + 2P 4024 
= rá + (P4, — Pu) d4,— Руду = 0.194 x 4078 CGSE units: 
The constant r,, characterizing the electrooptic properties of 
lithium niobate in a low-frequency or static electric field is thus. 


twice as large as rz, which characterizes these properties in a high- 
frequency field. Now let us find ras: 


r33 = Ha 4- ОР ду + Paydaş = 0.0004.1076 CGSE units 


This means that raa differs from rz by 0.4%. 
Obviously, the strongest dependence on frequency will be 
evinced by roo. 


PROBLEMS 


15.5. Describe the phenomena observed in (i) homogeneous and 
(ii) inhomogeneous heating of crystals belonging to symmetry clas- 
ses 3, 32, and m3. 
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15.6. VVhat physical phenomena are possible only in erystals 
-f ten polar symmetry classes? 

15.7. What physical phenomena are possible, when second-order 
effects are taken into account, when crystals with symmetry 2, mm, 
and 23 are placed in a uniform electric field? 

15.8. Table 14 gives elastic compliances of quartz measured in 
isothermal conditions, sij. Use the data of this table and calculate 
adiabatic elastic compliances of quartz, si). 

15.9. Find the relation between the components of the dielectric 
permittivity tensor, measured on a mechanically free (ei) and 
mechanically clamped (21) crystals. In what symmetry classes 
of crystals are these components different and in what are they 
identical? 

15.10. Find the relation between the components of the dielectric 
‘permittivity tensor measured in isothermal (22) and adiabatic 
des) conditions. In what symmetry classes of crystals are these com- 
ponents different and in what identical? 

15.11. Find the relative increment of capacitance of a capacitor 
made of an X-cut rochelle salt plate, when the capacitor operates 
at frequencies (i) below and (ii) above the natural resonance fre- 
‘quency of vibrations in the plate (the capacitance of a mechanically 
free and mechanically clamped crystal). 

15.12. Will the capacitance of a mica capacitor be different in 
low- and high-frequency ranges? 

15.13. Could the resonance frequencies of piezoelectric oscilla- 
tors be calculated on the basis of elastic compliances from the data 
“on sound velocities in crystals? 

15.14. Show that the adiabatic coefficient S$, in cubic symmetry 
crystals is equal to the isothermal coefficient ST. 

15.15. Find the relations between the adiabatic and isothermal 
piezoelectric moduli. Are these moduli different for (i) lithium 
niobate, (ii) quartz, and (iii) KDP crystals? 

15.16. Find the change in the temperature of a quartz plate 
oriented as shown in Fig. 4.3b, under a short-time action of a force 
ten times the weight of the plate. The plate dimensions are 1 x 3 x 
x 10 mm3, Analyze three cases in which the force is applied to each 
pair of mutually parallel faces. 

15.17. Determine the matrix of elastoelectric constants for sym- 
metry class 42m. 

15.18. Find the matrix of elastoelectric constants for symmetry 
class 3m. | 

15.19. What will be the change in the resonance frequency of 
a piezoelectric oscillator made of an X-cut quartz bar 10 mm long, 
performing compressional-tensile lengthwise vibrations, if it is 
placed in a constant electric field of 109 V/cm along the axis 2? 
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15.20. Calculate the relative change in the resonance frequency of 
a piezoelectric oscillator, made of a Y-cut quartz plate, operating 
in the thickness shear vibration mode, when constant electric field 
5.105 V/cm is aligned with the axis X,. 

15.21. Find the change in Young's modulus of lithium niobate 
along the axis 3 if the crystal is placed in an electric field of 10% V/m 
aligned at equal angles to the crystallophysical axes? 

15.22. Derive the expression and plot the section of the represen- 
tation quadratic of the stiffness c;, of lithium niobate by the coor- 
dinate plane X,X,, if the crystal is placed in electric field aligned 
along the bisector of the angle between the axes X, and X,. 

15.23. What field must be applied to a Z-cut of quartz to obtain 
the electrostriction strain ras equal to the piezoelectric strain rj, of 
an X-cut in the field E = 105 V/cm? For quartz R}, = 0.3-10-% 
CGSE units. 


ANSWERS 
TO PROBLEMS 


3 
8. (i) o — 36 CGSE units; (ii) c — 18 CGSE units; (iii) o — 0. 

9. AT = 5.7.1077 K. The plate must be cut perpendicularly to the axis (2, 
10. ~750 V/cm. 3.11. 3.2-10? V. 

3.12. The lower Curie point will be shifted by 1.4? to higher temperatures if 
the field E is parallel to Ps. If E is antiparallel to Ps, the lower Curie point 
will be shifted by the same amount to lower temperatures. 

3.13. y = 6-104 CGSE units. 3.14. 156 V. 3.15. In classes 1 and m. 

3.46. AT = 3-10 K. 3.17. Q = 4.8-107 C. 3.21. О = 5-10-? C, 

V = 1200 V. 3.22. AT = 5-10-9 K. 3.23. АТ = 5-10-5 K. 3.24. AT = —0.2 K. 


WWW w^ 


$4 

4.10. 3.6-10-§ K-I, 4.11. 200.1014 ohm -cm, 100.101 ohm -cm. 
4.12. 246; 245; 11. 4.13. 1.7-10 ohm: cm. 4.14. 0°. 

4.15. 1.4.1071? F. 4.16. 1.4.1079? C. 4.17. (i) and (ii) 


, -4.5 0 0 
zal 4.52 —0.04 ; (iii) remains unchanged. 
0 —0.04 4.57 


4.20. The plate must be cut perpendicularly to n (0.92; 0.33; 0). 4.21. 34°52’. 
4.22. In directions at 86°50’ to the highest-order symmetry axis. 4.23. The 
plate must be cut perpendicularly to [001]. 4.24. The principal axes of the 
tensor Гој) are related to the original axes by a counterclockwise rotation 
by 20.7? around X,. 4.25. 2° for the X-cut, 57’ for the Y-cut. 

4.26. AT, = 2.3.10 K; АТ, = 4.10 K. 4.27. 3.3.10-8 C/cm?. 

4.32. 0.628-10-8 K-!. 4.33. 20.8-10-9 cal.K-!cm-!s-!, 

4.34. 1.92-40-8 pm. 4.35. 0.096 V. 
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5.9. Тһе sought coordinate system is related to the original axes of the tensor 
by a counterclockwise rotation by 45? around the axis Xy. 
5.10. 1, = ty cos? a + to, sin? a + ha sin 2a; 


t= 5 (Һә — t11) “sin 26 + hs cos 20. 


5.11. q — 99.3 N/cm?; t = 58.8 N/cm?; t4 = —1380 N/cm?. 
5.12. Pay — —700 N/em?; timax = 75 N/cm?. 
5.13. 


8 5-2 Öd 83 
ras) 5 3 —2 jos wl 0 lo 
—2 —2 4 3—6 0 
AV/V = 12-10-5, 


5.16. n, (0.8945; 0; —0.4470); ng (0, 1, O); ng (0.4470; 0; 0.8945). 
5.18. 5.33-10-5; 8.67 .10-5. 
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5.19. p = 2-AT Y ai, F ai, 5.22. t = 1 250 N/cm?; 

ги = 2.2-10-4, reg = —10-4, riş = —0.5-10-4. 

5.29. ha = taa = İşi = 9.81 -10% N/cm?; t; = taa = tg = 0; 

Tjj = Газ = T33; Tia = log = Гај = V. 

5.24. t, = 1 N/cm?; to = —1 N/cm?, taa = 0, ha = tag = tg = 0; 


rj = —0.4-10-4, ras = 0.4.1075; гәз = Гуз = Гоз == Гар = О. 
5.25. tyy = too = t33 = 104 N/cm?; Һә = 153 = Ҹаз = 0; r33 = 107%; ri) = —10-4, 
$6 


6.16. (i) In quartz Р, = n, (ni — 3n3) dut: the longitudinal effect is impossible 
along [0001]. (ii) İn sodium chlorate P, = 3n,ngngdj,t; the longitudinal 
effect is impossible in the directionslying in the coordinate planes, i.e. in the 
directions İRkO1. 

6.17. Q = F-dy; Q = —F-dy, V/A; Q = 0. 6.18. 5.5 CGSE units. 

6.19. r, = —1.9-1075; rj; = —r 6.20. n (V 3/3; Y 3/3; V 3/3). 

6.21. r, = r, = —7.5-10-8, 6.22. Az, = —6.7-10-7 cm; Az, = 3.38 -10-5 cm. 
6.24. The relative strain of edges in the plane of the working faces is 
5.83-10-7. 6.25. diz = —d,,-cos? q + diş sin p cos q; for q == 0°, 

dz = —d;; for ф = 90? dı = 0. 6.26. r = n,-(nj — 3n3) d,,. 6.28. The unit 
normal to the plate in the crystallophysical coordinate system must have 
the components n, = na = ng = 0.5774. 6.29. 45°. 6.30. 1.01 -10% N/cm?. 
6.31. О, = dygngngt-b-c; О, = dygnyngt-a-c; Оз = 0. 6.32. Q = 1.4.1075 C 
V — 45 V. 6.33. n (V 3/3, V 3/3, Y 3/3). 6.34. Monoclinic angle 9092”, 
6.35. K — 396. 6.36. The displacement of the plate edge is approximately 
10-9 um. 6.40. K = 22% for 45? Z-cut and K = 32% for L-cut. 6.41. dı,. 
6.42. (i) o = О on all faces; (ii) o = d,at/2 on the face perpendicular to [001], 
and o = О on all other faces; (iii) o = d,,t/3 on all faces. 6.43. Y-cut. 
6.44. 0.27 cm. 6.45. K — 104; K — 9%. 

6.46. 445 —5.63.10-6, 441 = —2.35-10-9, diş — 7.8-10-6 (in CGSE units). 


6.47. dı, —9.52.10-8 CGSE units. 6.48, ps — — (der dss) | for tourmaline; 


Sag — 2811 — 2812 
Ps = — də dəs tdos for lithium sulphate. 6.51. 1%; 1%; 0.396. 
22— $11 — S33 — 2513 


s 
6.52. 0.3%; 1.3%. 


6.56. 32, 422, 622, 6, 6m2. 6.57. The conditions of determination of the 
coefficients Q, R, G, and H correspond to those of determination of the 
coefficients g, d, h, and e, respectively. 6.58. It is not; the spontaneous 
deformation accompanying the appearance of PS along [001] is of a 
piezoelectric nature. 6.59. E = 100 V/cm in an X-cut plate. 6.60. Q44. 
6.62. Qış = 1.23-10-12 CGSE units; Qış = —0.49 -40-12 CGSE units; 
О,, = 0.65 -410-12 CGSE units. 6.64. Since spontaneous deformation in 
ferroelectrics of this type is induced by electrostriction, the shape of their 
domains is independent of the sign of spontaneous polarization. 

6.66. —200 kV/cm. 6.67. Im bib Consider a centrosymmetrical erystal, 
with no piezoelectric effect but with electrostriction. A centrosymmetrical 
influence (mechanical stress or deformation) conserves the central symmetry 
of the erystal and therefore, suppresses the appearance of polarization. 


$ 7 


7.10. 1.82.10-4, 7.11. By 4. 7.12. tı = 2, = 180 N/cm?; tą = 146 N/cm?; 
ta = iş = 17.3 N/cm?; 4, = 12 N/cm?. 7.13. 1.026 -10-8 cm3/dyne; 
2.67 -10-12 cm?/dyne. 7.14. 5.52.1011 dyne/em?, 2.08.1011 dyne/cm?; 


19* 
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1.95.10? dyne/em*. 745. sj, = 5 = su (1 — cost 05 + 

+ (s44 + 2:543) “cos O, -(1 — cos? 0,) T $33 cost 0, + 

+ 2s,¿-cos 0, -cos 0, -(3 cos? 0, — cos? 0,), where 0,, 0,, and 0, are the angles 
between an arbitrary X, axis and the crystallophysical axes. 

7.16. sj, = si) sin? 0 + s33 cost 6 + (s44 + 2519) sin? 0-cos? 0, where 0 is the 
angle between an arbitrary direction X, and the highest-order symmetry axis. 
7.17. 1200 erg. 7.18. 3320 erg. 7.23. sas and sig. 7.25. Sig, $33. " 26. Sig, S33 
7.27. au = 2.34.10-12, si, = —0.545 40-12, s,, = 8.54.1072 (in cm?/dyne). 
7.33. 1.5 kV/cm. 7.34. 1.2-103 N/m?. 7.35. R. 7.39. —3.7.10-6 K=, 
7.41. АТ = 0.27 K. 7.42. fp = 1.9.105 K- 


$8 

8.10. Ву 3%. 8.11. 19.6-104 Pa. 8.12. (i) —80-10-12 cm?/dyne, 

(ii) 42. Д. 10-12 cm?/dyne. 8.13. 2.6 -10-10, 8.14. IL, = —4.7 -10-12 cm?/dyne, 
İL, = —5.10-12 cm?/dyne, My, = —137.9 -10-12 cm?/dyne. 8.15. (i) 0.002 V, 


(ii) 0.525 V. 8.16. P = 9.8.109 Pa. 8.17. (i) By a factor of 14, (ii) by a factor 
of 1.3. 8.18. For p-Ge: 96.7 -10-12 cm?/dyne > Il}, > —0.5. 40-12 cm?/d yne. 
8.19. For p-Ge: 144 > K > 8.58; for p-Si: 66.02 > K > —3.78. 

8.21. t = 14 Pa. 8.22. (i) 0.3 V, (ii) 6.4-10-* V. 8.25. 133 > K > 13. 


$9 


9.6. An = 0.009, Ap — 0.24 rad. 9.7. An = 0.006. 9.8. The UL is optically 
negative. 9.9. 0.011 mm; 9.10. 0.014 mm, 9.11. 1.53 mm, 9.13. 1.039; 

9.14. 0.48 mm; 9.15. 3.069; 9.16. 0.17”, 3.069, 2.07; 9.19. 0.203 mm; 

9.20. 1/1, = О. 1616: 9.22. 4.5.10-9 mm; 9.24. The ratio of intensities is 1. 
9.25. I/ly = 0.029 sin? a, I/I, = 0.094 sin? a; 9.29. 5.3% 9.30. 13.5”. 
9.31. 11.4”. 9.32. 3.4”. 9.36. 1.003 mm. 


$ 10 


10.7. The index ellipsoid of the sphalerite crystal is deformed by stress so that 
the sphere is transformed into a triaxial ellipsoid, with one of the axes of the 
ellipsoid parallel to the direction of stress. 10.8. The longitudinal effect is 
zero, and the transverse effect is 2 NÈ (ла, — 755). 10.9. The classes belonging 
to triclinic and monoclinic systems. 10.10. Tas > 0.706 .10-11 cm?/dyne. 

10.11. —8.8 kgf/cm”. 10.12. Baat = —1/2N$ (лај — mə) t; Bran = —1/2n3. 


(751 — Лав) L xu : : 
11 ı Tiz | Ла: 
10.13. My =No — NL ny, No— 9 Nö Ret No— 9 Ni. 


10.16. 243, “üz, Mg. 10.18. 1.65-10-4, 10.19. 8.8 kgf/cm? for ADP, 
22.8 kgf/cm? for DKDP. 











§ 14 


11.11. 4, 22m. 11.19. Impossible. 11.20. Crystals with symmetry 422, 32, 622, 
3m, and 6m2. 11.21. By a factor of =660 for KDP and u = 500 for DKDP. 


1 
11.22. "Hon m” PS (пӱтаз — nmas), Broyoy = (1/2) PS (n$msg — nims), 


Boo -jP (nimgg — nèm). 11.23. riş. 11.26. 0.2 em. 11.27. 12.3 kV. 
11.28. —16'. 11.29. maş = 1.87-40-7 CGSE units. 11.30. ny, = ni: 


Answers to Problems 293 





1 1 + rh E? . r 1 rhE; 
ne, ni 1 1” ny, nö 1 1" 
2 Un? AR. 3 E a 

n n 


nj n3 2 3 
11.31. —0.4 cm. 11.32. —27.8-10-8 CGSE units. 





1 7 1$ 3 
11.34. "a; RA No yg N3rE; ga = ND 2 V3 Nora E; 
2x : 
T— ys Werat. 


11.35. r42 = 24-10-95 CGSE units. 11.36. Va, = 15.6|kV for КОР, V,/2 = 6.7 kV 
for DKDP. 11.37. 0.34n. 11.39. —13'. 11.47. Along [010]. 

11.48. NIR — NoRy = 1.35.1033 oo cem?.V-?, No (Ry Ry = 
— 0.89 10-13 cm.V-?. 11.49. V,/2 of a) modulator based on the quadratic 
electrooptic effect is six times that of a modulator based on the linear effect. 
11.50. Ngay = 100. 11.51. Res = 0.20.40-15 cm?- V2. 

11.53. (i) (1/2) (Нузид — Raan?) E; (ii) (4/2) (rsan$ — гази) Ea + 

+ (4/2) (ran? — Ragn3)-Ez. 11.54. 3.9 kV. 

11.55. (4/2) (n3-Rg2 — n$-Rız) Ej + Ang, where An, is the birefringence due 
to the rotation of the index ellipsoid. 11.56. The longitudinal quadratic 
electrooptic effect can be observed along [100] and [010]. 11.57. —6.10-3. 
11.58. Mı, — My, = 1.67 -40-12 CGSE units. 11.59. noR gg = 0.5 40-13 cm? V, 
NÈ (Ry, — Ry) = 0.87 40-19 cm?-V-2, 11.60. (1/2) (ng Ma — n3-Ma) = 

= 5.1011 CGSE units; (1/2) (n?-My, — Ha: Maal = 12-10-44 CGSE units; 
(1/2) (n$Ms, — niMy1) = 11-107 CGSE units. 
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12.9. 44 °C, 12.15.10 = 219. 12.16. 1.8 -10% W/cm?. 12.17. Leon = 52.5 um for- 
0 = 309. 12.18. Pz, = 1.46-10% W/cm? for 0 = 30”, Peg = 0 for 0 = 90“, 
12.19. Loon = 35.5 um for 0 +5” and Leon = 49.3 pm for 0 —5*. 

12.20. SH output power reduction factor is 2.6.10-4, 8.4-10-2, and 8.7 -1077, 
respectively. 12.21. 0 = 11.59, 12.25. 37.5 mm..12.26. 53 mm. 12.28. SH output 
power is reduced by a factor of 100. 


$ 13: 

13.4. m, mm, 4, 42m. 13.6. In accord with the symmetry of rochelle salt 
(symmetry class 222), the two optic axes are equivalent; hence, the magnitude 
and sign of the specific rotation along the optic axes must be the same. 13.7. Along 
[001]. 13.9. Rotation angle is zero if the optic axes lie in the plane perpendicular 
to X, or Xə. Rotation angles are equal but of opposite hands if the optic axes 
lie in the plane perpendicular to X,. 13.10. (i) forbidden by virtue of the 
symmetry conditions; (ii) allowed; specific rotations along the optic axes must 
be of equal magnitudes and opposite hands. 13.13. Perpendicular to one of the 
optic axes. 13.14. Differ both in sign and in magnitude. 

13.15. nı — nr = 0.44-10-5. 13.16. One of the principal axes of the tensor [8;], 
Say, Xə, lies in the symmetry plane, and two others, X, and X,, are at 45” 
to the symmetry plane. In this case the tensor referred to the principal axes is 


V sl F eds 0 07 
0 —Veh-tek 0 


- 0 0 0. 
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13.17. Identical for both axes. 13.18. d — 4.16 mm. 13.20. Because of rotation 
of the polarization plane in quartz, the angle of rotation in the plate of the 
uu thickness is below 180? for visible light of any colour. 

$1 


14.25. c;; in 101 dyne/em?: c, = 16, cop = 8.72, ca, = 4.12, eg, = 4.27, 
Ces = 4.27. 14.26. RbI. 14.27. The velocities of longitudinal and shear waves 
propagating along [100], [110], and 11111 in units of 105 cm/s are, respectively: 


vj 11.9 1.84 1.82 


vt | 1.01 1.11 1.08 


14.28. c;; in 101 dyne/em?: c, = 35.8, caa = 47.9, ca, = 12.5, Ces = 14.7, 
pus = 26.9. 14.29. 6.8 cm. 14.30. c;; in 101! dyne/em?: с), = 2.65, с̧уз = 0.43, 
C44 = 0.42. 14.32. cj; in 10! dyne/em: c, = 16.8, cy. = 7.82, cyg = 7.10, 
Cgg = 18.9, c44 = 5.46. 14.34. 25". 14.35. Gaas Cag, Cro Ci Cia 

14.37. v in 105 cm/s: (i) vj = 3.77, vq = 1.63, (ii) vj = 3.89, v = 1.87. 
14.40. v ax = 2.168 -105 cm/s, Vmin = 1.811.105 cm/s. 14.43. с̧ј in 10" dyne/em?: 
Си = 7.49, с̧ә = 8.45, Cog = 1.44, с̧а = 1.32. 14.46. For shear waves pro- 
pagating in the plane Х.Х, (n (О, nz, n3), u (1, О, 0)) 


y 1 1 7.,66c,snğ + T -44c4,n2 
La A ara 


14.47. 2.68 cm. 14.48. If O is the angle between the wavefront normal and 
the axis X,, then the piezoelectrically nonactive waves correspond to the 
following values of 0: 0°, 90°, 180°, 270°. The waves with maximum 
piezoelectric activity correspond to the following values of 0: 45°, 135°, 225°, 
315”. 14.50. с̧, in 101% dyne/cm?: cı = 12.10, cig = 4.82, саг = 5.13, 
Cas = 1.85, cg, = 3.65. 
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15.8. sin in 10-15 CGSE units: sí = 12.77, s$ = 9.73, s$, = —1.81, 
sö, = —1.23, s$, = 19.98, sS, = 29.16, s5, = 4.52. 15.11. The capacitor's 


capacitance at high frequencies is twice as small as that at low frequencies. 
15.16. AT, = 2.33.10 K, АТ, = 4.410- K. 15.19. Л/// = 1.3-10-3, 
15.20. Af/f = 2-10-8. 
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APPENDIX 


Table 1 
Notation of 32 Symmetry Classes 





Notation 
System of symmetry 








international System Of Symmetry | international | after Schoenfiies | symmetry formula after Schoenflies | symmetry formula 
Triclinic | | mane Bluz | ә 
Monoclinic * m ә a .. 
2/m Con .. 
ww ew 222 | D, -— İm) & |. 3L, 
Rhombic mm2 Cop L,2P 
mmm Руһ 3L,3PC 
4 C, 
4/m Саһ is 
422 D, LAL, 
Tetragonal 4mm Cav LAP 
A/mmm Dan L4,4L,5PC 
4 Sa Iz 
42m Dea Lyz2L,2P 
= its Ли РН, ERO Es L 
E Cat LC 
Trigonal 32 Da Eş3L, 
3m Can Lg3P 
3m 66715 | Da | — Lş3L,8PC 
6 eS WOO A OM tUe 14 
6/m Ceh LPC 
622 De 1461, 
Hexagonal 6mm Cev L¿6P 
6/mmm Den L,6L,7PC 
6 Con L¿P 
6m2 6081852 | Da | DAP 
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Table 1 (cont'd) 











Notation 
кы. international after Schoenflies symmetry formula 
23 T ALŞ3L, 
m3 Th 4L383L,9PC 
Cubic 432 0 4L33L¿6L3 
43m Ta 4Ly3LBP 
m3m On 4L,3L,6L,9PC 
Table 2 
Symbols of Symmetry Elements on Stereographic Projections 
Symmetry element | Symbol Internationa] 
Centre of symmetry No symbol 1 
Plane of mirror reflection Solid line or m 
arc of circle 
Rotational axes 
Twofold (diad) axis 0 2 
Threefold axis à 3 
Fourfold axis m 4 
Sixfold axis ф 
Inversion axes 
Onefold axis = center of symmetry | No symbol 1 
Twofold axis = mirror reflection Same as for mirror re- | 2(= m) 
plane perpendicular to the axis flection plane 
Threefold axis A 3 
Fourfold axis & i 


Sixfold axis 4 6 (= 3/m) 
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Table 3 
Rules for Setting of Crystals According to Symmetry System 


Notation: 7rictinic Monoclínic Rhombic 
Z 2,9,4,6-sym- 


ayköye Cy 
ağa 9490? 





Table 4 


Symmetry Elements and Rules for Choosing Axes for 32 
Crystallographic Classes (symbols referring to 
centrosymmetrical classes are given in boxes) 


Triclinic system 


/ 


Monoclinic system 
m 
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Table 4 (cont*d) 


222  Rhombie system 


y 
I, 


Tetragonal System 


4 Z 


4mm 
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Table 4 (cont'd) 


300 


Trigonal system 


S 
— 
3 
3 
bN] 
8 
S 
S 
5 
Ke 
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Table 4 (cont'd) 


Cubic. system 





Table 5 
Rules for Choosing Crystallophysical Axes 
Symmetry system | X3 | Xa X1 
Triclinic [001] In the plane perpendi- 
cular to [001] 
Monoclinic [001] [010] In the plane 
(100) 
Rhombic [001] [010] [100] 
Tetragonal [001] [010] [100] 
Trigonal and hexagonal [0001] 10110) 12110) 


Cubic (001) 1010) [100] 
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Table 6 
Matrices of Piezoelectric Moduli (d;j) and Piezoelectric Constants (g;;) 


Centrosymmetrical classes: all moduli equal zero. 
Noncentrosymmetrical classes: 


Triclinic system 
Class 1 


dis 


daş 
das 


dis 
das 
das 


dig dis dis 
dəq dəs dəs 


di 

da 

dat da das das 
Monoclinic system 


Class 2, 211Х, 
(standard orientation) 


(4 
0 


dez dog 0 dəs 0 
0 0 daş 0 dg 
Class m, m L Xə (standard 


orientation) 
du dig dig 0 dy О di diş 
0 0 О da О dəs da da 
da dg; das 0 das О /(10) 0 0 


Rhombic system 


Class 222 
00 О 4, 0 О 0 0 
| 000 О dg О ) | 0 0 
000 0 0 das /(3) ds daş 
Tetragonal system 
Class 4 
0 0 0 dı, dış О 0 0 
| 0 0 0 dış —dı, О | 0 0 
da dg daş О О 0/43 da —dgi 


, Class 422 
000d, 0 0 
(2 00 0 —d, О 
000 0 0 0 


0 


0 
(8) da daş 


Class m, m L Xs 


m 


Class 2, 2||X3 


0 О dy dy О 
O dış daş 0 
(8) 


dis 0 0 dis 
O dg dg 0 


M 


Class mm2 


0 О dy О 
O dy 0 0 
dg 0 0 0 


). 


Class 4 


0 0 О dgg/ 4) 


Class 4mm 


0 О О О dy 0 
( 0 0 О ds О o) 
(1) da dai daş О 0 0/(3) 
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Table 6 (cont'd) 


Class 42m, 2||X4 
(standard orientation) 


000 4, О 0 
( 000 0 d4 0 ) 
000 0 О de / (2) 
Trigonal system 
Class 3 Class 32 
dj —di О dia dis —2d5; dj —ОА Ody 0 0 
—də dg О dg —di, —2d11 О О О О —d, —2d1, 

da dy das О 0 О /06) 0 000 0 О İç 


Class 3m, m | X, (standard 
orientation) Class 3m, m | Xs 


0 0 О О dış —2də dı —d4 0 0 dış 0 
(s. doo О dış О 0 0 0 0 dg О —2dy 
da ds; das 0 О О /(4) dai da daş О 0 0 (4) 
Hexagonal system 
Class 6 Class 6mm 
0 О 0 dış dış 0 0 0 0 О dy О 
| 0 0 0 415 —d; o) 0 0 0 dy 00 ) 
da da daş O О 0/64) da dg dış 0 О О /(3) 


Same as class 4: Same as class 4mm; 
Class 622 Class 6 


00d, 0 О dı di 0 0 0 İd 
00 0 —d, o) (< des 0 0 0 a ) 
000 0 О 0 0000 0 (2) 


ooo 


Same as class 422; 


class 6m2, m L X4 Class 6m2, m L X, 
(standard orientation) 


0 О О О О —2d,, dy, —d 0 0 0 0 
—d;, das О О О 0 | 0 О О О О —2du ) 
0 0 О О 0 0 (3) 0 0 000 0 (3) 


Cubic system 


Class 432 Classes 43m and 23 


000000 0004, 0 0 
| 000000 ) ( 000 0 dy 0 ) 
00000 070 000 0 0 dı, /(3) 
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Table 7 


Matrices of Piezoelectric Constants (h,;) and (e;;) 
for Crystals in Which These Matrices Differ from 
(dij) and (g;;) 


Class 3 Class 32 


ha —hi 0 hyu his —həş ha —hi Ohy 0 0 

—haz ha О his —hu —hi 0 0 00 —hı, —hg 

hs, hai has О 0 О 76) 0 0 00 0 0 /(2) 
Class 6 Class 3m, m L Xy 


hii —hıi 0 0 0 — həz 0 0 0 0 his —hə: 
(== һәг 0 0 0 S (əs has 0 his 0 0 ) 
(3) (4) 


0 0 000 0 har ha haa 0 0 0 
Class 6m2 


hıı —hıı 0 0 0 0 
(° 0 000 –ы) 
(1) 


0 0 000 0 


Table 8 
Matrices of Piezoelectrie Moduli (d,,) 
for Piezoelectrie Textures 
Group oo Group oom 
О О О dı, ду О 000 О 0 dus 0 
( 0 О di —d, ) (e 0 О dys 0 o) 
dai da dag O 0 0/(4) dar dg daa О О 0/(3) 
Group oo2 
0004, О О 
(0 000 —dı, ) 
0000 0 0/4) 
Table 9 


Matrices of Elastic Compliances (s;;) 
and Elastic Stifinesses (c,) 


Triclinic system 
Both classes 


S11 512 813 $14 S15 S16 C11 C12 Cıs Cıa C15 Cie 
$19 S22 S23 $24 $25 926 Cız C22 Cog C24 C25 C26 
Sig 523 933 S34 Sas $36 Cig C23 Саз Csa C35 C36 
Sia Soa 534 Saa Sas Sas C14 C24 C34 C44 Cas Cag 
Sis 525 S35 Sas S55 S56 C15 Ces Cas Cab C55 Coe 


„S16 S26 586 Sas 556 See / (21) Cie Coe Cae Cae Cse Cee 7 (21) 
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Table 9 (cont'd) 


Monoclinic system 
All classes, 2 || X, (standard orientation) 


$11 $12 Sis О sis O (Oi Ciz Cig 0 Gis О 

S12 S22 Sag O 525 О Cız C22 Cog О сәв О 

Sig S23 Sgg О Sas О C13 Cog Саз О an О 

О О 8140 Say О О О с̧а О Ca 
Sis S25 Sas O Sss О C15 C25 Cap О сы, О 
0 О О sau О sg (13) О О О c0 cg. (43) 
Rhombic system 
All classes 

$11 S12 5190 0 0 Си Cız бз 0 0 О 

$19 S22 Sag О О 0 ps C22 C230 0 О 

Sig S23 833 О О 0 pa Сәз “gg 0 0 О 

0 О О 50 О 0 0 О c40 0 

0.0 О О sss 0 00 О О сы 0 

000 0 0 0 sg (9) 0 0 00 О cg (9) 

Tetragonal system 
Classes 4, 4, 4/m 
511 sia $53 0. O Cu Cız биз 0 О C16 
$12 su 813 O O — Cız pu 6130 О —ciş 
$13 $13 $33 0 0 Cış C13 C3g 0 0 0 
0 О О sa О 0 0 О cu 0 0 
0 0 О 0 sa 0 0 О О € 0 
Sig —51g0 0 0 See Cig —C1g 0 0 О aed (1) 
Classes 4mm, 42m, 422, 4/mmm 

S11 $12 Sig O О 0 си Сәсә О О 0 4 

$12 $11 $13 0 0 0 Cı? C11 Cig 0: О 0 

$13 913 $33 0 0 0 Cig Cig C33 0 0 0 

О О О s40 0 О О О c0 0 

0 00 О sa 90 О 0 О 0 c0 

О О О О О зә / ça 0.00 0 0 cg / ев) 


Trigonal system 
Classes 3, 3 


$11 512 518 514 —S2p О 
$12 511 Sig — $14 Sæ О 
$13 $1s $33 0 0 -0 
$14 — $14 0 844 0 2525 " 
— S25 $95 O 0 Sag 2514 


0 0 0 2825 2514 2(811 — siz) (7) 


20—0475 
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Table 9 (cont'd) 


p Саз us Cu —бәр О 
Cız Си Cis —Cia € О 
0 


C13 Cig Cas 0 0 
Cia — C14 0 Cag 0 625 
— cos €zs О 0 x... 


1 
O О О сәв буд (nic) m 


Classes 32, 3m, 3m 


Si 512 518 Sig О o 
из $1: Sis —Sia 0 0 
813 813 533 0 0 9 
$14 —Sı4 0 $44 0 0 


0 0 0 О зә 2514 
0 00 О 2514 2(s1— s12) / (6) 


(си Cız Cış 01,0 0 
Cız C11 Саз — Cıa 0 0 
Cış C13 C33 0 0 U 
Gua — би О Сад О 0 


0 0 0 О ca cu 
1 
0 00 О cu > (Сиз — буз) 
2 Ја) 


Hexagonal system 
All classes 


$11 Sig $130 O 
$159 $11 Sig О О 
Sig S13 S33 О О 
О О О 540 
О О О О әд 
0 О О 0 О Xsıı—sız) / (s 


ooooo 


C11 C12 C130 O 9 ) 
C12 C11 Cis О 0 0 
C13 Суз саз О О 0 
О О О ey 0 0 


О О 0 0 ca 0 
[00000 Fees) 
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Table 9 (cont'd) 


Cubic system 
All classes 


$11 Siz $35 O О О C11 Cig Cg O O 0 
$19 911 912 О О О Cio C11 C12 0 0 0 
Siz 3 Si 0 0 О Cız Cız Gr O О О 
0 О О s40 О 0 О 0 c0 0 
О О О О s0 0 О О О eg, 0 
0 0 0 0 0 Sas (3) 0 0 0 0 0 Cas (3) 


Homogeneous continuous structures (textures) represented 
by groups oom, oo, co/m, oo/mmm, 002 


$11 512 8130 О 
S12 $11 5130 О 
Sıs Sis 533 0 О 
0 0 0 $44 0 
О О О О su 
0 00 О О 2(S11— 512) 


G GGG G 


€11 C12 Cis 0 0 
бә би Cıg 0 О 
Cig Cig Саз 0 О 
О О О c0 
О О О О ca 


ooooo 


(2? 0000 7 mnd | 


Isotropic medium 


$11 $12 $19 0 0 0 
$12 S11 $19 0 0 0 
$12 912 $11 0 0 0 
О О О 2($—s5 О 0 
000 0 2(511—5:) О 
000 0 0 2(s11—812) / (2) 
( си €12 C12 0 0 0 ] 
Cız C11 C12 0 0 0 
C12 Cız C11 0 0 0 
0 0 0 Xa) 0 0 
000 0 + (01413 0 
à 1 
000 0 0 — — 
| z (u си) | à» 
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Table 10 
Matrices of Piezoresistivity Constants (11,5) 


Triclinic system 
Both classes 
Thy Wie Wis Wig Mis He 
Mz, Mez Wes HA Mas Meg 
Mo, IIa; Has Ha Mos Hə. 
Ma, Mas Mas Wag Mas IT; 
Is; Mos Пуз Mos Mos Moo 
Hg; Hez Mes Ig, Ies Mag (36) 


Monoclinic system 
All classes 
Axis 211X, 
Th; Ih: Пуз О 050 
Mz, Maz Hog О Mz5 О 
Maz Das: Hgg О Has 0 
0 0 О Hu0 Ha 
Jis Hg; Пуз © Iss О 
O 0 О a0 Tg, (20) 
Axis 2 || Xs 
Лу, Ihs Mig О О Mie 
Mz, Il; Mz 0 О Ilo 
Has Mas Mos О. O Ta 
0 0 О Mg, Hg 0 
Пу Hez Wes O 0 Mo (20) 
Rhombic system 
All classes 
Th, Wy. Mig 0 0 О 
IH; Hos 15, 0 0 О 
Hg Həz Mzg О 0 О 
0 0 0 Tas 0 0 
0 0 О О hs 0 
0 0 0 0 О Ha (12) 
Tetragonal system 
Classes 4, 4, 4/m 
I Nhe Mig 0 О IL. 
I; Hu Hs 0 0 —lli 
Hs: Msı Has 0 0 0 
0 0 0 Mas Il; О 
0 0 0 —HsH, О 
I —Пуу О 0 0 Mas 7 (10) 
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2 Table 10 (cont'd) 
Classes Amm, 42m, 422, 4/mmm 


I; Tig Mig О О 
The Il; I3 О О 
Msı Hs Mgs 0 О 
0 00 Myo 
0.00 О IH40 

0: 00 0 0 ha Jay 


0 
0 
0 
0 


Trigonal system 


Classes 3, 3 


IH; Mi His m, —IMos 211, 
I; Wai Mis —Mia Ms — 211,, 
Hs Ha Mgs О 0 0 
Il; —M O I, Ну 2115, 
—lh; Пу О —Пәы IL, — 2M, 


— Ile; Ils; 0 Mas Il, (IL, — Луз) (12) 


Classes 3m, 32, 3m 


Nyy = The Wis Hi 0 0 
Mas —ILı 0 Пд 0 0 
Ü 0 0 0 Hg 2114, 


0 0 0 О Hu, (I, —II,;) (8) 
Hezagonal system 


Classes 6, 6, 6/m 


I; Hi Ij; 0 0 —2HMp 
I; mi Ihs 0 0  Pllg 
Hs Il Has 0 0 0 
0 0 0 IH, 0 
0 О 0 —H4l О 
He —IIgi О 0 0 (Ili —15;) 7 (gj 


Classes 6m2, 6mm 622, 6/mmm 


Thy m. Mz 0 О 0 
I; П,, Пу 0 0 0 
I; Hş as О О 0 
0O 0 0. 1 0 


0 (О О О Il О 


0 0 070 0 (h-mə / çeş 
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Table 10 (cont'd) 


Cubic system 
Classes 23, m3 


Hal Mig 0 0 О 
Mış Hu Mig 0 0 О 
The Mig Mu O 0 О 
0 0 О H4,O0 О 
0 0 0 0 My 0 
0-9 0 0 0 Thay ww 


Classes 43m, 432, m3m 


П,, Hi, Ihs 0 0 О 
Mış Hu MM, 0 0 O 
Ihs Wye 1,1 0 0 О 
0 0 0 I40 О 
0.0 0 0 Mpo 
0000 0 Majo, 


Isotropic medium 


II; Hız Mo 0 0 0 
The IT; Wie 0 0 0 
II; П,, IT; 0 0 0 
0 0 О IHg4—Ih, 0 0 
0 0 0 0 hn —İl), 0 
0 0 0 0 О hs / с) 


Table 11 


Matrices of Piezooptical Constants (x4;) and 
Elastooptical Constants (pr) 


Triclinic system 


Both classes 


Лај Tiz Mig Mig Mis Ли) (Pu Pi2 Pis Pia Pis Pie 
Tar Ләг Ләз Mza Mas Tag P21 P22 Pos P24 Pas Pəs 
Лај go Лаз za Mgs Лав P31 P32 Рзз Рза Pss Pas 
May Naz Tag Taa Mas Лав Paı Paz Pas Pas Pas Pas 
Лә Msz Nsg pa Mos Mge P51 Ps2 Pos Psa Pos Pse 


Mor Tez Neg Meg Лев Mee) (36) P Pez Pos Pea Pes Pee) (36) 


Appendix 


Луј Газ Лаз 0 My, О 


Лај Лаз Лаз О 


0 0 0 
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Table 11 (cont'd) 


Monoclinic system 


All classes 


Axis 2| Xs, (standard orientation) 


(Pu Piz Pis Ü pua О 


Лај Taa Ләз О лә О Per Pas Pes О Pop О 
Ла О P31 Paz Pss О Pəs 

Tag Ü ла 0 O О Pu U Pa 
Tss О Psi Ps2 Pss О Pis 


Лы Tee Лу О 


0 0 0 


Nii Tiz His 
Tor Meg Ләз 
Ла: Mza Лаз 
0 О О 
0 0 0 


Tig Tez Лез О 


Tes О Tee) (20) 0 О О paa О Pee) (20) 
Axis 2||X5 
О О лы ( Pu Piz Pis О 0 Pis 
0 О Ta Pai Paz Daa 0 О Pas 
0 О Tag Psi Ps2 Pss О О Pas 
Naş Ms О О О О Ps Pas О 
Tsa Лы, О О О О ры Pss О 
О Tag) (20) Por Pez Pos О О Pes) (20) 


Rhombic system 


All classes 


Ли Tiz Mg 0 О О (Pu pus Pıs O О О 
Tey Mee Teg 0 О О P21 Paz P30 О О 
Лај Nga M330 О О Psi Ps2 P33 Ы 0 O 
0 0 0 m40 0 0 О О Pa0 О 
0 О О О лу, 0 0 0 0 O pae О 
0 0 0 0 0 mejan lo 0 0 0 0 pa 


( Mı Miz Mg 0 О 


Mig Nii Jug 


0 0 


lg, Лаг Taş О О 


0 0 0 
0 0 0 — 
Лај —Лар О 


Tas Tas 
Tas Taş 
0 0 


Tetragonal system 


Classes 4, 4, 4/m 


Tio) ( Pu Piz Pıs 0 0 
— s Pua Ри Pis О О 
0 Psi Psi Ps 0 0 
0 0 0 0 Pas Pas 
0 О О —Ps Pas 


0 
7,9) (10) Ua — Pgı О 0 0 


Pis) 
— Pis 

0 

0 


0 
Pos) (10) 
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Table 11 (cont'd) 


Classes 4mm, 22m, 422, 4/mmm 


Ли Nye Mig 0 О 0 (Pı Pi? P30 O О 
Nye Ла: Mg 0 О О, Рз Pi Pig0 0 О 
Лај Ла ug 0 О О Psi Psi P30 0 0 
O 0 0 zxa40 0 0 О О p40 О 
О О 0 0 ла 0 0 0.0 О Pa0 : 
lo о 0 0 0 məl lo 0 0 0 0 pal 
Trigonal system 
Classes 3 and 3 
Ли Tag Mis Tia — ә 236: 
Tiz Лај Tis —Tu Tag — 2g 
Ta Tür gg О 0 0 
Ла —74 0: . Ла Tap 2153 
— M52 Лу O — ла Tas 2141 
— Лез Nee О Tag Mig 741—743) (12) 
( Pii Pig .Pıs Pi. — Pas: Pez ! 
Pie Pu Pis —Pıa P25 — Pe» 
Psi Psi Pss 0 0. 0 
Pai —Par O Pas Pas Ps2 
— Ps2 Ps2 0 — Pas Pas Pai 
1 
—Pez Pe О Pæ Pu 7 Pu—P)j 42) 


Classes 3m, 32, 3m 


(Tu Te Ts Tu 0 
| Tiz Tu na — ış 0 
Ta Jg Tas S 
Ла —Ла О Tas 
0 0 0 0 ks 5” 
lo 0 0 O Tu Tala 
( Pu pua Pis Pu О 0 
Рз Pu Pis —Pu O 0 
P31 Pa Pss 0 0 0 
[Pa —Ра О Pas О 0 
0: 0 0 0 Pas Pai 


4 
0 O 0 О Pu 3 (Pu— Pi) ) g; 
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Table 11 (cont'd) 


Hexagonal system 


Classes 6, 6, 6/m 


Tas 0 О 2143 
Tıg 0 0 — 2762 
Taş 0 0 0 
0 Tas Tas 0 
0 —Mas Ла 0 
0 0 0 Ли: —лиЈ (8) 
Pıs 0 0 Pez 
Pi3 0 0 — Pee 
Ps 0 0 0 
0 Pas Pas 0 
О  —Pas Pa 0 
1 
0 0 0 2 LP Paz) la 


Classes 6m2, 6mm, 622, 6/mmm 


Ли 
- 


Mg 


Ла: Лав Лиз О 
Tas Ла: My. О 
Ti Газ Ли: O 


Tia 
Tır 
Ла: 
0 
0 


. О. 


Piz 
Pii 


Psı 
0 


0 
0 


ooo 


О 0 О m40 


0 О 0 О mü 


лаз О 0 0 ) 
Лаз О 0 0 
Tag 0 0 0 
0 Taa О 0 
0 0 Taa 0 
0 0 0 7011 — PH (6) 
Pis 0 0 0 ) 
Ps О О 0 
Рз O О 0 
0 Pas O 0 
0 0 Pas 0 
1 
0 0 0 3 (Pi — Pra) J (6) 


Cubic system 
Classes 23 and m3 


0 (Ра Pra Pis O O О ) 
0 Pis Pı P20 О О 
0 Pig Pis P310 О О 
0. 0 0 О Pa0 О 


0 0 О 0 pu 0 


0 0 0 О О mula) lo 0 0 0 0 pala 
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Table 11 (cont'd) 


Classes 43m, 432, m3m 


Tuy Niz 7,0 О О (Pu Pi Pır O 0 0 ) 
Tie Nyy Tıg O О О Pig Pii Ps O О О 
Mie Miz 7,0 О 0 Pig Pig Pur O О 0 
0 О О m40 О 0 0 О p4,0 О 
0 О О О 7540 0 0 О О Pat 


0 0 0 0 0 лаЈа) (0 0 0 0 0 pala 


Isotropic medium 


Ла: Mig Js 0 0 0 

Tyg ii Tiz 0 0 0 

Tag Mig My 0 0 0 

0 0 0 3141 — Tıg 0 0 

0 0 0 О  my—m, О 

0 0 О 0 0 741—745 J (2) 
( Pii Piz Pis 0 0 0 ) 
Pia Pii Piz 0 0 0 
Pi; Piz Pi 0 0 0 

1 
О О О > (P11—Pi2) 0 0 
1 
0 0 0 0 — (P11— Piz) t 0 
1 

0 0 0 0 0 y Lin — Piz) (2) 


Table 12 


Matrices of Linear Electrooptical Effect Constants (rij) 


Triclinic system 


( Tii Ti га) 
Tas 


Ter Tez Tes) (18) 


Appendix 


Monoclinic system 


315 


Table 12 (cont'd) 


Class 2 
2| Xa 211 Xs 
0 Tia 0 (9 0 гә) 
0 Tas 0 0 0 Tog 
0 Гә 0 0 0 T33 
Ta O газ Tar Газ O 
О res О Гы Ts O 
Tei О rala lo Tas) (8) 
Class m 
mi Xe m | X3 
ri О Tıs (Tu Tiz О 
rg О T23 Ter Tee О 
T31 0 T33 T31 T32 0 
0 rag 0 0 0 Газ 
Ты 0 rga! 0 0 T53 
О re О Jav bres 0 0 Jao 
Rhombic system 
Class 222 Class mm2 
( 0 0 О ) ( 0 0 Tis 
0 О О 0 О Tog 
0 0 0 0 0 T33 
Tai 0 0 0 Taş 0 
0 Po 0 Tsı 0 0 
0 0 res) (3) lo o 0 la 
Tetragonal system 
Class 4 Class 4 
0 0 Tış 0 0 Tis 
0 0 Tış 0 0 —T13 
0 0 T33 0 0 0 
Tar rs O Tar Tsi 0 
Ты —Ta О “Tı Tai 0 
lo 0 0 Ја) 0 0 Tas) (4) 
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( Ti 


ıı 


0 
T41 


T51 
— əş 


Class 422 
0 О 
0 0 
0 0 
1 0 0 
—rgı 0 

0 Oja) 
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Table 12 (cont'd) 


. Class ámm 
(9 9 ra) 

O О rua 

О О rs 

0 Isı 0 

ni 0 0 

lo © 0 Jw 


Class 42m, 2|| Xi 


Class 3m, m | X, 


0 
( 0 
0 
0 
T51 
(ər, 


( 
T41 
T51 
0 


ooo 


( 0 0 0 Ñ 
0 О О 
0 О О 
Tat 0 0 
0 Tat 0 1 
lo О гәз 2. 
Trigonal system. ) ҝн 
Class 3 Class 32 i 
T3» Ti3 ça 0. 0 
Таз Таз —mnm 0 0 
0 T33 0 0 0 
T51 0 1 Таз 0 0 
—rgı О 0 —rgı 0 
ru 0 İ(6 (о maoo 
Class 3n, m L.X, 
—Tee Tis Tu 0 Tis 
Tee Tia —ти 0 Tis 
0 T33 : 0. 0 Tas 
ты O '0 Ты O; 
0 0 Tra 0 0 
о 0 Jay 0 —ri О Ја) 
Hezagonal system 
Class 6 Claàs 6mm 
0 ris) (9 io. Tis 
0 Tis 0-10 > T13 
0 F33 0:0 T33 
Гы 0 0 rs О i 
—Ta1 О rs 0, О 2 
0 0 İtə lo o ola 
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Table 12 (cont'd) 


Class 622 Class 6 
(© 0 0 Pi Pag 0) 
0 0 0 5: 
0 0 0 0 0 0 
Tay 0 0 0 0 0 
0 —ra О 0 0 0 
lo о оја) —2узу —2r 0) e) 


Class 6m2, mi X, 


О Tr: 0 ( Til 
0 —Лж 0 — ıı 
0 0 О 0 
0 О О 0 
0 О О 0 
—2r12 0 04) Lo 


Cubic system 


Class 6m2, m | Xə 


0 О 

0 О 

0 0 

0 О 

0 0 
“Tı oja 


Class 432 Classes 43m, 23 
о 0 0) (9 9 0 
0.00]. 0.0.0 
000 0 0 О 
0. О: , b. 0 0 
000 О rua О 
0 о dla lo о rudo 


Table 13 


Matrices of Quadratic Electrooptical Effect 


Constants (R;,) 


Triclinic system 


Both classes 


Roş 
Ra, 
Ras 
Rea 

Ras 


Rie) 

Rəs 

Rəs 

Ras 

Rss 

Res) (36) 
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Table 13 (cont'd) 
Monoclinic system 
All classes 
Classes 211 X4, Xs Im Classes 2 || Xs, X3 1 m 


(Pu Riz Ris О Ri50 (Eu Riz Rıs О О Rig 

Ha Roe Reg 0 R250 Ra Roz Ros 0 0 Rog 

Rsi has Ras О Ras О Ra 2 Raa 0 0 Rss 

О 0 О RaO Ry О Ra Res О 

Ву Hy Rss 0 Rss О | E О Ку Rss О 

0 0 О RaO Reg} (20) Ra Ka Res О 0 Hee) (20) 


Rhombic system 


All classes 


Ru Pi Rs O 0 О 
Roa Rep Reg О 0 0 
Rs Hg, Rə О 0 0 
0 0 О Ryo О 
0 0 О 0 Ra О 
lo 0 o o О Ra» 
T etragonal system 
Classes 4, 4, 4/m Classes 4mm, 42m, 422, 4/mmm 
(Lu Hyg Rig О (Pu Ri R30 О О ) 
Rig Rn Ri О E Riz Ri Rıs O 0 О 
Rs Ry Rss 0 y F Ra R30 0 0 
0 0 0 Ra P 0 0 0 Ryo О 
0 0 Ras Ba О О 0 0 R40 
(Ra —Re 0 FE ay lo 0 00 0 Relm 


Trigonal system 


Classes 3, 3 


( Ri Riz Rig Ri, —Rəs 2R>4 ) 
Riz Ry Ris —Rı, Ro —2Ra4 


Ra  Rg Ros 0 0 0 
Ra —Ra 0 Pu Ras 2Rsa 
— Reş Hg О — Ras Ra 2Ra 


—Ra Reo 0 “s Rua (Ru— Ки)Јаз) 
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Table 13 (cont'd) 
Classes 3m, 3m, 32 


Ru Rig Pis Ri О 
Riz Rai Rig —Ru 0 
Ra Rə Rs 000 
Ra — Rai О Ry 0 
0 0 0 0 Ra 2Raa 


) 
lo 0 0 О Ru Al. 


ooo o 


Textures co, co/m 


Ru Hg Pig 0 О 2Reş 
Ri: Hay Ris 0 0 Ы. 
Ra Rsı Rss 0 0 
0 0 О Ra, Ras 
0 0 О —Ri Ra 
— Ву Ras О 0 0 RN (8) 


Tertures com, oo/2 


Ry Fs Ris 0 0 
Ra Ra Rss 0 О 
© 0 0 Ra 0 
0 0 0 0 Ra 
lo o o o o (Ri—Ri)o) 


— 


ocoooo 


Isotropic medium 


(Lu Rus Riz 0 0 0 
Riz Rıi Ri, 0 0 0 
Ri: Hyg Ru 0 0 0 
0 О О (Ru—Rıə 0 0 
0 0 0 0 (Ri, Rız) 0 
0 0 О 0 0 (Ri — Hual) (2) 


Table 13a 
Gyration Tensor [2 1 


Triclinic system 


Class 1 


811 €12 8187) 
812 Boz zı 
(6) 


Eis E23 833 
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Table 13a (cont'd) 


Monoclinic system 


Class 2 Class 2 
211 X, (standard orientation) 211 Xs 
gu О 813 En Вла О 
0 8s) О | Bız 822 О | 
Bıs О E337 (4) 0 0 £ss- (4) 


Class m Class m 
m 1 Xə (standard orientation) m | Xs 


0 gız О О О gu 
[s 0 ea | [o 0 ва | 
0 Es 0 (2) Елз 823 О -1(2) 


Rhombic system 


Class 222 Class mm2 

gu О 0 0 Bız O 

[o 822 0 | Pp 0 o] 

О О gəs-(3) 0 О 030) 

Tetragonal system 

Classes 4, 422 Class 4 Class 42m 
& 0 0 £u Bız 0721 X O gus О 
|o gu О | E —8и ol PS 0 nl 
О О gs) 0 0 0 0 О odo 


Tetragonal and hexagonal systems 


Classes 3, 32, 6, 622 


gn О 0 
[o 811 0 | 
О О g334(2) 


Cubic system 
Classes 432, 23 


& 0 0 
[o gn О | 
O О gn) 


Isotropic medium 


en 0 0 
0 £u О | ; 
0 О gua) 
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Table 14 
Reference Data Required for Solving the Problems 


Substances are arranged in alphabetic order. 

Unless stated otherwise, the listed values of physical constants refer to 
room temperature. 

Where the experimental conditions are not given, assume that the con- 
stants were measured on mechanically free crystals, at constant temperature. 


Ammonium dihydrophosphate (ADP) (NH,H;PO,); 42m 
p = 1.803 g/cm? For A = 0.546 um, No = 1.52662, Ne= 1.48072 











CGSE units CĞSE units case peto | e a, 1076 K-1 
d414— 5.27 $11 — 1.82 c11=6.17 le, = 62=56.4| ay =a, = 30.1 
daa = — 145 $33 = 4.35 caa = 3.28 leg = 16.4 Q3 — 4.1 
ва = 11.58 саф = 0.85 
, See = 16.46 Cee = 0.59 
$19:— 0.19 Gua — 0.72 


$15— —1.18 €13— 1.19 


Aragonite (CaCO3); mmm 

p= 2.6 g/em3, Tmett = 129°C. 

о = 35.10-* K-1, "a, = 17.10-* K-1, o —11.40-9 K-1, 
€, = 9.8, £9 = 7.7, £3 — 6.6. 


Barium fluoride (BaF,); m3m 

p = 4.83 g/cm?, Tmej == 1280 °C. 

cu = 9.01-1011 CGSE units, cy = 4.04.1011 CGSE units, 
С̧а = 2.49.1011 CGSE units. 


Barium nitrite aos HO); 6 

A, = a, = 16.10-6 K-!, a, = 76-10-95 K-!, Y = —8 CGSE units, 
dy, = 5.3-10-8 CGSE units, daş = 5.1-10-8 CÓSE units 

си = 0.525.101? CGSE units, cg = 0.3.1013 CGSE units 

cua = 2.5.1012 CGSE units, cı = 0.15-1012 CGSE units. 


Barium titanate (BaTiO;) 
p = 5.9 g/em3, Тыен = 1625 °C. 

Symmetry is m3m above 120°C. The phase stable between 120°C and 5 °C 
is tetragonal, 4mm. The direction of spontaneous polarization is parallel to 
(100) of the initial cubic unit cell, Ps = 54.10? CGSE units. Below 5 °C a new 
ferroelectric phase appears, with spontaneous polarization parallel to (110) 
of the initial unit cell. The symmetry of this phase is mm, and it is stable be- 
tween 5 ”C and —90 °C. 

At —90 ?C the third phase transition takes place, with spontaneous polariza- 
tion of the new phase parallel to (111) of the initial cubic unit cell; the sym- 
metry of the nev phase is 3m. 

Cubic phase: n = 2.4, Ry, = Ry, = 1.4.10-12 CGSE units, R,, = 1.88-10-12 
CGSE units. 


21- 0475 
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Bismuth дә ( (Bi;,GeO; ) 23 


р = 9.2 pem 5 
си = 1.2.1010 CGSE units, eyş — 0.39- 1019 CGSE units, ca = 0.25- 1019 CGSE 
units 


= 3.8, eu = 0.987 em/m?. 


Cadmium ae (CdSe); 6mm 
p = 5.81 g/cm?, Tumen > 1350 °C. 


Cadmium sulphide (CdS); 6mm 

p = 4.82 .. Tmeit = 1500 °C at a Hn of 100 atm. 
For Л = 515 um: No = 2.743, Ne = 

Tis = 3.3. 10-8 CGSE units, гәз = 7.2. i CGSE units 
ra = 11.1.10-8 CGSE units 














d, 10-8 10-12 c, 1011 | a, 
CGSE units CGSE units CGSE units e 1074 K-1 
day —1.7 S11 2.22 c11=8.1 Е1=82=9.3| a, =0=5.0 
dis — — 3.4 $1, = —0.87 pus — 4.0 £g — 10.3 a3=3.5 
dış —4.7 Sı3 = —0.80 c13 = 4.8 

$33 — 2.19 C33 — 8.0 
544 7.0 £44 = 1.43 


Calcite a spar) (CaCO,);_ 3: 
p = 2.6-2.8 g/cm3, Tmeit = Viso °C at a pressure of about 102.5 atm. Cleaves 


along plénes parallel to rhombohedron faces (1011). The normal to a rhombo- 


hedron's face is at 44? to the axis 3. 
For A = 0.589 um: No = 1.658, Ne = 1.486, 
аҹ = aş = —5.6.10- K^, a, = 25.10-6 K-, 


met BaTiO,, polarized; oom 


Artificial ferroelectric, p — 5.5 gion’ Tg = 115°C. 
d, 8, 1078 CGSE units c, 1011 CGSE units e 
das — 5.73 cı) = 16.8 £4 = 1596 
da = —2.35 Cgg — 18.9 Ea = 1872 
dış — 7.8 £447 5.46 
Eas = 3.84 Cig = 7.82 
Esi = — 1.575 Cyg=7.10 


Cinnabar X 32 

No = 2.83, = 3.15 for A= 

No= 2.70, ne = 2.99 for A = 1.06 pm 
No = 2.60, Ne = 2.87 for A = 10 

Хаз = 2.4. 10-7"CGSE units 


Popper ci ə a 43m . 
5 pm, N = 1.996; rua = 18.3-10-8 CGSE units 
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Corundum (see ruby) 


Deuterated (DKDP) KH,PO;; 42m 














For A = 0.546 um, No = 1.47, N¿= 1.51 
d, 10-8 CGSE , 10-12 CG , 
ETS : 25 p a 20 e a, 1076 K-1 
d 4.2 5111.65 c11=86.8 e¡=E£2=4 6 a1 =Q = 36 
dz = 69.6 S12 = — 0.4 Cı = 40.2 pa = 21.8 a= 41 1 
S13 = —0.75 €13 — 47.6 
s33=2.0 Cag = 85.7 
544 7.9 €44— 12.7 
966 = 16.6 mE 
DKDP (see KDP) 
EDT, ethylene diamine tartrate (C,H,,H,0,); 2 
P = 1.538 a ct (C5H..Hə09): 
d, 1074 CGSE units s, 10712 CGSE units a, 1076 K-2 
dıı = —30.4 $11 = 3.34 $55 = 15.0 a = О 
ds — 36.6 812 = —0.3 $33 = 10.8 о = 20.3 
dyp 30.3 Sis =— 3.0 $95 — —2.65 Оз = 80.0 
daş = 6.6 ss =—1.7 s = 19.1 as =—32 
дуз = —34 S22 = 3.65 Sas = 0.38 
da5 = —53.8 S23 =—1.8 5 = 11.6 
дә = —50.9 Seg = 19.1 
дәв =—55.1 


Fluoride (CaF,); m3m 

p = 3.18 g/cm*, Tmeit = 1360 °C. 

For A = 0.589 um, N = 1.43384. 

ла = —0.29-10-1 CGSE units, my. = 1.16-10-1 CGSE units, a, = 
= 0.698.10-11 CGSE units, 


Gallium arsenide (GaAs); 43m 

p = 5.316 g/cm?, Tmen = 1238 °C. 

For A = 0.546 pm, N = 3.45, гај = 12.5.10-8 CGSE units 
For A = 0.8-12 um, N = 3.42, гу = 3.6-10-8 CGSE units, 

sı = 12.64-10-12 CGSE units, c, = 1.19-101% CGSE units 
ааа = 18.60-10-12 CGSE units, cq, = 0.54.1019 CGSE units, 
sia = 4.23-10-12 CGSE units, cı = 0.59-101% CGSE units. 


Gallium phosphide (GaP); 43m . 
For A = 0.540 um, N = 3.495, ra = 1.5-10-8 CGSE units 


21* 
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Germanium (Ge); m 
p = 5.327 g/cm’, .. — 936 ”C 


Hi, 10712 CGSE units ә, ohm-cm 
s, 10712 CGSE c, 10*11 CGSE 
units units 
n-Ge p-Ge n-Ge | p-Ge 
$j, = 0.979 Cıı = 13.114 Il =4.7 IM, = — 3.7 9.9 1.1 
$1 —0.267 | ciş —4.924 | I= —5.0 Tl, = 3.2 
844 = 1.497 ca=6.816 | П,,= —137.9 | 11,,—96.7 


Graphite (C); 6/mmm 
p = 2.21 glem?, Tmeit = 3600-3900 °C 
a, = a, = 1.5:10-8 K-I, a, = 28.2.10-6 K- 


Greenockite, see cadmium sulphide 


vo (CaCO); mmm 
1.532, Nm = 1.527, Np = 1.522 


We K ar (InSb); 43m 
p = 5.75 g/cm?, Tasit = 523 °C 








s, 10-12 CGSE units c, 1011 CGSE units urun. ИН 
$11 —2.42 0117 6.72 II, = —70 0.54 
$12 = — 0.855 c12 = 3.07 M= — 115 
$44,— 3.3 Cag = 3.02 П, = 300 
КОР, see Potassium dihydrophosphate 
Lead telluride (PbTe); m3m 
p = 8.16 g/em5, Tmen = 917 °C 
s, 10-12 CGSE units IL, 10-12 CGSE units R a Tots con: 
n-PbTe p-PbTe n-PbTe | p-PbTe 
$14 = 0.947 TI, , = 20 IM, =35 1-3 1-3 
$12= —0.073 Ils —25 I = 40 
$441.63, İL, = —107 П = 185 


Lithium iodate (LilOg); 6 
p=4.5 g/cm3, Tmel = 420 ° 
For 2.— 1060 A; No— 1.86, ad 2 


N 
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Lithium niobate (LiNbO,); 3m 
Ferroelectric, To = 1160 °C, Tmey = 1253 °C, p = 4.7 g/cm? 
& = € = 99.5, es = 38.5. 
For A = 0.106 um, No = 2.2336, N, = 2.1567. 
For A = 0.530 um, No = 2.3225, N, = 2.3212 
Teo = 0.1-10-8 CGSE units, cu = 204-1010 CGSE units, c44 — 53-101% CGSE 
units 
rs = 0.25.10-8 CGSE units, cg = 242.10! CGSE units, pa = 75 CGSE 
units : 
ra = 0.9-10-8 CGSE units, c,, = 74-101% CGSE units, cı, = 9 CGSE units 
rg = 0.9-10-8 CGSE units, cg = 64-101 CGSE units, 
X22 = 3.8-10-8 CGSE units, Xa) = 6.1-10-8 CGSE units 
ss = 49.8-10-8 CGSE units 
Emnkl in 10-22 N- V-1 m5: 


Ели = —6.23, 8241 = —2.46 
8131 = —9.48 Еза = —2.89 
8141 = 15.14 Bası = —21.00 
8221 = 0.58 E158 = 1.14 


dış = 0.63-10-5 CGSE units, dg, = —0.33.10-7 CGSE units 
dış — 2.04-10-6 CGSE units, daş — 1.6.10-* CGSE units 
For A = 0.630 um, No = 2.20 

Рал = 0.178, pig = 0.092, paa = 0.088, 

Ра = 0.155, pa = 0.036, piş = 0.072 


Lithium sulphate (Li,SO,.H,0); 2 
p = 2.06 g/cm3, y, = 30 CGSE units 


d, 1078 CGSE units s, 10712 CGSE units 





d44— 14.0 $14 — 2.39 $157 —0.95 ef —5.6 

d,,— 12.5 saa — 2.13 $15— —0.5 ef =6.5 

dau — 11.6 533 2.91 $33 == 0.36 еј= 10.3 
das = 45.0 541 = 3.69 515 0.71 ef =0.07 
dan — — 5.5 $55— 4.1 $3575 —1.2 

das — 16.5 535 0.05 

dg, — 26.4 Sae “0.41 

da, — 10.0 566 “7.40 


Lithium tantalate (LiTaOs); 3m 
Ferroelectric, 7g = 630 °C 

p = 7.58 g/cm’, Y = 75 CGSE units, o, = 10-11 ohm-!-cm-!, e, = 80. 
For A = 0.633 um, No = 2.176, Ne = 2.180 

na = 21-10-8 CGSE units, гәз = 90.8-10-8 CGSE units, 

Tg = 60-10-8 CGSE units, reg = 3-10-6 CGSE units 


Potassium alum (KAlSO,1,-12H,0): m3 
Таз = 3.7:10-11 CGSE units, ns = 8.5-10-11 CGSE units, 
Ty, = 9.1-10-1 CGSE units, лу, = —0.65-10-12 CGSE units 


Potassium bromide (KBr); m3m 
p = 2.75 g/cm?, Та = 730 °C 
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си = 3.46.10 CGSE units, 
сиз = 0.58.10!! CGSE units, 
€44 = 0.505-10!! CGSE units 


Potassium chloride (KCl); m3m 

p = 1.98 g/em5, Tae = 776 °C 

си = 3.980.103 COSE units, sı, = 2.62-10-12 CGSE units, 
Cas = 0.625.101! CGSE units, s, = 16.0-10-12 CGSE units, 
сиз = 0.620.10!! CGSE units, sı = 0.35-10-12 CGSE units 


Potassium Gis rdrobhoepbate EDD (KH,PO,); 42m 

Ferroelectric, d: = At the Curie point, Ps = 105 CGSE units. 
8g = 7-104, yy = 1500 CGSE units, p = 2.338 g/cmi, 

Таеи = 254°C, ер = 0.1 са1-а-К-4,, 

For À == 0.546 um, No = 1.511, No = 1.469. 

Ta = 25-10-8 CGSE units, reg = —30.10-9 CGSE units. 

For A = 0.535 um, Ies = 0.5-10-12 CGSE units 

Хы = 0.59. 10-8 CGSE units, Yaa = 0.62-10-§ CGSE units 


Potassium niobate-tantalate (KTN, KTa, Nb 3) 

Ferroelectric, Tc = 10°C. Symmetry: 4mm belə? Tc, m3m above Tç. 

For v = 0.633 um, No = 2.318, N, = 2.277 (in tetragonal phase). 
а(ту/паә)һз = 15-10-8 CGSE units, Tua = 24.10-8 CGSE units, 

Ha Ra — 9.87-10-2 CGSE units. 


Potassium tartrate GHD, 2 


p = 1.988 g/cm?, ӱз = —4.9 CGSE units. 





d, 1078 CGSE 
units 


e 


10712 CGSE units | | a, 1076 K-1 





dı, —25.0 |5,, = --2.24 s33=-+3.86| e,=6.44 a, = +12.0 
dis +6.5 $,4— —0.08 зәд= 4-0.90| &,—5.80 a, = 44.8 
d, = —2.2 813 = —1.64 sus 4-11.90| s —6.49 Q 32.0 
da — 8.5 $157 —0.64 sis —0.57 £g — 0.005 as = —12.0 
d= —10.4 | sogp= +3.37 555 =8.15 
dan = —22.5 Seg = —1.05 ses = 10.41 
da = +29.4 san = —0.57 
dg, = — 66.0 

Quartz (SiOə) 


neris ор low-temperature phase 32, of high-temperature phase 622. 

p = 2.648 g/cm5, Tmeit = 1700 °C. 

For A = 0.589 um, “No = 1.544, Ne = 1.553. 

For À — 0.530 um, No = 1.5468, No = 1.5559. 

For A = 1.06 um, No = 1.5340, Ne = 1.5428. 

For A = 0.510 um. (in right-handed quartz): gu = —5.82, gss = +12.96, 

= 0.177 cal-g3K-, p, = p, = 200-10 ohm-cm, pa = 1-101 ohm-cm. 

For A = 0.546 pm, na = 0.59- 10-5 CGSE units, Ta = f: 4.10-8 CGSE units. 

Fər A = 1.06 um, x = 1.2-10-* CGSE units 
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d, 10-8 CGSE s, 10714 CGSE 
units units 


da= —6.76 | 5,1 = 127.9 


da, — +2.56 | sış— —15.35 
$ış = —11.0 
514 —44.6 
S33 = 95.6 
$44 = 197.8 
Ses = 286.5 


иј( 


ij ти), 106 әс-1 
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с, 1010 CGSE 


units a, 1076 К-1 








c11=86.05 le, = e, — 4.5| a, == à, — 13.4 


63 4.85 = leg = 4.6 a3=7.8 
Cy3 = 10.45 
си4= 18.25 
c33 = 107.1 
€44 = 58.65 
Cee = 40.5 


Remperatare coefficient of elastic compliances of que at 25 °C 
) s) (Tə) 114 TEC — To) + THT — o) 


(2), 109 00-1 





11 15.5 85.3 
33 140 247 
12 —1370 21 385 
13 —166 —118 
44 210 262 
66 —145 —85 
14 134 93 


Resorcine (CG,H,(0H),; mm 
o 21212 [ad Tex œ 100 °C 


d, 10-8 CGSE s, 10712 CGSE c, 1010 CGSE 
units units uni 


ts e 
dıs 53.9 $,1— 19 су — 10.3 €, =3.51 
dg, = —12.4 573 = 10.6 Cog = 14.4 £574.14 
дуз = 16.8 533 = 15 caa = 12.9 eş 3.54 
dj, = 55.3 $4,— 30.7 6447: 3.3 
dg; — —12.8 3 = 23 C55 = 4.4 

Seg = 25 Cee — 4.0 
$197 —4 €15— 6.2 
$159— — 3.4 c13=7.4 
S2a= — 8.8 C23=6.9 


Rochelle salt (NaKC,H,0,-4H,0) 


Ferroelectric with two Curie points: lower point at —18°C and upper point 
at 24 *C. Symmetry is 2 in the range (—18)-(4-24) ?C (ferroelectric phase), and 
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symmetry of paraelectric phase is 222. In the neighbourhood of the upper Curie 


point, y, = 20 


O CGSE points. 
= Li gem, Tmert = 55 °C. For 1—0.546 um, Ng = 1.4954, Nm = 1.4920, 


P? = 1.5.10? CGSE units, gı, = 6.7-10-7 CGSE units, 
ру, = 8.9-10-9 CGSE units, mg, = 0.224-10-? CGSE units 








= = 

dia — 1150 s11=5.2 gu — 40 el — 480 a, =58.3 
d5 = — 160 $197 —2.1 £157 — 30 e$ = 12 æ= 35.5 
дәв = 35 Sig= —2.0 c13=—40 gi —10 Ga — 136.1 
£14,791 $997 3.4 Cop == 50 e] 220 
gan = — 170 Sog= —1.3 c23 = — 30 gb — 11 
gaa = 44 sas — 9.2 C33 = 60 ef =9.8 

S44 == 20 pua = 10 

$55— 32 Can =3 

Seg = 10 Cee = 10 





Rock salt (NaCl); m3m 


= 2.2 g/cm, 


Tmeit = 804 °C. 


For A = 0.589 um, N = 1.54. 
CGSE units, 21, = 2.7-1017 CGSE units, 


Та: = 0.25.10! 
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1.46-10-11 CGSE units, R,, = —1.35-10-2 CGSE units, 


лај = —0.85.10-11 CGSE units, R,, = 0.9-10-12 CGSE units. 
Rubidium dihydrophosphate, RDP (RbH,PO,); 42m 
For A = 0.547 um, No = 1.609, Ne = 1.479; neg = 10.5-10-12 CGSE units. 


Ruby (a-Al,0,); 3m (corundum crystals red-coloured by chromium dopant) 
p = 3.98 g/cm?, Ty = 2030 °C 
For A = 0.589 um, No = 1.768, Ne = 1.759. 





s, 10-12 CGSE units | c, 1011 CGSE units e [1] a, 1076 K-1 





5,1 — 0.2353 c, 1 = 49.68 £412 85—8.6 О =0%,=5.0 
$33 — 0.2170 Сәз — 49.81 £g — 10.55 O — 6.66 
844 == 0.6940 сад= 14.74 
s12= — 0.0716 c12 — 16.36 
$13 = — 0.0364 c13=11.09 
$14 = — 0.0489 Cıa, > — 2. 35 

Rutile (TiO); 4/mmm 


= 4.26 g/cm’, T = 1820 °C, e, = 86, eg = 170. 
For X = 0-630 um, “ŞİT — 2.600, Ne = 2.890. 
Silicon (Si); m3m 
p = 2.328 g/cm?, Tmeit = 1410 °C, ep = 0.181 cal-gri K-!, e = 12. 
Sodium chlorate (NaClO,); 23 
p = 2.49 g/cm’, e = 5.75, a = 43.4-10-8 K-1 
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Пујә 10712 CGSE units p, ohm-cm 
s, 10712 c, 1010 ——.—————— 
CGSE units CGSE units 
n-Si p-Si n-Si p-Si 
$1, = 0.768 C4, = 16.57 H, = —102.2| 11) —6.5 11.7 78 
$15— —0.214 £19 — 6.390 TI, =58.4 M= — 1.1 


544 =1.256 11 | c14=7.96  |14,— —13.6 | IL, = 138.1 





dı, = 6.1-10-8 CGSE units, su = 23.35-10-15 CGSE units, 
819 = —5.15-10-13 CGSE units, s,, = 85.4-10-% CGSE units 


Sodium chloride, see rock salt 
Sphalerite, see zinc sulphide 


Strontium titanate (SrTiO); m3m 
Ferroelectric, Тс̧ = 240°C, Ru — Ry, = 0.065 CGSE units 


Tourmaline; 3m 
p œ 2.90-3.25 g/cm?, Tas = 1102 °C 
No = 1.59, Ne = 1.43; cp = 0.2 cal-g-1 K-1, yg = 1.3 CGSE units 


d, 1078 s, 10712 
CGSE units 


, 
CGSE units e 


c, 1010 -6 K- 
CGSE units o, 1076 К-1 














ds — 10.9 $11 = 0.385 Cy, — 272 £47 854—8.2| a,=0,=3.6 


d, 1.0 $15 = 0.048 Gua = 40 &3=7.5 O3= —8.8 
ds, = 1.03 813 — 0.071 613 — 35. 
dgg— 5.5 гәз = 0.636 033 = 165 

$44 — 154 Cag = 65 


5,4 = 0.045 dı — —6.8 


Triglycin sulphate, TGS 
Ferroelectric, Tc = 49° 

Symmetry of ferroelectric phase 2, symmetry of paraelectric phase 2/m. Near 
the Curie point y, = 500 CGSE units, e, = 200. 

Wurtzite, see zinc sulphide 

Yttrium-iron garnet, YiG (Y 3Fe,0,,.); m3m 

p = 5.17 g/cm? 

For A — 1.15 um, N = 2.22 

Раз = 0.325, pa = 0.073, paa = 0.041 


Zinc sulphide (ZnS): ə 

(1) Sphalerite (cubic ZnS); 43m 

p = 4.102 g/cm3, N = 2.37. 

For A = 0.546 um, e = 8.37, dı, = 9.54-10-8 CGSE units, sy 18.39. 10-13 
CGSE units, sı = —7.07-10-12 CGSE units, s,, = 21.69.1073 CGSE units. 
For A = 0.546 pm, ry, = 5.0-10-8 CGSE units 

(ii) Wurtzite (hexagonal ZnS); 6mm 

du — 8.6-10-8 CGSE units. 


Appendix 
































euÁp SuÁp z-5 09:3 4900 
N 9-0) =9uAp N m0} Mou z-8:UI- 8A IS 4 90104 
| (ade 
A 00€ = e3e yun 4995) KM 2/18 | 4890 -310A) әәпәтәјјир 
“310A Jo Wun 4900 | A 110A LY. €-8:;UI- 2X IS & |renuejod 911999139 
yun 4800 1-8 -2/6019-4/18 | 4800 
О 6-01 :(€/1) = e81eqo puoo?əs-əsəd 
Jo yun HSDD | 8-У ‘9 -we 10 quio[noo sev IS 0 931849 91132913 
UL 619 = M/TƏƏ y Wye lutAləy Jed erio[eo 1-M';-8:,u-3 | 4900 
И ulAfəy 19d e[nof 1-M'2-S:¿0-3x IS 2 K119edeo şeəH 
y/Te? | uragon ied erio[eo 1-М 5-8 «¿uo -3 1899 
M/[ 619 € M/TƏƏ | Wwe | ulAləy 19d e[nof 1-M ¿-S:¿u-Íx S Adonunq 
Do minrələ) әәјдәр 22: 
sy giz 19-12” lu M ülAləy I e1nje1oduro], 
911901097 : 
91qn9 ied wed e-uo-8 
s09/3 911901 ərq 4990 
471/8Х с̧р = smə/3 || çu/3y İ-nə ied ureifo[ny g-Ul 31 IS d Aisuəq 
uopjepAo1qqe eureu uoqsuəurp 8j1un 
10308) UOTSIƏAUOD 10 Toq Ayyuend 
О -WAS 
yun 





$mə)94S 4500 pue 15 94) ul sıpun Surpuodsa110) ay} doy S101984 UOISIJAUO) pue səppuend) pesid JO sj 
41 NWI 





331 

















: A yun 4800 WS +/+ 2/48 HSƏƏ 
ATM v-01 n qJoa 190 ӧдә. еӱиәтәтјәоә 
—4mn 4900 Vİ Mu-y eijeurutA[oqp| — M-V'eS-r- Ut 1-24 IS 1b orio[eo01120[3 
düş yun 4800 д AS 13/1009 2/5 4800 
E - = UIA[ey 19 
(M:¿00)/9 4-01 B e1jeUI o1enbs syualog 
mun 4990 Vİ (4:¿0)/9 aed quio[noo 1-M:V-:S*¿-0l IS 2, | -yəoə 911790fa014g 
mia 2-0 £ -- yun 4992 1-5*3/1-119*2/18 | HSDO 
s n e1jeur exenbs &yılıg 


mun 8900 T ¿u/o Jed quio[noo V'S- 


ra 
n 
A 


-eziiep[od 91119974 








gsu/) $-0] X 1100 4890 


Y 
BRE, — yun 8900 1 


y 


әјјәит 


à e1enbs səd quio[noo 





¿u/) Y :8-¿0 IS q luonənput 91133914 









yun 4990 1-8:6/r-019 g/18 4900 pieg 914) 

Ul/ A y0y:g = 170 4800 T WU A | 9149W 1ed 110A T-V 2-8: Ul İY IS 4 |-»epe yo 11309419 
wo 01701117199 иә 800 потувитјојәр səp 

UI ¿-0) =W y ul 911901 ul IS n |-un 4ueure?e[dstq 


1-8 /1- UI9 t /48 | 4990 






uo[?erAeJqqe uofsuənuilp 
10398] UOTSTƏAUOD £1rueno 





Ul9jsAg 
nun 


(p,3uoo) ŞI 2190 y : 





Appendix 


Appendix 


332 



































(e y [ m | 
W/S 6-0} ə. yun 489 1-8 7900 Ayan 
= lun 4900 | u/s nəm led suəuləls zV'e8:g- Ul 1-34 IS По | -onpuoo 911399]H 
U/H 46-01 2- | : : : 
Y Mun 4590 g-8:;- UI 4800 Ke 
= yun 489) | u/H | e1you qəd Áiueq 2-V z-s: Ul - 2X IS fid | -әтијәф o1jousey 
A/UL (013796 = yun 4590 - 4990 Kit[Iqeour 
= 191 4899 | J/ui | pereg əd o1jeur 2-V *y-S:g UI - Bx IS fik, | -1odur 9113991911 
Quy | 
ui - = E 
2. (un 4800 — 4800 Ayan 
-—1mn 41899 | uU J 941910 100 рејеј- SY y8:g-UI 4-2 - IS fig |-yruned 911y99[91G 
euo snutur cM 7800 1018 
V 1-M 19MOd ој ulA[ex 1r-M IS fio -uedxə [eulnieu], 
01390113199 
Uro/uio Jed әјјәиијиәә — 4899 
1 w/w 313901 190 913901 — IS Ha | utezrjs [eorueqoaw 
91)90113U99 
апә/әпАр | eienbs ied əu4p 4–8*1-112:8 4900 
91191 2 
zW/N V” 0 =¿019/0uÁp | zW/N e1enbs 100 појмәп g-S8:1- UI: X IS ft} |sse1js [eorueqoa Ди 
UO11 61A 91009 eureu uorsuauitp sıtun 
10398) UOTSIƏA OD 10 100 Anueno 
ulə)s4s -WAS 
yun 








(p,1uo9) еј ?1qv 


333 


Appendix 


Ee ON. “YE 


























E D yun 4890 1-S tal 13 | 4800 F IT 
ил LAR 110A -Iqnideosns 9113 
Am L yun 3890 | Alg iəd 917911 ozenbs I-V *e-S UL: Y IS X  |-29]91p 1eout[UO N 
A AAA 00 00 лл 222 > 
1 
yun 4500 $:5/019::/4-8 | 4600 12949 on 
quio[noo -d00132əfə 189 
9/7% ¿01 € = 1100 4500 1 Ozu Təd e13eur ozenbs T-V “1-5 zül IS 4fta |-ut[ JO stuərəyyəoo 
2.7. MEC c 
| 
yun 4890 1-8 “z/r-U9 2/18 4900 
quio 
O/N 01-94 Tun 4992 T DN -noo ied uojAeu 1- Vig-8-Ur- BY IS ЫЫ 
| 
yun 4892 8: z;/1U19 2/r-3 4990 
quio¡no9 
O/zUL ¿01€ = yun 4820 7 D/¿u Jed o1joUr aJenbs T-V 1-8 zl IS ЫЫ. 
e | 
MİN) 201 —— = yun 4590 
suo s-OF Y 9110u1yo1enbs 1-8 +g /1-W9 +2 /1-8 4990 
= un 4899 | sU ted quio[noo V8. UI IS Ulla 























£ yun 4500 

N/D 9-01 B 101 85/1019 -7/1-3 4890 $juerog]jooo 
= 118 4999 1 N/9 -Mau Jed quio[noo Ve 1- UL: 34 IS ҹПр 0141091907914 
ur-uqo 6-0V:6 yun 4992 s 8800 MIAH 
= yun 485) Vİ Uuruno | 913901-WYO z-V'g-S:gUI 33 IS fig -81901 911199] 

UO]? PlA9Jqqe ` eureu uoysuəuip 8jjun 
10398] UOISIIAUO!) 10 104 Apueno 
ulə3s4S -WAS 
nun 








(p,1uo2). ŞI NWL. 





f- - | A 
E 
2 yun 38259 
zə лпој 19MOd 
€ 03 guojnoy v-S -U19-r-3 489) 17909 
,vO/.U 53) $101:18= led пәләв 19M0d 99121S189107Z91d 
mun 4800 Tİ +9/¿0:-3x | o) ozşow-me13ojıy s- V p-S > 4UI BY IS MİLİ jo sjuerogjeo) 






3099 
— — 489) ondoojse[e 
ə = 18 Md) jo  syuersgjeo) 








yun 4800 zS W2: 1.3 4900 
појләп 


19909 от) Фоотәтф 
qəd 9149W e1enbs 8 01:1-23) 


М/ати 0p —31un ASOD T IS Uf hr jo S3uətənyəo) 














01701113109 
¿uo/suÁp | exenbs ied әпАр 2-S “1-U12:2 1902 
әјјәти e1enbs 
gU/N |*0==әиә/әпАр | SHU N Jed uojA4eu 6–8-1–101-8Х 19 mifdə SƏSSƏUN 38 D1ISBIH 
——— AN 2. y 
әпАр iod 
euÁ&p/suro | әјјәтитјиәә erenbs z;8:U9:, 2 7902 
001 Mou Sooue 
N/;UI 01 —euÁp/z;uro y N/gul led 9139u e1enbs gS: UI - 1-34 IS Tüfiş -i[duroo, onse 
uopjerao1qqe əureu uoysuəurp sışun 
10396) UO[SIoAUO/) 10 104 АзДмәпҝӱ 
A A A ЫЫ | tag srt “AS 
sun 





(p,ruoo) gr 2190 L 


Appendix 385 


Table 16 
Tensors of Physical Properties of Crystals Mentioned in the Book 


Equation 
number, page | Property or coefficients 1 Basic equation Bar edem 
num. 


I. Rank One Tensors Relating a Scalar and a Vector 


(3.2), 00 Pyroelectric effect AP = YAT 
(3.4), 00 Electrocaloric effect | AT=q;AE; 


Polarization under |Pj— —dij;t 
hydrostatic pres- 
sure 


II. Rank Two Tensors Relating Two Vectors 


00, 000 Dielectric permit- | D; —eyE; Symmetric tensor 
tivity 

(9.1), 000 Dielectric impermea- | E; —n:/D, Same 
bility (polarization 
constant) 

00 Dielectric suscepti- | p; = XoXi;jEj Same 
bility 

00 Magnetic permea- Bi=wijHj Same 
bility 

Magnetic suscepti- | Ji=potpigHj Same 

bility 

(4.1), 00 Electric conductivity] jj — Gi& En Same 

00 Heat conductivity gi——h; ri Same 


111. Rank Two Tensors Relating a Scalar and a Rank Two Tensor 


7 20), 000 | Thermal expansion İ rjj=a; ¡AT Symmetric tensor 
000 Thermoelastic stress | t¿¿= —aj;AT Same 
(7.16), 000 |Strain under hydro- Tjj— —Sijhht Same 


static compression 


IV, Rank Two Tensors Relating a Scalar and a Rank Two Tensor 


(6.1), 00 Direct piezoelectric | pi = dijatja di = din j 
effect 
(6.2), 00 Same Pi lijkrjh lh jk lik) 
(6.3), 00 Same Е,= — gijktjh Eijk = Eihj 
(6.4), 00 Same Ei= —hijkr jh hiy. = hikj 
(6.16), 00 Inverse piezoelectric | rj& —dj;j4E; 
effect 
(6.17), 00 | Same T jh == Hilhbi 
(6.18), 00 Same typ = — lijkt 
(6.19), 00 Same tjik = — hiyPi 
(11.1), 000 | Electrooptic effect Anu rigjkÉn Ti jh —T jih 


(11.2), Anij = MijkPh Thi jh =Mjik 
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Table 16 (cont'd) 


Equation 1 
number, page Property or coefficients Basic equation eod un: 
umber 





V. Rank Four Tensors Relating Two Rank Two Tensors 


(7.1), 000 |Elastic compliances |rij—sijhilki Sijkl = SIRI = Si flR = 
—S$hlij 
(7.2), 000 Elastic stiffnesses ti j— бај Ci jkl— Ci jk] = Ci jlk = 
= Chlij 
(10.4), 000 | Elastooptic constants| Anij = Pi jhiT hl Pijkl = Pşihl”” Pi jlh 
(10.3), 000 | Piezooptic constants | Ani? = 7 jhithi Ni jk] — Njikli = Til 
(8.5), 000 | Piezoresistive con- | E¿=P0, (611 + Пытп = Himn” 
stants H+Hllrimntmn) ji = limn = Пит 
(8.6), 000 |Elastoresistive con- | E; = p9, (Bx: + mkimn = Mihmn = 
stants + muipgrpg) h =Mkinm= Miknm 
(6.25), 000 | Electrostriction con- | rij = RijmnEmEn | Rijmn = Rijmn = 
stants = Rjimn = Hjinm 
(6.26), 000 rij — QijmnPmPn Qijmn 7 Qijnm = 
= Qjtmn= Q jinm 
(6.27), 000 tij GijmnPmPn |Gijmn=Gijnm= 


—Ujimn=Ujinm 
tij= HijmnEmEn | Hijmn = Hijnm— 
= IH jimn — H jinm 
VI. Rank Five Tensor Relating a Vector and a Rank Four Tensor 


(13.20), 000 | Elastoelectric con- | Aci jni=8mijriEm | Emifhl” 8mjikl= 
stants Emijlk= —Emklij 


VII. Rank Two Axial Tensor Relating a Pseudoscalar to Direction 


(13.5), 000 | Optical activity (gy-|G — gijlilj Symmetric tensor 
ration tensor) | 


Tensors Mentioned in the Book and not Describing Properties of Crystals 





00 Stress Symmetric tensor 

(5.11), 00 İStrain together with | /;j— 7 (1:1 is not symmetric 
rotation öz) 

(5.12), 00 |Strain together with | l= rir Kai [rij] is not symmetric 
rotation [0;;] is not symmetric 
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